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PREFACE 

TO THE FOURTH EDITION 


Advantage has been taken of the preparation of the fourth edition of this 
work to add a few additional references and to make a number of corrections 
of minor errors. 

Our thanks are due to a number of our readers for pointing out errors 
and misprints, and in particular we are grateful to Mr E. T. Oopson, Lecturer 
in Mathematics in the University of Edinburgh, for the trouble which he has 
taken in supplying us with a somewhat lengthy list. 

E. T. W. 
0. N. W 

■■June 18, 1927 
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PART I 

THE PROCESSES OF ANALYSIS 




CHAPTER I 


COMPLEX NUMBERS 


11. Rational numbers . 

The idea of a set of numbers is derived in the first instance from the 
consideration of the set of positive * integral numbers, or positive integers ; 
that is to Bay, the numbers 1, 2, 3, 4, .... Positive integers have many 
properties, which will be found in treatises on the Theory of Integral 
Numbers; but at a very early stage in the development of mathematics 
it was found that the operations of Subtraction and Division could only be 
performed among them subject to inconvenient restrictions ; and consequently, 
in elementary Arithmetic, classes of numbers are constructed such that the 
operations of subtraction and division can always be performed among them. 

To obtain a class of numbers among which the operation of subtraction 
can be performed without restraint we construct the clasB of integei'S , which 
consists of the class of positivef integers (+ 1, + 2, + 3, ...) and of the class 
of negative integers (—1, — 2, — 3, ...) and the number 0. 

To obtain a class of numbers among which the operations both of sub¬ 
traction and of division can be performed freelyJ, we construct the class of 
rational numbers. Symbols which denote members of this class are 3, 

o,-¥- 

We have thus introduced three classes of numbers, (i) the signless integers , 
(ii) the integers , (iii) the rational numbers. 

It is not part of the scheme of this work to discuss the construction of 
the class of integers or the logical foundations of the theory of rational 
numbers§. 

The extension of the idea of number, which has just been described, was not effected 
without some opposition from the more conservative mathematicians. In the latter half 
of the eighteenth century, Maseres (1731-1824) and Frond (1737-1841) published works 
on Algebra, Trigonometry, etc., iu which the use of negative numbers was disallowed, 
although Descartes had used them unrestrictedly more than a hundred years before. 

Stru tly speaking, a more appropriate epithet would be, not positive, but signless. 

t In the strict sense. 

t With the exception of divisiou by the rational number 0. 

|$ Such a discussion, defining a rational number as au ordered number-pair of integers in a 
limilar manner to that in which a complex number is defined in § 1*3 as an ordered number-pair 
of real numbers, will be found in Uobson'B Functions of a Real Variable , §§ 1-12. 
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A rational number x may be represented to the eye in the following 
manner: 

If, on a straight line, we take an origin 0 and a fixed segment 0P X 
(P x being on the right of 0), we can measure from 0 a length 0P X such that 
the ratio OP x !OP v is equal to x\ the point P x is taken on the right or left of 
0 according as the number x is positive or negative. We may regard either 
the point P x or the displacement 0P X (which will be written 0P X ) as repre¬ 
senting the number x. 

All the rational numbers can thus be represented by points on the line, 
but the converse is not true. For if we measure off on the line a length OQ 
equal to the diagonal of a square of which 0P l is one side, it can be proved 
that Q does not correspond to any rational number. 

Points on the line which do not represent rational numbers may be said to represent 
irrational numbers; thus the point Q is said to represent the irrational number 
t/2 = 1 ‘414213,... But while such an explanation of the existence of irrational numbers 
aatisfied the mathematicians of the eighteenth century and may still be sufficient for 
thoBe whose interest lies in the applications of mathematics rather than in the logical 
upbuilding of the theory, yet from the logical standpoint it is improper to introduce 
geometrical intuitions to supply deficiencies in arithmetical arguments; and it was 
shewn by Dedekind in 1858 that the theory of irrational numbers can be established on 
a purely arithmetical basis without any appeal to geometry. 

1'2. Dedekind 1 8* theory of ij^rational numbers . 

The geometrical property of points on a line which suggested the starting 
point of the arithmetical theory of irrationals was that, if all points of a line 
are separated into two classes such that every point of the first class is on 
the right of every point of the second class, there exists one and only one 
point at which the line is thus severed. 

Following up this idea, Dedekind considered rules by which a separation! 
or section of all rational numbers into two classes can be made, these classes 
(which will be called the A-class and the ii-class, or the left class and the 
right class) being such that they possess the following properties: 

(i) At least one member of each class exists. 

(ii) Every member of the L -class is less than every member of the 
ii-class. 

It is obvious that such a section is made by any rational number x ; and 
x is either the greatest number of the L-class or the least number of the 

* The theory, though elaborated in 1858, was not published before the appearance of Dede- 
kind’s tract, SUiigkeit und irrationale Zuhlen, Brunswick, 1872. Other theories are due to 
WeieretraBB [nee von Daotecher, Die Wt\tritra»*'icKc Thtorit der irrationalen Zahle h (Leipzig, 
1906 )] and Cantor, Math. Ann. v, (1672), pp. 126-130. 

t ThiB procedure formed the basis of the treatment of irrational numbers by the Greek 
mathematicians in the sixth and fifth centuries b.c. The advance made by Dedekind consisted in 
observing that a purely arithmetical theory could be built up on it. 
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iJ-class. But sections can be made in which no rational number x plays this 
part. Thus, since there is no rational number* * * § whose Bquare is 2, it is easy 
to see that we may form a section in which the J2-class consists of the positive 
rational numbers whose squares exceed 2, and the Z-claas consists of all 
other rational numbers. 


Then this section is such that the Z-class has no least member and the 
Z-cluss has no greatest member; for, if x be any positive rational fraction, 


and y = 


x (a? + 6) 


then y—x — 


_ 2x(2-a?) 


and — 2 


(*■- 2 )* 


so ar 1 , y* 


3x* + 2 ' y ~ 3^+2 * “ (3^+2)“’ 

and 2 are in order of magnitude; and therefore given any member x of the 
Z-class, we can always find a greater member of the Z-class, or given any 
member x of the iZ-class, we can always find a smaller member of the 
Z-closs, such numbers being, for instance, y and y', where y is the same 
function of x* as y of x. 


If a section is made in which the Z-class has a least member A it or if the 
L class has a greatest member A lt the section determines a rational-real 
number; which it is convenient to denote by the same\ symbol A 2 or Ay. 


If a section is made, such that the Z-class has no least member and the 
Z-class has no greatest member, the section determines an irrational-real 
number $. 


If x, y are real numbers (defined by sections) we say that x is greater 
than y if the Z-class defining x contains at least two§ members of the 12-class 
defining y. 


Let a, /9, ... be real numbers and let A x , ... be any members of the 
corresponding Z-classes while A 2f B t) ... are any members of the corresponding 
Z-classes. The classes of which A Jt A a , ... are respectively members will be 
denoted by the symbols (jd a ), ■■■■ 


Then the sum (written a + /&) of two real numbers a and /3 is defined as 
the real number (rational or irrational) which is determined by the Z-class 
(A y + ZJ and the 12-class (A 2 + Z a ). 


It iB, of course, necessary to prove that these classes determine a section of the rational 
numbers. It is evident that A x + B x < A} + B 2 and that at least one member of each of the 
classes (/li + B|), (A 2 -\-B i ) exists. It remains to prove that there is, at moBt, one rational 

* For if plq be such a number, this fraction being in its lowest terms, it may be seen that 
{2q -p)l(p - q) U another bucIi number, and 0<p-gcg, so that plq is not in its loweBt terms. 
The contradiction implies that Buch a rational number does not exist. 

t Thin causes no confusion in practioe, 

£ B. A. W. Russell defines the class of real numbers as actually being the class of all L-clasBes; 
the clasB of real numbers whose L-clasnes have a greatest member corresponds to the class of 
rational numbers, and though the rational-real number x which corresponds to a rational number 
x is conceptually distinot from it, no coufusion arises from denoting both by the Bame symbol. 

§ If the classes had only one member in common, that member might be the greatest 
member of the L-olass of x and the least member of the if-claas of y. 
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number which is greater than every A, + B\ and less than every A t + \ auppoae, if possible, 

that there are two, x and y (y >x). Let a x be a member of (A x ) and let a 2 be a member 
of (A 2 ); and let N be the integer next greater than (oj- a\)H$ (y “*)}■ Take the last of 

the numbers «i +(where m= 0, 1, ... N) t which belongs to (^j) and the first of 

them which belongs to (A 2 ); let these two numbers be c J} c 2 . Then 

c 2 - c,«j r (a 2 -ff 1 )<i(y-j:). 

Choose rf,, d 2 in a similar manner from the classes defining £; then 

c 2 + d 2 - C] - d x <y-x. 

But c 2 +<f 2 >y» and therefore Ci+cLt-c^-d^y-x\ we have therefore 

arrived at a contradiction by supposing that two rational numbers x ) y exist belonging 
neither to (A x + B v ) nor to (A 2 + B 2 ). 

If every rational number belongs either to the class (J l + ^ 1 ) or to the class (i4 2 +Z? 2 ), 
then the classes (^j + 2?,), (J^ + Zy define an irrational number. If one rational numbers 
exists belonging to neither class, then the Z-class formed by x and ( A\+B v ) and the 
A-cIhss (A 2 + B 2 ) define the rational real number x. In either case, the number defined 
is called the sum a+0. 

The difference a — 0 of two real numbers is defined by the Z-claas (i^ —Zf 2 ) ftn( i the 
A-class ( A 2 -B v ). 

The product of two positive real numbers a, /9 is defined by the Zf-class {A 2 B 2 ) 
and the Z-class of all other rational numbers. 

The reader will Bee without difficulty how to define the product of negative real num¬ 
bers and the quotient of two real numbers; and further, it may be shewn that real 
numbers may be combined in accordance with the associative, distributive and commuta¬ 
tive laws. 

The aggregate of rational-real and irrational-real numbers is called the 
a B£ re £ a k e °f real numbers; for brevity, rational-real numbers and irrational- 
real numbers are called rational and irrational numbers respectively. 


1'3. Complex numbeis . 

We have seen that a real number may be visualised as a displacement 
along a definite straight line. If, however, P and Q are any two points in a 
plane, the displacement PQ needs two real numbers for its specification; for 
instance, the differences of the coordinates of P and Q referred to fixed 
rectangular axes. If the coordinates of P be (f, rj) and those of Q (£ + x t 77 + y), 
the displacement PQ may be described by the symbol [, x , y\ We are thus 
led to consider the association of real numbers in ordered* pairs. The natural 
definition of the sum of two displacements [x, y\ [x, y'] is the displacement 
which is the result of the successive applications of the two displacements; 
it is therefore convenient to define the sum of two number-pairs by the 
equation 

[x, y) + [x, y'] = [x + x,y + y'\ 

* The order of the two terniN disking jiulies the ordered number-pair [x, y] from the ordered 
number-pair [y, x]. 
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The product of a number-pair and a real number x is then naturally 
defined by the equation 

x x [x, y] = [ xx , x'y\ 

We are at liberty to define the product of two number-pairs in any 
convenient manner; but the only definition, which does not give rise to 
results that are merely trivial, is that symbolised by the equation 

[x, y] x [x, y '] = [xx' - yy', xy + xy\ 

It is then evident that 

[x, 0 ] x |>\ y ] = [xx\ xy] = xx[x, y] 
and [ 0 , y] x [x, y ] = [- yy\ xy] = yx[-y', x\ 

The geometrical interpretation of these results is that the effect of 
multiplying by the displacement [x, 0 ] is the same as that of multiplying by 
the real number x\ but the effect of multiplying a displacement by [ 0 , y] 
is to multiply it by a real number y and turn it through a right angle. 

It is convenient to denote the number-pair [x, y] by the compound 
symbol x + iy\ and a number-pair is now conveniently called (after Gauss) 
a complex number ; in the fundamental operations of Arithmetic, the complex 
number x + i 0 may be replaced by the real number x and, defining i to mean 
0 + il, we have i* = [0, 1] x [0, 1] = [— 1, 0] ; and so i 3 may be replaced by — 1. 

The reader will easily convince himself that the definitions of addition 
and multiplication of number-pairs have been so framed that we may perform 
the ordinary operations of algebra with complex numbers in exactly the same 
way as with real numbers, treating the symbol i as a number and replacing 
the product ii by — 1 wherever it occurs. 

Thus he will verify that, if a, b, c are complex numbers, we have 

a + b = b + a, 
ab - 6 a, 

(a + 6 ) + c = a + (6 + c), 
ab .c = a. 6 c, 
a (6 + c) = a 6 + ac, 

and if a 6 is zero, then either a or 6 is zero. 

It is found that algebraical operations, direct or inverse, when applied to 
complex numbers, do not suggest numbers of any fresh type; the complex 
number will therefore for our purposes be taken as the most general type 
of number. 

The introduction of the complex number has led to many important developments in 
mathematics. Functions which, when real variables only are considered, appear as 
essentially distinct, are Been to be connected when complex variables are introduced : 
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thus the circular functions are found to be expressible in terms of exponential functions 
of a complex argument, by the equations 

(e^ + e -4 *), sin ^ 

2 Ll 

Again, many of the most important theorems of modern analysis are not true if the 
numbers concerned ai-e restricted to be real; thus, the theorem that every algebraic 
equation of degree n has n roots is true in general only when regarded as n theorem 
concerning complex numbers. 

Hamilton’s quaternions furnish an example of a still further extension of the idea 
of number. A quaternion 

w+xi+yy + zk 

is formed from four real numbers ir, jf, y, z, and four number-units 1, l, j, /■, in the same 
way that the ordinary complex number .r + iy might be regarded as being formed from 
two real numbers y, and two number-units 1, i. Quaternions however do not obey 
the commutative law of multiplication. 

1*4. The modulus of a complex number. 

Let x + iy be a complex number, x and y being real numbers. Then 
the positive square root of x? + y 2 is called the modulus of (ar+iy), and is 
written 

\x + iy\. 

Let us consider the complex number which is the sum of two given 
complex numbers, x 4- iy and it + iu. We have 

(x 4- iy) -I- (u -h iv) = (x + u) + i (y + v). 

The modulus of the sum of the two numbers is therefore 

)(£ + «)=+ (y + v) s )t 

or [(.-«•- + y 2 ) + (it* + v 1 ) + 2 (xu + yi>))t 

But 

{| * + iy | + I u + iv ! 1 5 = [(a? + y 2 )* + (»* + v 2 )*j 2 

= (tc 2 + y 2 ) + (it 2 + v 2 ) + 2 (x 1 + y 2 )^ (it 2 + tr)- 
= (tr 2 + y 2 ) + (it* -I- v s ) + 2 {(xu + yv)* + (xv — yn) 2 }-, 
and this latter expression is greater than (or at least equal to) 

(it? + y a ) 4- (u 8 + r*) 4 2 (xu 4 yv ). 

We have therefore 

| x 4 iy | 4-1 u 4 iv | ^ | (x 4 iy) 4 (u 4 iv)\, 

i.e. the modulus of the sum of two complex numbers cannot be greater than the 
sum of their moduli] and it follows by induction that the modulus of the sum 
of any number of complex numbers cannot be greater than the sum of their 
moduli. 
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Let us consider next the complex number which is the product of two 
given complex numbers, x + iy and u + iv; we have 

(x + iy) (u + itf) » (xu — yv) + i (xv + yu ), 
and S4) | (x + iy) (a -|- iv) | = [(xu — yvY + (xv 4- yu) 2 ]^ 

-{(*> + ?») («> + «»))* 

= \x + iy\ \ u + iv |. 

The modulus of the 'product of two complex numbers (and hence, by in¬ 
duction, of any number of complex numbers) is therefore equal to the product 
of their moduli. 

1*6. The Argand diagram. 

We have seen that complex numbers may be represented in a geometrical 
diagram by taking rectangular axes Ox, Oy in a plane. Then a point P 
whose coordinates referred to these axes are x, y may be regarded as 
representing the complex number x + iy. In this way, to every point of 
the plane there corresponds some one complex number; and, conversely, to 
every possible complex number there corresponds one, and only one, point of 
the plane. The complex number x + iy may be denoted by a single letter* z. 
The point P is then called the representative point of the number z\ we 
shall also speak of the number z as being the affix of the point P. 

If we denote ( x 3 4- y 2 )^ by r and choose 0 so that r cos 0 = x, r sin 0 =* y, 
then r and 0 are clearly the radius vector and vectorial angle of the point P , 
referred to the origin 0 and axis Ox. 

The representation of complex numbers thus afforded is often called the 
Argand diagram f. 

By the definition already given, it is evident that r is the modulus of z. 
The angle 0 is called the argument , or amplitude , or phase , of z. 

We write 0 = argz. 

From geometrical considerations, it appears that (although the modulus of a complex 
number is unique) the argument is not unique l ; if 6 he a value of the argument, the 
other values of the argument are comprised in the expression 2nn+0 where u is any 
integer, not zero. The principal value of argz is that which satisfies the inequality 
- n < arg z < rr. 

* It in convenient to call x and y the real and imaginary partB of z respectively. We fre¬ 
quently write x = R (z), y = I (z). 

t It was published by J. it. Argand, Ettai nir une vumitre de rrprite nter let quantitct imarjin- 
airet dam let conttructtons geumetriques (1H0G); it bad however previously been used by Gbusb, 
in bis Helmstedt dissertation, 1799 ( Werke , in. pp. 20-23), who hod discovered it in Oct. 1797 
(Math. Ann. lvii. p. 18); and Caspar WeBsel hud discussed it in a memoir presented to ttu- 
Danish Academy in 1797 and published by that Society in 1798-9. The phrase complex mnubn 
first occurs in 1831, Gnuss, Werke , n. p. 102. 

X See the Appendix, § A'521. 
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If P, and P s are the representative points corresponding to values Zy 
and z 2 respectively of z , then the point which represents the value z x + z 2 is 
clearly the terminus of a line drawn from P n equal and parallel to that 
which joins the origin to P a . 

To find the point which represents the complex number z y z 2f where z v and 
z 2 are two given complex numbers, we notice that if 

z y = ry (cos 0y + i sin 0 ,), 
z 2 = 7*2 (cos + i sin 0 a ) 

then, by multiplication, 

ZyZ 2 = r x r 2 (cos ( 0 , + 0 2 ) + isin {0 X + 0 a )). 

The point which represents the number z x z 2 has therefore a radius vector 
measured by the product of the radii vectores of P, and P 2 , and a vectorial 
angle equal to the sum of the vectorial angles of P x and P 2 . 
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Miscellaneous Examples. 


1 . Shew that the representative points of the complex numbers l + 4t, 2 + 7i, 3 + 10 i, 
are colli near. 


2. Shew that a parabola can be drawn to pass through the representative points of 
the complex numbers 

2 + 7, 4 + 4i, 6 + 9i, 8 + 16i, 10 + 25i. 


3. Determine the 7 ith roots of unity by aid of the Argand diagram ; and shew that the 
number of primitive r<»ots (roots the powers of each of which give all the roots) is the 
number of integers (including unity) less than n and prime to it. 

Prove that if 0 2l ... be the arguments of the primitive roots, 2cos/>0 = O when 

p is a positive integer less than ——— 7 -, where a, 6 , c, ... k are the different constituent 


primes of n ; and that, when 
the constituent primes. 


^ abc...k 1 


2 cos pS = 


(-r» 

abc... k 


, where p is the number of 
(Math. Trip. 1895.) 



CHAPTER II 


THE THEORY OF CONVERGENCE 


21. The definition* of the limit of a sequence. 

Let z 1 , z t , z 3 , ... be an unending sequence of numbers, real or complex. 
Then, if a number l exists such that, corresponding to every positive^ 
number e, no matter how small, a number n 0 can be found, such that 

\z n -l\<e 

for all values of n greater than n 0 , the sequence (z n ) is said to tend to the limit l 
as n tends to infinity. 

Symbolic forms of the statementJ ‘the limit of the sequence ( z n ), as n 
tends to infinity, is l ' are : 

lim z n = l, lim z n = l, z n —> / as n —► ao . 

n-fc- ac 

If the sequence be such that, given an arbitrary number N (no matter 
how large), we can find 7 ^ such that | z n | > N for all values of n greater than 
/*„, we say that ' | z n | tends to infinity as n tends to infinity,’ and we write 

\ 2n\-*K>. 

In the corresponding case when —x n >N when n> n 0 we say that 
x n —> - ao . 

If a sequence of real numbers does not tend to a limit or to ao or to — 00 , 
the sequence is said to oscillate. 


211. Definition of the phrase r of the order of! 

If (f n ) and ( z n ) are two sequences such that a number n® exists such that 
I ((Tn/^n) | < K whenever n > where K is independent of n, we say that f n is 
4 of the order of 1 z n} and we write§ 

k=0(z n ); 


thus 


15n + 19 
1 +n* 



If lim (f n /z n ) = 0, we write f„ = 0 (z n ). 


* A definition equivalent to this was firat given by John Wallis in 1655. [Opera, 1 . (1695), 
p. 382.] 

t The number zero is excluded from the cUbb of positive numbers. 

X The arrow notation is due to Leathern, Camb. Math. Tract*, No. 1. 

g This notation is due to Bachmann, Zahlenthcorie (1894), p. 401, and Landau, Primxahlen , 
1 . (1909), p. 61, 
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2'2. The limit of an increasing sequence. 

Let (a; n ) be a sequence of real numbers such that £ n +i^#n for all values 
of n; then the sequence tends to a limit or else tends to infinity (and so it does 
not oscillate). 

Let x be any rational-real number; then either : 

(i) x n ^ x for all values of n greater than some number n 0 depending on 
the value of x. 

Or (ii) x n < x for every value of n. 

If (ii) is not the case fur any value of x (no matter how large), then 

X H —> 00 . 

But if values of x exist for which (ii) holds, we can divide the rational 
numbers into two classes, the Z-class consisting of those rational numbers x 
for which (i) holds and the iZ-class of those rational numbers x for which (ii) 
holds. This section defines a real number or, rational or irrational. 

And if e be an arbitrary positive number, a — belongs to the L- class 
which defines a, and so we can find n, such that x n — Je whenever n >n l ; 
and a + £e is a member of the ii-class and so x n <a-\-^e. Therefore, 
whenever n > 7i,, 

| a - x n | < e. 

Therefore x n —*a. 

Corollary. A decreasing sequence tends to a limit or to — cd . 

Example 1. If lim** — l, lim zj**l\ then lim {*^+tm) = l+l' . 

For, given c, we can find n and n such that 

(i) when m > 71, | t m — 1 1 < (ii) when m > n\ \ z w ' — l' | < 

Let n, be the greater of n and n' ; then, when m > n, p 

K^+o-^+m^K^-oi + Kc-ni, 

<f; 

and this is the condition that lim (* m + z m ') = J + T. 

Example 2. Prove similarly that lim -*„')=■l —1\ lim = and, if l'^ 0, 

lim 

Example 3. If 0 < x < 1, jt* -*■ 0. 

For if x=(l +a) _l , a > 0 and 

^ < (l + a) R ^ 1 + na ’ 

by the binomial theorem for a positive integral index. And it is obvious that, given a 
positive number *, we can choose n<, such that (1 +na)~ 1 < r when n > iiq ; and so x* ♦O. 

221. Limit-points and the Bolzano-Weierstrass* theorem . 

Let (# n ) be a sequence of real numbers. If any number 0 exists such 

* This theorem, frequently ascribed to Weierstraas, was proved by Bolzano, Abh. der k. 
bi\hmi»chen Gee. der WUm, v. (1917). [Reprinted in Klauiker der Exakten Wise., No. 15B.] It 
seezDB to have been known to Cauchy. 
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that, for every positive value of e, no matter how small, an unlimited number 
of terms of the sequence can be found such that 

(?-«<£*<(?+€, 

then G is called a limit-point , or cluster-point , of the sequence. 

Bolzano’s theorem is that, if X ^ x n $ p, where X, p are independent of n, 
then the sequence (x n ) has at least one limit-point . 

To prove the theorem, choose a section in which (i) the iZ-class consists 
of all the rational numbers which ore such that, if A be any one of them, 
there are only a limited number of terms x n satisfying x n > A ; and (ii) the 
Z-class is such that there are an unlimited number of terms x n such that x H > a 
for all members a of the L-class. 

This section defines a real number G \ and, if e be an arbitrary positive 
number, G — and G + are members of the L and R classes respectively, 
and so there are an unlimited number of terms of the sequence satisfying 
G— € < G — + 

and so G satisfies the condition that it should be a limit-point. 

2 211. Definition of'the greatest of the limits. 1 

The number G obtained in § 221 is called 'the greatest of the limits of 
the sequence (x n )! The sequence (#„) cannot have a limit-point greater 
than G ] for if G' were such a limit-point, and e = \ (G' — G) } G' — e is a 
member of the iJ-class defining G , bo that there are only a limited number of 
terms of the sequence which satisfy x n > G' - e. This condition is incon¬ 
sistent with G' being a limit-point. We write 

G = lim x n . 

The ‘ least of the limits,’ L, of the sequence (written lim x n ) is defined to be 

___ »-«► *> 

- lim (- x n ). 

n-^ao 

222. Cauchy's* theorem on the necessary and sufficient con¬ 
dition FOR THE EXISTENCE OF A LIMIT. 

We shall now shew that the necessary and sufficient condition for the 
existence of a limiting value of a sequence of numbers z lt z it z it ... is that, 
corresponding to any given positive number e, howfvei' small , it shall be 
possible to find a number n such that 

for all positive integral values of p. This result is one of the most important 
and fundamental theorems of analysis. It is sometimes called the Principle 
of Convergence . 


Aitalyu Algibrique (1821), p. 125. 
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First, we have to shew that this condition is necessary f i.e. that it is 
satisfied whenever a limit exists. Suppose then that a limit l exists; then 
(§ 21) corresponding to any positive number e, however small, an integer n 
can be chosen such that 

I z n — l | ^ | z n+p l | < 

for all positive values of p ; therefore 

I z n+p ~~ z n\ — \ ( z n+p "0“ ( Z n “ 0 | 

^ | z n+p - l | + \ z n " l I < 

which shews the necessity of the condition 

| z n+p z n | ^ € > 

and thus establishes the first half of the theorem. 

Secondly, we have to prove* that this condition is sufficient, i.e. that if 
it is satisfied, then a limit exists. 

(I) Suppose that the sequence of real numbers (a*) satisfies Cauchy’s 
condition; that is to say that, corresponding to any positive number e, an 
integer n can be chosen such that 

| x n+p “ x t\ | < c 

for all positive integral values of p. 

Let the value of n, corresponding to the value 1 of e, be m. 

Let X,, p Y be the least and greatest of x lr x^, ... x m \ then 

- 1 < x n < p x + 1, 

for all values of n ; write X, — 1 = X, p x + 1 « p. 

Then, for all values of n, X < x n < p. Therefore by the theorem of § 2 21, 
the sequence (x n ) has at least one limit-point 0. 

Further, there cannot be more than one limit-point; for if there were 
two, 0 and H (H < (?), take e < £ (G — H). Then, by hypothesis, a number 
7i exists such that | x n + p — x n | < e for every positive value of p. But since G 
and H are limit-points, positive numbers q and r exist such that 

I G ^n+g | < | H ~ ®«+r | < e - 

Then | Q-x n + q | + | x n+q - x n | + | x n - x n+r |. + | x n + r - H | < 4>e. 

But, by § 14, the sum on the left is greater than or equal to | G — H |. 

Therefore G — H < 4e, which is contrary to hypothesis; so there is only 
one limit-point. Hence there are only a finite number of terms of the sequence 
outside the interval (0 - S, Q + 8), where 8 is an arbitrary positive number; 


* ThiB proof ia given by Stole and Gmeiner, Theoreiitche Arithmetik , n, (1903), p. 144. 
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for, if there were an unlimited number of such terms, these would have a 
limit-point which would be a limit-point of the given sequence and which 
would not coincide with 0 ; and therefore 0 is the limit of ( x n ). 

(II) Now let the sequence (z n ) of real or complex numbers satisfy 
Cauchy's condition; and let * n = a? u + iy ni where e* and y n are real; then for 
all values of n and p 

| x n+p | ^ | ^n+p z n | • | 2/n+p 2/n | ^ | 2 n+p ~~ z n | ■ 

Therefore the sequences of real numbers ( x n ) and (y n ) satisfy Cauchy s 
condition ; and so, by (I), the limits of (x n ) and (y n ) exist. Therefore, by 
§ 2*2 example 1, the limit of ( z n ) exists. The result is therefore established. 

2*3. Convergence of an infinite series. 

Let ie,, i/„, u t , ... u n , ... be a sequence of numbers, real or complex. Let 
the sum 

Ui + U2+ ... +Un 

be denoted by S n . 

Then, if S n tends to a limit S as n tends to infinity, the infinite series 

1*1 + v? + if s + u 4 + ... 

is said to be convergent , or to converge to the sum S. In other cases, the 
infinite series is said to be divergent. When the series converges, the 
expression S — S nt which is the sum of the series 

u n+\ + w n+2 *+ w *»+i *+* ■ ■ -i 

is called the remainder after n terms , and is frequently denoted by the 
symbol 2i n . 

The sum u n+1 + u n+a 4- ... + u^+p 

will be denoted by S n p . 

It follows at once, by combining the above definition with the results 
of the last paragraph, that the necessary and sufficient condition for the 
convergence of an infinite series is that, given an arbitrary positive number e, 
we can find n such that | S^p | < e for every positive value of p. 

Since «n +1 = S n l , it follows as a particular case that lira I***, « 0—in other 
words, the 7?th term of a convergent series must tend to zero as n tends to 
infinity. But this last condition, though necessary, is not sufficient in itself 
to ensure the convergence of the series, as appears from a study of the Beries 


- + - + - + - + -+ .... 
1 T 2 T S T 4 T 5 T 


In this series, ^ ^ ^ + - + } n - 

The expression on the right is diminished by writing (2 n)~ l in place of 
each term, and so S n ,n> i- 
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Therefore S i*+i = 1 + S ul + & 2 + S 4|i + + ... 4- Sg-.j* 

> ^ (n + 3) -► oo ; 

so the series is divergent; this result was noticed by Leibniz in 1673. 

There are two general classes of problems which we are called upon to 
investigate in connexion with the convergence of series : 

(i) We may arrive at a series by some formal process, e.g. that of 
solving a linear differential equation by a series, and then to justify the 
process it will usually have to be proved that the series thus formally ob¬ 
tained is convergent. Simple conditions for establishing convergence in 
such circumstances are obtained in §§ 2 31-2 61. 

(ii) Given an expression S, it may be possible to obtain a development 

» 

S = £ u m + iZ n , valid for all values of n ; and, from the definition of a limit, 

m = l 

W 

it follows that, if we can prove that R n —f 0, then the series 2 u m converges 

m = l 

and its sum is S. An example of this problem occurs in § 54. 

Infinite series were used* by Lord Brouncker in Phil. TVans. II. (1668), pp. 645-649, 
and the term convergent was introduced by James Gregory, Professor of Mathematics at 
Edinburgh, in the same year ; the term divergent was introduced by N. Bernoulli in 1713. 
Infinite series were used systematically by Newton in 1669, De analyst per aequat. num. 
term . in/., and he investigated the convergence of hypergeometric series (§ 14‘1) in 1704. 
But the great mathematicians of the eighteenth century used infinite series freely without, 
for the most part, examining their convergence. Thus Euler gave the sum of the series 


. + ~5 + ^ + ^+l+z + z i -r? i + .(a) 

as zero, on the ground that 

r + 2 2+;i + ... .-L- .(6) 

1 -z 

and 1 + - + .(c). 

z z* t — 1 


The error of course arises from the fact that the scries (6) converges only when \z \ < 1, 
and the scries (c) converges only when | z | > 1, so the series (a) never converges. 

For the history of researches on convergence, Bee Pringsheim and Molk, Encyclopedic 
des Sci. Math., I. (1) and Reiff, Oeschichte der unendlichen Reihen (Tubingen, 1889). 

2 301. Abel's inequality f. 

Letf n 5/ n+ , >0 far all integer values of n. Then 2 a^„ $ Af x , where 
A is the greatest of the sums 

l°i|. I «! + «.]. | o, + a, + a 3 1, .... | a, + a,+ ... + a m |. 

* See also the note to g 3*7. 

t Journal ffir Math. i. (1826), pp. 311-339, A particular oase of the theorem of § 2-31, 
Corollary (i), also appears in that memoir. 
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For, writing a 1 + a t +... + a n ^8 n ,we have 

2 Ctn ,fn “ s if\ + (*s + (®i *,)/. + • • • + (*m 

“ a l (y"l ~ft) + ®» (./i yi) + • ■ • + *m-i (y"nv—l ~fm) + *mfm • 


Since ■■■ 1:6 not negative, we have, when ?i — 2, 3, ... m, 

I *B-1 I (/»-. -/») < 4 (/»-l -/«) ; also i »*. I /« < 4/m. 

and so, summing and using § 1‘4, we get 


2 a„/ n 


«4/i- 


Corollary. If Oj, ... w a , ... are any numbers, real or complex, 

I m I f" -1 ) 

2 a n w n ^ A J 2 | | +1 **> I f . 

I*=i I l»=i J 

where A is the greatest of the sums 2 a n , (p —1, 2, ... m). 

I «=»i I 


(Hardy.) 


2 31. Dirichlet’s * test for convergence . 




2 a n < K t where K is independent of p. Then , i/ f n >fn+ 1 >0 


and lim/ fl = 0-f, ^ a^f n converges. 


»=i 


For^ since lim/ n = 0, given an arbitrary positive number e, we can find m 
such that /„,+!< e/2K. 


Then 


m 4 q 

2 . 

n-m+1 


n» + g j 

2 a, + 

n = l | 


X a„|< 2K, for all positive values of q ; so 

| 


that, by Abels inequality, we have, for all positive values of p t 

I ^ Af m +i i 


where A < 2K. 
Therefore 


m+p 

S £»„/„ 


m+p 

2 a„/„ 

»-»+! 


< 2Kf m+1 < e ; and so, by § 2 3, X a^fn converges. 

n = l 


Corollary (i). Abel’s test for convergence. If 2 a* converges and the sequence (u,) is 

11=1 

monotonic (i.e. u*^u* + 1 always or else u m + i always) and |u w |<k, where k is 
independent of n, then 2 converges. 


For, by § 2'2, u* tends to a limit u; let | u- u n |=/„. Then f R -—0 steadily; and 
therefore 2 a n f n converges. But, if (u„) is an increasing sequence, / n =w - u*, and so 

ubI 

00 KB 

2 (u — ujo* converges; therefore since 2 ua» converges, 2 u n a n converges. If (wj is 

» = 1 » = 1 R=I 

a decreasing sequence /* — u* — u, and a similar proof holds. 

* Journal de Math. (2), vn. (1862), pp. 253-256. Before the publication of the 2nd edition 
of Jordan’s Court d* Analyst (1893), Diriohlet’s teat and Abel'B teBt were frequently jointly described 
as the Diriohlet-Abel test, see e.g. Pringsheim, Math. Ann. xxv. (1885), p. 429. 
t In these ciroomstanoes, we say /„-*■() ateadily. 
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Corollary (ii). Taking a B = (-)" -1 in Dirichlet’s test, it follows that, if 
and lim / n = 0, /, -/* +/ 3 -/ 4 + ... convergea 


Example 1. Shew that if O<0<2 tt, 


2 sin n0 <cosec ^0 ; and deduce that, if 


0 steadily, 2 / m sinH0 converges for all real values of 0, and that 2 /„ cosw0 converges 

n = l ?»■=1 

if 0 is not an even multiple of n. 

CD 

Example 2. Shew that, if / w -*-0 steadily, 2 (— )*/„ cos nB converges if 0 is real and 

H = 1 

not an odd multiple of n and 2 ( — ) m / B sinn0 converges for all real values of B. [Write 
ir + 0 for B in example L] 


2 32. Absolute and conditional convergence. 

00 

In order that a series 2 u n of real or complex terms may converge, it is 

n = l 

00 

sufficient (but not necessary) that the series of moduli 2 | u n j should 

n = l 

GO 

converge. For, if <r ntP = | u n+l | 4- 1 u n -L a | + • • ■ + | | and if 2 \u n \ converges, 

n=l 

we can find n, corresponding to a given number e, such that cr np < e for all 

00 

values of p. But | S UtP j ^ <r n p < e, and so 2 u n converges. 

n = l 

The condition is not necessary; for, writing f n = l/n in § 2 31, corollary (ii), 
we see that j — ^ + ^ — * + ... converges, though (§ 23) the series of moduli 

j + i + ^+ ^+ -.is known to diverge. 

In this case, therefore, the divergence of the series of moduli does not 
entail the divergence of the series itself. 

Series, which are such that the series formed by the moduli of their terms 
are convergent, possess special properties of great importance, and are called 
absolutely convergent series. Series which though convergent are not abso¬ 
lutely convergent (i.e. the series themselves converge, but the series of moduli 
diverge) are said to be conditionally convergent. 

® 1 

2 33. The geometi'ic seines, and the seines 2 —. 

»=i n B 

The convergence of a particular series is in most cases investigated, not 
by the direct consideration of the sum S niP , but (as will appear from the 
following articles) by a comparison of the given series with some other series 
which is known to be convergent or divergent. We shall now investigate 
the convergence of two of the series which are most frequently used as 
standards for comparison. 
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(I) The geometric series. 

The geometric series is defined to be the series 
1 + z + z i + z* + z i + .... 


Consider the series of moduli 

1 +1 * I +1 * |* +1 * I* + ; 

for this series S„ iP = | z j B+1 + | z h + ' + ... + | z |" + p 

1-1*1' 


= I z i" +1; 


1 - 1*1 ' 


2 " r 

Hence, if | z | < 1, then S n , p < ■—- for all values of p , and, by § 2 2, 

1 — \z\ 


example 3, given any positive number €, we can find n such that 

| Z | n+1 (1 — | Z | ] _1 < €. 

Thus, given e } we can find n such that, for all values of p, S ntP <e. Hence, 
by § 222, the series 

i + M + M a + ... 

is convergent so long as | z | < 1, and therefore the geometric series is absolutely 
convergent if \z\< 1. 

When the terms of the geometric series do not tend to zero as n 

tends to infinity, and the series is therefore divergent. 


(II) The series I + I + 1 + l + I + .... 


Consider now the series S n = 2 —- , where s is greater than 1. 

m=l ™ 


We have 


I I 2 1 

2* + 3* < 2' “ 2' -1 ’ 

J 11 1 1 4 1 

4* + 5* + 6* + 7* < 4* _ 4'-' ’ 

and so on. Thus the sum of 2^ — 1 terms of the series is less than 


1111 1 1 
p-i + + 4*-i + gi-i + ■ ■■ + 2 (>-d «-i) < i - 2 1 -*' 

and so the sum of any number of terms is less than (1 — 2 1- ')' 1 . Therefore 

n 

the increasing sequence 2 to - 1 cannot tend to infinity; therefore, by § 22, 

ra = l 

» 1 

the senes 2 — is convergent if s > 1; and since its terms are all real and 

n=l ft 

positive, they are equal to their own moduli,, and so the series of moduli of 
the terms is convergent; that is, the convergence is absolute. 
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If a = 1, the series becomes 


1 + 2 + 3 ^ 4 + 


which we have already shewn to be divergent; and when s < 1, it is a fortiori 
divergent, since the effect of diminishing s is to increase the terms of the 


senes. 


The series 2 — is therefore divergent if 8 ^ 1. 

n-1 


2*34. The Comparison Theorem. 

We shall now shew that a seizes u, + u a + w 3 +... is absolutely con¬ 
vergent, provided that | Un | is always less than C | v n |, where C is some number 
independent of n, and v n is the nth term of another series which is known to 
be absolutely convergent. 

For, under these conditions, we have 

I Wn+l | + |M»+«| + + | «»+p| < <?{|Vh| + | V»+*|+ + It’n+pl]. 

where n and p are any integers. But since the series ~v n is absolutely 
convergent, the series 2 | v n | is convergent, and so, given e, we can find n 
such that 

| v 1>+1 1 + | »„+, | + ... + | v n+p | < e/C, 
for all values of p. It follows therefore that we can find n such that 

| u n+i | + | u n+a | + ■ ■ ■ d" | u n+p \ < € , 

for all values of p, i.e. the Beries 2 | w„ | is convergent. The series 2it n is 
therefore absolutely convergent. 


Corollary. A aeries ia absolutely convergent if the ratio of ita nth term to the ?ith 
term of a Beries which is known to be absolutely convergent is less than .some number 
independent of n. 


Example, 1. Shew that the series 


1 n 1 „ 1 

COB Z + — COS 2z + COS 3* + — i coa 4z +... 
z* 

is absolutely convergent for all real values of z. 

When 2 is real, we have |cosnz|^l, and therefore 

the terms of the given series are therefore less than, or at most equal to, the corresponding 
terms of the series 

1 i I I 

* 4*"*" 


n L 


The moduli of 


which by § 2 33 is absolutely convergent The given series is therefore absolutely 
convergent 


Example 2. Shew that the series 

1 1 1 1 

whore 2, 3, ...) 

is convergent for all values of z, which are not on the circle | z |* 1. 
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The geometric representation of complex numbers is helpful in discussing a question of 
this kind. Let values of the complex number z be represented on a plane; then the 
numbers r 2 , z 3 , ••• w dl P ve & sequence of points which lie on the circumference of the 
circle whose centre is the origin and whose radius is unity; and it can be shewn that 
every point ou the circle is a limit-point (§ 2 21) of the points z n . 

For these special values z* of *, the given Beries does not exist, since the denomi¬ 
nator of the nth term vanishes when * = z*. For simplicity we do not discuss the Belries 
for any point z situated on the circumference of the circle of radius unity. 

Suppose now that 1*1*1. Then for all values of n, I * — *„ | ^ I {1 - | * |} Ix?” 1 , for 
some value of c; so the moduli of the terms of the given series are less than the corre¬ 
sponding terms of the series 

c c c c 

r> + 2» + 3» + 4* + "” 

which is known to be absolutely convergent. The given series is therefore absolutely 
convergent for all values of z, except those which are on the circle | z | = 1. 

It is interesting to notice that the area in the z-plaoe over which the series converges 
is divided into two parts, between which there is no intercommunication, by the circle 

Example 3. Shew that the series 


2 sin ^ + 4 Bin ^ + 8 sin ^ + 2" sin ^ + ... 

converges absolutely for all values of *. 

Since* lim 3" sin (z/3") = z, we can find a number it, independent of n (but depending 
on z), such that | 3" Bin (z/3") |<ifc; and therefore 


3* 

Since 2 it converges, the given Beries converges absolutely. 


235. Cauchy 8 test for absolute convergence f. 


If lim j u„ j 1/n < 1, 2 u n converges absolutely. 

H ® H = 1 

For we can find m such that, when n^m, \ u n \ Vn <1, where p is 

* 

independent of n. Then, when n > m, \ Un ] < p n ; and since 2 p n converges, 


it follows 
solutely. 


from § 2 34f that 


2 Un 

-m+1 


and therefore 


2 Un 
►*=1 / 


converges 


ab- 


[Note. If lim |u K | 1/ ">l, u n does not tend to zero, and, by § 2 3, 2 u» does not 

H = 1 

converge.] 

• ThiB is evident from results proved in the Appendix. 
t Analyte AlffSbrique, pp. 182-135. 
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236. D’Alembert’s* ratio test for absolute convergence. 

We shall now shew that a series 

Hi -I- u, + u, + u 4 + ... 

is absolutely convergent , provided that for all values of n greater than some 
fixed value r i the ratio —— is less than p, where p is a positive number 

u n 

independent of n and less than unity. 

For the terms of the series 

| Mr+i | + | U r +, | + | Ur+i I + ■ ■ ■ 

are respectively less than the corresponding terms of the series 

| Uy+i | (1 + p a + p B + ...)» 

CB 

which is absolutely convergent when p < 1; therefore 2 u n (and hence 

n = r + l 

the given series) is absolutely convergent. 

A particular case of this theorem is that if lim j (u n+1 /u n ) | = l < 1, the 

n -*■ ® 

series is absolutely convergent. 

For, by the definition of a limit, we can find r Buch that 


“4 < \ (1 — l), when n > r, 
Un ) 2 


and then 




when n> r. 

[Note. If lim I w, + ]tU u 1>1, u h does not tend to zero, and, by § 2 3, 2 u n does not 

»=i 

converge.] 

Example. 1. If | c|<l, shew that the series 


converges absolutely for all values of z. 

[For w n + 1 /« H = c<" + 1 ) I-m:l e - = c 2n + 1 asn-*-®,if|c|<l.] 

Example 2. Shew that the series 

(a-b)(a-2b) , . (a - b) (a-2b)(a-3b) , 

Z+ ~2T* + 3 !-- 41 -* + - 

converges absolutely if | z |<| b | _1 . 

[For ^ z-— - bz. as n-*-® ; bo the condition for absolute convergence is 

L U* 71+1 1 B 

| 6z |< 1, i.e. | * |<| & | -1 .] 


* Ojruicules , t. v. (1760), pp. 171-102. 
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Example 3. Shew that the Beries 2 —— 7 =-— lT - converges absolutely if |*|<1. 

r ‘j" 

[For, when |z«-(1 +«-')»| >(1 +»-•)«-1 \ > 1 +1 + ...- 1> 1, so the 

moduli of the terms of the series are less than the corresponding terms of the series 
2 n |* m_1 1; but this latter series is absolutely convergent, and so the given series con¬ 
verges absolutely.] 

2*37. A general theorem on series for ivhich lim = 1. 

»-*■* I Un I 

It is obvious that if, for all values of n greater than some fixed value r, 
I u n+ 1 1 is greater than | u n |, then the terms of the series do not tend to zero as 

n —► x , and the series is therefore divergent. On the other hand, if 

| U’n 

is less than some number which is itself less than unity and independent 
of n (when n >r), we have shewn in § 2'36 that the series is absolutely con¬ 
vergent. The critical case is that in which, os n increases, j^t- 1 | tends to 


the value unity. In this case a further investigation is necessary. 
We shall now shew that* a series + u 2 + + ..., in which lim 

II Xi 

will be absolutely convergent if a positive number c exists such that 

= - 1 — c. 


= 1 


! w »+i i 

[- 1 

. | Un 1 



For, compare the series 2 | « n | with the convergent series 2u n , where 

v n = An~ 1 ~i c 

and A is a constant; we have 

\ 1 + i c / l\-< 1 + 40 Ui. . /1' 


Vn+l = (~~t) = (l + -) 

v„ V.n+1/ \ nj 


(!+ !<■)_ ^ _ 1 + 4c 


<>(?)■ 


As n - 


V n 


— If —► — 1 — i c. 


and hence we can find m such that, when n > m. 


By a suitable choice of the constant A , we can therefore secure that for 
all values of n we shall have 

| Un | <V n . 

As is convergent, 2 | u n \ is also convergent, and so 2w n is absolutely 
convergent. 

* This iB the Becond (D'Alembert's theorem given in § 2 3G being the first) of a hierarchy of 
theorems due to De Morgan. See Chrystal, Algebra , Ch. xxvi. for an historical account of 
these theorems. 
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Corollary. If = 1 + ~ + 0 where A t is independent of ii, 

then the series is absolutely convergent if A x < — 1. 

« / n 1 \ 

Example. Investigate the convergence of £ n r exp ( — ££ — ), when r>k and when 

»=i \ i wi/ 

r<k. 

2*38. Convergence of the hyper geometric series. 

The theorems which have been given may be illustrated by a discussion 
of the convergence of the hypergeometric series 


a.h a (a + 1) 6 (b + 1) a (a + 1) (a + 2) b (b + 1)(6 + 2) 
+ l.c* + 1 . 2 . c (c + 1) Z+ 1 . 2.3 . c(c + l)(c + 2) 




which is generally denoted (see Chapter XIV) by F (a, h \ c; z). 

If c is a negative integer, all the terms after the (1 — c)th have zero 
denominators; and if either a or b is a negative integer the series will 
terminate at the (1 - o)th or (1 — 6)th term as the case may be. We shall 
suppose these cases set aside, so that a, b, and c are assumed nob to be 
negative integers. 

In this series 

iI _ i(tt + n-l)(ft + ra-l ) j i i 
| m„ i ! n(c + n— 1) I 

as n —» oo . 

We see therefore, by § 2*36, that the series is absolutely convergent when 
| z | < 1, and divergent when \z\> l. 

When 1*1 = 1, we have * 


= U + 


_|, + -±ir-i + 0 g)|. 


Let a, b, c be complex numbers, and let them be given in terms of their real 
and imaginary parts by the equations 

a a' + ia ", b = b' 4- ib", 0 = 0 ' + ic". 

Then we have 


-”^|= 1 + 
u n 1 


a' + b'-c -l+i (a' + V' - c") 


= 1 + 


a + b — c — 1 
1 +-+ 

n 


^w, +0 (.)| 

<)• 


By § 2'37, Corollary, a condition for absolute convergence is 

a' + b' — c* < 0. 


* The symbol 0 (1/m-) does not denote the same function of n throughout. See § 211. 
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Hence when |s|»l, o sufficient condition * for the absolute convergence of 
the hyper geometric series is that the real part of a + b — c shall be negative. 

2’4. Effect of changing the order of the terms in a series. 

In an ordinary sum the order of the terms is of no importance, for it 
can be varied without affecting the result of the addition. In an infinite 
series, however, this is no longer the casef, as will appear from the following 
example. 

Let 2 s 


and 


lll llll^l 
sl + 3 2+5 + 7 4 + 9 + 11 ” 6 + 

ct , 11111. 

1 2 + 3 4 + 5 6 + ■» 


and let 2„ and S n denote the sums of their first n terms. These infinite 
series are formed of the same terms, but the order of the terms is different, 
and so 2 n and S n are quite distinct functions of n. 


Let 

Then 


<T n — 1 + 2 + ■" + n » that /S Bfl — & 2 n 0"n * 


V 1 1 

-sn = T + a + + 


1 


4h -1 


2/i 


2 2 1 


— (°"4J» — O’lm) + 2 C^ 271 ^n) 

= Stn + ^Sn. 

Making n —» ao , we see that 

2 = S + ±S; 

and so the derangement of the terms of S has altered its sura. 

Example. If in the aeries 

, 1 1 1 
1- 2+3 - 4+ ■ 

the order of the terms be altered, bo that the ratio of the number of positive terms to the 
number of negative terms in the tirat n terms 1 b ultimately a 8 , shew that the sum of the 
series will become log (2a). (Manning.) 

2'41. The fundamental property of absolutely convergent series . 

We shall shew that the sum of an absolutely convergent series is not 
affected by changing the order in which the terms occur. 

Let >S> = u 1 + m, + u 3 +... 


* The condition is also necessary. See Bromwich, Infinite Serin, pp. 202-204. 

CD ® 

+ We say that the Beries Z v n consists of the terms of Z u* in a different order if a law 

m=l H=1 

is given by which corresponding to each positive integer p we can find one (and only one) 
integer q and vice vena , and v q is taken equal to u p . The result of thiB section was noticed by 
Diriohlet, Berliner Abh. (1837), p. 48, Journal de Math . iv. (1839), p. 997. See also Cauchy, 
R£tum£8 analytiquet (Turin, 1893), p. 57. 
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be an absolutely convergent series, and let S' be a series formed by the same 
terms in a different order. 

Let e be an arbitrary positive number, and let n be chosen so that 
| W w+i I + ! ^n+a ) “I" ■ ■ ■ “h ! u n+p | ^ 2 e 

for all values of p . 

Suppose that in order to obtain the first n terms of S we have to take 
m terms of S '; then if k >m, 

S k ' = S n + terms of S with suffices greater than ?i, 

so that 

S k — S = S n — S + terms of S with suffices greater than n. 

Now the modulus of the sum of any number of terms of S with suffices 
greater than n does not exceed the sum of their moduli, and therefore is less 

than ^ e. 

Therefore | S* - S j < \ S n - S | + \ e. 

But \S n -S\^hm (| it n+1 1 + | « n+2 1+ ... + | u n+v j) 

p-»*an 

1 

^ 2 € ’ 

Therefore given e we can find rn such that 

| S k '-S\<€ 

when k>m\ therefore S m '—► S, which is the required result. 

If a series of real terms converges, but not absolutely, and if S p be the 
sum of the first p positive terms, and if cr n be the sum of the first n negative 
terms, then S p —*oc, o* n —► — oo ; and lim($p + cr n ) does not exist unless we 
are given some relation between p and n. It has, in fact, been shewn by 
Riemann that it is possible, by choosing a suitable relation, to make 
lim (S p 4- <x n ) equal to any given real number*. 

2'5. Double series f. 

Let u m n be a number determinate for all positive integral values of m 
and n ; consider the array 

Uj.l, Uj.3, ... 

7 / 2 , ] , ^ 2 , 2 » 3 > ■ * ■ 

11 W 3) 2 , M-j, 31 ■ ■ ■ 


* Gcm. Werhe , p. 221. 

t A complete theory of double series, on which this account is based, is given by Pringsheim, 
Miinchener Sitzungsberichte , xxvn, (1897), pp. 101-152. See further memoirs by that writer, 
Math . Ann. liii . (1900), pp. 289-321 and by London, ibid. pp. 322-370, and also Bromwich, 
Infinite Seriet, which, in addition to an account of Pringsheim’s theory, contains many develop¬ 
ments of the subject. Other important theorems are given by Bromwich, Proc. London Math. 
Soc. (2), i. (1904), pp. 176-201. 
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Let the sum of the terms inside the rectangle, formed by the first 
m rows of the first n columns of this array of terms, be denoted by 

If a number S exists such that, given any arbitrary positive number e, it 
is possible to find integers m and n such that 

| S Hf „ - S ] < e 

whenever both p> m and v > n, we say* that the double seines of which the 
general element is u Mi „ converges to the sum S t and we write 

lira S PtV — S. 

If the double series, of which the general element is | m M( „ |, is convergent, 
we say that the given double series is absolutely convergent. 

Since tt M „ = {S^y — it is easily seen that, if 

the double series is convergent, then 

lim 11 ^ >y = 0. 

, v + tc 

Stole necessary and sufficient^ condition for convergence. A condition for 
convergence which is obviously necessary (see § 2'22) is that, given e, we can 
find m and n such that | S h+Pt — S PtV j < e whenever p > m and v > n and 
p t a may take any of the values 0, 1 , 2, .... The condition is also sufficient; 
for, suppose it satisfied ; then, when p > m + n } | *SV+p,m+p - | < € - 

Therefore, by § 2 22, S M<H . has a limit S ; and then making p and a tend to 
infinity in Buch a way that p + p = v + cr, we see that j S — S P}V | ^ e when¬ 
ever p > m and v > n ; that is to say, the double series converges. 

Corollary. An absolutely convergent double series is convergent. For if the double 
series converges absolutely and if t be the sum of m rows of n columns of the series of 
moduli, then, given c, we can find p such that, when p>?n>p and q>n>p, t PtQ — 

But \S Piq -S m>n \^t p , q -l m , n and so \S Ptq ~S m>n \<( when p>m>p, q>n>p; and this 
is the condition that the double series should converge. 


2'51. Methods\ of summing double series. 

® 00 
Let us suppose that 2 u Pj9 converges to the sum S h . Then 2 is 

V=\ ’ fl = 1 

called the sum by rows of the double series; that is to say, the sum by rows 

* / ® \ w/cev 

is 2 ( 2 „ j. Similarly, the sum by columns is defined as 2 ( 2 

M = 1 V-l * v=l \fi=l ’ / 

That these two sums are not necessarily the same is shewn by the example 

=-, in which the sum by rows is — 1, the sum by columns is +1 ; 

P + v J J 

and S does not exist. 


* This definition is practically due to Cauchy, Analyse Alpebrique, p. 540. 
t This condition, stated by Stolz, Math. Ann. xxiv. (1684), pp. 157-171, appears to have 
been first proved by Pringsheim. 

$ These methods are due to Caachy. 
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Pringsheim’s THEOREM * : If S exists and the sums by rows and columns 
exist , then each of these sums is equal to S. 

For since S exists, then we can find m such that 
|S Mir — S\<e, if fi>m , v>m . 

And therefore, since lim „ exists, | ( lim S Mi „) — S | ^ e; that is to say, 


IS,-8 

v -1 


when /jl > m, and so (§ 2 22) the sura by rows converges to S. 


In like manner the sum by columns converges to 8. 


2 52. Absolutely convergent double series. 

We can prove the analogue of § 2 41 for double series, namely that if the 
terms of an absolutely convergent double semes are taken in any ordet' as a 
simple series, their sum tends to the same limit, provided that every term occurs 
in the summation. 

Let g- M( „ be the sum of the rectangle of p rows and v columns of the 
double series whose general element is | „ |; and let the sum of this double 

series be cr. Then given e we can find m and n such that a — <r M( ,<e 
whenever both p > m and v > n. 

Now suppose that it is necessary to take N terms of the deranged series 
(in the order in which the terms are taken) in order to include all the terms 
of jSijf+^u+j, and let the sum of these terms be ty. 

Then — £jr+i , M ^. 1 consists of a sum of terms of the type u pq in which 

p > 7)i, q > n whenever M >m and M > n ; and therefore 

I 8 m +i.m+i | < * — * jt+i. m+i < 2 e - 

Also, S — S M r+i.jf+i consists of terms u p>q in which p > m, q > n ; therefore 
| ^ cr — ajf+ lt jf+i < ^ e; therefore | S—ty | < e ; and, corresponding 
to any given number e, we can find N ; and therefore ty—*S. 


Example 1. Prove that in An absolutely convergent double series, 2 u mi% exists, and 

»=i 

thence that the sums by rows and columns respectively converge to S . 

[Let the Bum of p rows of v columns of the series of moduli be t Mi „ and let t be the sum 
of the series of moduli. 

Then 2 | and so 2 converges ; let its sum be 6^; then 

r»l *-=1 

|M + IM + - + IM<lim 

r-^00 

and bo 2 ^ converges absolutely. Therefore the sum by rows of the double series 

exists, and similarly the sum by columns exists ; and the required result then follows from 
Pringsheim’s theorem.] 


Loc. cit. p. 117. 
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Example 2 . Shew from first principles that if the terms of an absolutely convergent 
double series be arranged in the order 

«i, l + (u* l + “l, i) + (ua, l + **, 2 + M i, a) + ( u 4 , i 4*. •. + Mi, *) +.. 
this series converges to S. 

2'53. Cauchy*8 theorem* on the multiplication of absolutely convergent 

series. 

We shall now shew that if two series 

S = ll\ + T/ a 4 * li| + ■ ■ ■ 
and T = v, 4 - v 2 + + ... 

are absolutely convergent, then the series 

P = U l V 1 + U 2 Vj + 1*1 U) + • ", 

formed by the products of their terms , written in any order , is absolutely con¬ 
vergent, and has for sum ST. 

Let jS w = w-i + Wa + ... + U*, 

T n = v x 4 - v* 4 - ... + v n . 

Then ST = lim S n lim T n = lim ( S n T w ) 

by example 2 of § 2 2. Now 

S n T n = U x V, + U 2 V 1 + . .. + U n Vj 

4- i/,v 8 -f 1^14 4- ... 4- «„v.j 

+ . 


+ U x V n +110^4“ ... 4-^Vn. 

But this double series is absolutely convergent; for if these terms are 
replaced by their moduli, the result is a a r ni where 
<*n = | W, | 4 | U 2 | + .. . + | U n | , 

T n = | Vi I + | 1*2 ! + • •• + I v n I , 

and <7 n T n is known to have a limit. Therefore, by § 2 52, if the elements of 
the double series, of which the general term is u m v n , be taken in any order, 
their sum converges to Sl\ 

Example . Shew that the series obtained by multiplying the two scries 


, Z Z* Z 3 Z 4 ,111 

1 + 2 + 2 i + 2 3 + 2‘ + 1 + -z + ? + ? + --’ 


and rearranging according to powers of z , convci-ges so long as the representative point of z 
lies in the ring-shaped region bounded by the circles |z| = l and \z\ = 2. 


2'6. P ower-Series f. 

A series of the type 

o Q + a x z 4- a^z 2 -I- a-z 3 + ..., 

in which the coefficients a 0 , a lt a 2 , a 3 , ... are independent of z, is called a series 
proceeding according to ascending powers of z, or briefly a power-series. 


* Analyse Alg€briqve , Note vn. 

f The results of this section are due to Cauchy, Analyse Alg€brique, Ch. ix. 
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We shall now shew that if a power-series converges for any value z Q of z, 
it will be absolutely convergent for all values of z whose representative points 
are within a circle which passes through z 0 and has its centre at the origin. 

« 

For, if z be such a point, we have j z | < | z 0 \ . Now, since 2 On*o n converges, 

»*=o 

must tend to zero as n—► ao, and so we can find M (independent of n) 
such that 

I a n z 0 n I < M. 


Therefore every term in the series 2 | a n z n | is less than the corresponding 

n - 0 * 

term in the convergent geometric series 


the series is therefore convergent; and so the power-series is absolutely 
convergent, as the series of moduli of its terms is a convergent series; 
the result stated is therefore established. 

-r. 

Let lim \ a n \~ vn = r\ then, from §2 35, 2 a n z n converges absolutely when 

n =0 

(El 

| z | < r; if | z | > r, OnS” does not tend to zero and so 2 a n z n diverges (§ 2 3). 

71 = 0 V 

The circle \z\ = r, which includes all the values of z for which the 
power-Beries 

a 0 + a v z 4- a^z* + a^z s + ... 

converges, is called the circle of convergence of the series. The radius of 
the circle is called the radius of convergence . 

In practice there ia usually a simpler way of finding r, derived from d'Alembert’s 
test (§ 2 36); r is lim + if this limit exists. 

A power-series may converge for all values of the variable, as happens, for 
instance, in the case of the Beries* 

z 3 z n 
Z- 3 ! + 5 ”! - 

which represents the function sin z ; in this case the series converges over the 
whole z-plane. 

On the other hand, the radius of convergence of a power-series may be 
zero ; thus in the case of the series 

l + l\ z + 2l z 2 + 3\ zt + ll z*+ ... 

we have —- = n | z |, 

^71 

* The Beries for c", Bio cos z and the fundamental properties of these functions and of 
log z will be assumed throughout. A brief account of the theory of the functions is given 
in the Appendix. 
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which, for all values of n after some fixed value, is greater than unity when 
z has any value different from zero. The series converges therefore only at 
the point z = 0, and the radius of its circle of convergence vanishes. 

A power-series may or may not converge for points which are actually on 
the periphery of the circle ; thus the series 


1 + i* + 


z 2 z* z* 

2* + 3* + + 


whose radius of convergence is unity, converges or diverges at the point z = 1 
according as s is greater or not greater than unity, as was seen in § 233. 


Corollary. If ( a n ) be a sequence of positive terms such that lim(a B + 1 /a t4 ) exists, this 
limit is equal to lim a n lln . 


2 61. Convergence of series derived from a power-series. 

Let a*, + a l z + a^z 2 -1- + a 4 z* + ... 

be a power-series, and consider the series 

On + 20^,2 + 3 c/ 3 2 2 -I- 4a 4 ^ + .. 

which is obtained by differentiating the power-series term by term. We 
shall now shew that the derived series has the same circle of convergence as the 
original series. 

For let z be a point within the circle of convergence of the power-series ; 
and choose a positive number r lt intermediate in value between \ z\ and r the 

oo 

radius of convergence. Then, since the series 2 cVi" converges absolutely, its 

n-0 

terms must tend to zero as n —► oo ; and it must therefore be possible to find a 
positive number M , independent of n, such that | a n | < for all values 

of n. 

OD 

Then the terms of the series 2 n | a* | 1 2 | n_1 are less than the COITe- 

it^ 

sponding terms of the series 

M ® n \z\ n ~ l 

n n = l TV 1 " 1 

But this series converges, by § 2 36, since \z\<r lm Therefore, by § 2 34, the 
series 

£ n | a n | | z | n_1 

n= 1 

converges; that is, the series 2 7ia n z n ~ l converges absolutely for all points z 

n«l 

00 

situated within the circle of convergence of the original series 2 On-s 71 . When 

^ »-o 

\z\>r, a n z n does not tend to zero, and a fortiori nOnZ n does not tend to 
zero; and so the two series have the same circle of convergence. 
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* J f* 1 

Corollary. The series 2 -—- , obtained by integrating the original power-series 
m-o n + l 

m 

term by term, has the same circle of convergence as 2 a 9 s n . 

■*o 

27. Infinite Products. 

We next consider a class of limits, known as infinite products. 

Let 1 + a,, 1 + Oj, 1 + 0 *, ... be a sequence such that none of its members 
vanish. If, as n —> oo, the product 

(1 + a,) (1 + a a ) (1 + a,)... (1 + On) 

(which we denote by IT n ) tends to a definite limit other than zero, this limit 
is called the value of the infinite product 

II = (1 + o 1 )(l +o,)(l +o,) 

and the product is said to be convergent*. It is almost obvious that a necessary 
condition for convergence is that lim a* = 0, since lim = lim Il n + 0. 

XI 

The limit of the product is written II (1 + o n ). 

H—1 

Now n (l+o n ) = expf X log (1 + On)] , 

n=l (n=1 J 

andf exp | lim u m } = lira (exp u m } 

m-v xj 

if the former limit exists; hence a sufficient condition that the product 

□0 

should converge is that E log(l + a n ) should converge when the logarithms 

n — l 

have their principal values. If this series of logarithms converges absolutely, 
the convergence of the product is said to be absolute. 

The condition for absolute convergence is given by the following theorem : 
in order that the infinite product 

(l+o 1 )(I+o,)(l+a J )... 

may be absolutely convergent , it is necessary and sufficient that the series 

a, + a, + a, + ... 

should be absolutely convergent. 

For, by definition, II is absolutely convergent or not according as the 
series 

log (1 + oh) + log (1 + a,) + log (1 + a,) + ... 
is absolutely convergent or not. 

* The convergence of the product in which a„_i= - 1/n* was investigated by Wallis as early 
as 1655. 

f See the Appendix , § A-2. 
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Now, since lim a* = 0, we can find m such that, when n > m, | a„ | < J ; and 
then 


| On -1 log (1 + a„) - 1 I = 


_ ^ , On 2 _ 

2 + 3 4 + ' 


j! + 2 s 


1 

2 ' 


And thence, when n > m t ^ ^ 


$ ^; therefore, by the comparison 


1 ^ I 

On 

theorem, the absolute convergence of 2 log (1 + <z, 4 ) entails that of 2a-n and 
conversely, provided that + — 1 for any value of n. 

This establishes the result*. 

If, in a product, a finite number of factors vanish, and if, when these are suppressed, 
the resulting product converges, the original product is said to converge to zero. But such 

m 

a product as n (1 — ti - 1 ) is said to diverge to zero. 

m *=2 

Corollary. Since, if S n -*»l } exp (£„)-*» exp l, it follows from § 2-41 that the factors 
of an absolutely convergent product can be deranged without affecting the value of the 
product. 

Ex ample 1. Shew that if n (1 + a*) converges, so does 2 log(l+a*), if the logarithms 
*=i *=1 

have their principal values. 

Example 2. Shew that the infinite product 

sin z sin \z sin sin 

' 4* i* 

is absolutely convergent for all values of z. 

[For ^sin ^ /i^i) 00,11 ^ WI ^ tten * n t ^ le I Qrm 1—where | X m |<k and Hr is inde- 

® X 

pendent of n ; and the series 2 is absolutely convergent, as is seen on comparing 

n« 1 n 

* 1 

it with 2 . The infinite product is therefore absolutely convergent.] 

271. Some examples of infinite products. 

Consider the infinite product 


(»- 5 ) 0 -»)(•-£)■ 


which, as will be proved later (§ V'5), represents the function zr l sin z . 

In order to find whether it is absolutely convergent, we must consider the 

« £l 2 ? • 1 

series 2 —, or — 2 —; this series is absolutely convergent, and so the 
*«i nV 1 7r n 

product is absolutely convergent for all values of z. 

Now let the product be written in the form 

(>- 30 + 30 -£)(>+£)■••■ 

* A discussion of the convergence of infinite products, in which the results are obtained 
without making use of the logarithmic function, is given by Pringsheim, Math. Ann. xxuu. 
(1SS9), pp. 110-164, and also by Bromwich, Infinite Seriet, Oh. vi. 
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The absolute convergence of this product depends on that of the series 


z z z z 

7T 7T 2tt + 2t r 


But this series is only conditionally convergent, since its series of moduli 


7T 7T 2tt 2tt '■ 


is divergent. In this form therefore the infinite product is not absolutely 
convergent, and so, if the order of the factors ^1 + —is deranged, there is 
a risk of altering the value of the product. 

Lastly, let the same product be written in the form 

K 1 - 3 ei } K 1 + J) e_ '} K 1 - £) {( j+ i) • • • ■ 

in which each of the expressions 

(l ± —\e*™ 

\ mirj 

is counted as a single factor of the infinite product. The absolute convergence 
of this product depends on that of the series of which the (2 m — l)th and 
(2m)th terms are 

(l T — )e ± ™-l. 

\ rmrj 

But it is easy to verify that 

(l T — ) 6*^ = 1+ o(-V 

\ imr) \m a / 

and bo the absolute convergence of the series in question follows by comparison 
with the series 

l 1 1 I i 1 A 

The infinite product in this last form is" therefore again absolutely 

± — 

convergent, the adjunction of the factors e nw having changed the con¬ 
vergence from conditional to absolute. This result is a particular case of 
the first part of the factor theorem of Weierstrass (§ 7‘6). 

Example 1. Prove that n j^l — eTl | 18 absolutely convergent for all values of 
z, if c is a constant other than a negative integer. 

For the infinite product converges absolutely with the Beries 

*H- 
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Now the general term of this aeries is 

But 2 \ converges, and so, by § 2 34. 2 \(\ - ——'\ e n - ll converges absolutely, 
^i 71 *=i l\ c + n/ J 

and therefore the product converges absolutely. 

Example 2. Shew that n jl — ^1 — r -B j converges for all points z situated 

outside a circle whose centre is the origin and radius unity. 

For the infinite product is absolutely convergent provided that the series 

> (i-i)-V' 

n=A, nj 


is absolutely convergent. But lim 


K)' 


= «, so the limit of the ratio of the (n + l)th 


term of the series to the nth term is - ; there is therefore absolute convergence when 

z 

| ^ | < 1, i.e. when | z | > 1. 

Example 3. Shew that 

1 , 2.3 ... ( to -!) 

(z+1) (z+2)... (z+m - 1) 

tends to a finite limit as m-^oo, unless z is a negative integer. 

For the expression can be written as a product of which the nth factor is 

ThiB product is therefore absolutely convergent, provided the series 




is absolutely convergent ; and a comparison with the convergent series 2 shews that 
this is the cAse. When z is a negative integer the expression does not exist because one of 


the factors in the denominator vanishes. 


Example 4. Prove that 


■('-;)(-s)K)("b)("£)(>*£)~- 


- - log 2 . 
e r sin i 


For the given product 


■ (‘ -:-) (' -c) H) • ('w) (' - i) (■ + r.) 

f _!_ 1 + 1 ) 1 

e w\ 2^ 3 4^2 " 7k-l Vck) 

= lim z z ~ 

('-*)*■■■ (■-£)■*• (-eK* 
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since the product whose factors are 

(-*)'■ 

is absolutely convergent, and so the order of its factors can be altered. 

Since log 2 = 1 + J- 

this shews that the given product is equal to 



sin z. 


2'8. Infinite Determinants, 

Infinite series and infinite products are not by any means the only 
known cases of limiting processes which can lead to intelligible results. The 
researches of G. W. Hill in the Lunar Theory* brought into notice the 
possibilities of infinite determinants. 

The actual investigation of the convergence is due not to Hill but to Poincar^ Bull, de 
la Soc. Math, de France , xiv. (1886), p. 87. We shall follow the exposition given by 
H. von Koch, Acta Math . xvi. (1892), p. 217. 

Let A & be defined for all integer values (positive and negative) of i, k, 
and denote by 

D m — \A Jcji,- «,... -f-rn 

the determinant formed of the numbers A & (i, k = — m, then if, 

as in oo, the expression D VL tends to a determinate limit D, we shall say 
that the infinite determinant 

k= - 00 ... + cn 

is convergent and has the value D. If the limit D does not exist, the deter¬ 
minant in question will be said to be divergent. 

The elements An, (where t takes all values), are said to form the principal 
diagonal of the determinant D ; the elements A (where i is fixed and k 
takes all values), are said to form the row i ; and the elements An, (where k 
is fixed and i takes all values), are said to form the column k. Any element 
A tit is called a diagonal or a non-diagonal element, according as i = k or i $ k. 
The element A 0i0 is called the origin of the determinant. 

2 81. Convergence of an infinite determinant. 

We Khali now shew that an infinite determinant converges , provided the product of the 
diagonal elements converges absolutely , and the sum of the non-diagonal elements converges 
absolutely. 

For let the diagonal elements of an infinite determinant D be denoted by 1+a*, 
and let the non-diagonal elements be denoted by a#, so that the determinant ie 

* Reprinted in i4cfa Mathcmatica, vm. (188G), pp. 1-36. Infinite determinants had previously 
occurred in the researches of Furntenau on the algebraic equation or the nth degree, Darstellung 
dcr reellcn Wurzeln algcbraixcher Gleichnvgen durch Dcterminanien der CorJJUientcn (Marburg, 
I860). Special types of infinite determinants (known is continuants ) occur in the theory of 
infinite continued fractions ; see Sylvester, Math. Papers, i, p. 504 and hi, p. 249 
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Then, since the Beries 

*. 

is convergent. 

Now form the products 

P m = n (l+ 2 aA P m = n (l + I |a a |); 

l=-m\ k=-m / <=-m\ k= -m / 

then if, in the expansion of P m , certain terms are replaced by zero and certain other 
terms have their signs changed, we shall obtain D m ; thus, to each term in the expansion 
of D m there corresponds, in the expansion of P mt a term of equal or greater modulus. 
Now D m + p — D m represents the sum of those terms in the determinant Z> m + P which vanish 
when the numbers t= ±(m + 1) ... ± (m+p)} are replaced by zero; and to each of 

these terms there corresponds a term of equal or greater modulus in P m + p — P m . 

Hence | A» +P -An | ^P m + V -P m 

Therefore, since P m tends to a limit as , so also D m tends to a limit. This 

establishes the proposition. 

2'82. The rearrangement Theorem for convergent infinite determinants. 

We shall now shew that a determinant, of the convergent form already considei'ed, 
remains convergent when the elements of any row are replaced by any set of elements whose 
moduli are all less than some fixed positive number. 

Replace, for example, the elements 

^0. — m» ... ^0 ■■■ ^0. m ■*- 

of the row through the origin by the elements 

which satisfy the inequality 

Uh\< th 

where fx is a positive number ; and let the new values of A» and D be denoted by 
J) m ' and iy. Moreover, denote by A*' and P' the products obtained by suppressing in 
P m and P the factor corresponding to the index zero ; we see that no terms of D, n ' can 
have a greater modulus than the corresponding term in the expansion of pP m f ; and 
consequently, reasoning as in the last article, we have 

I ^ re + p Pm I m + p~ pPm i 

which is sufficient to establish the result stated. 

Example Shew that the necessary and sufficient condition for the absolute conver¬ 
gence of the infinite determinant 

lim 1 ai 0 0 ... 0 

m-^ae 

/9j 1 aa 0 ... 0 

0 0? 1 03 ... 0 



is that tbe series 

shall be absolutely convergent 


I 0 ... 0 (3 m 1 

ai0i + ®i0a 4- os0s + - - ■ 


(von Koch.) 
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Miscellaneous Examples. 


1. Evaluate lim (e -ml n b ), lim ( n~ a log n) when a>0, 6 > 0 . 

2 . Investigate the convergence of 



(Trinity, 1904.) 


3. 


Investigate the convergence of 


* Q. 3.. .2n-l 4n+31 a 

n li\"2.4...2n"“ ‘ 2n + 2j ’ 


(Peterhouse, 1906.) 


4 . Find the range of values of z for which the series 


is convergent. 


2sin 2 z-4 Bin 4 z + 8 sin 8 z —,.. + ( —) n+1 2 tl sin 2n z+... 


5. Shew that the series 

1 _ 1 _ _1 _ 1 _ 

z z + 1 + * + 2 z + 3 + '" 

is conditionally convergent, except for certain exceptional values of z ; but that the series 

1 1 1 _ 1 _ 1 _ 1 _ 1 

z z+l + '" + z+p-l z + p z+p + 1 * + 2 p + 0 -l z+2p + q 

in which (p + gO negative terras always follow p positive terms, is divergent. (Simon.) 


6 . Shew that 

+ (Trinity, 1908.) 


7. Shew that the series 

1111 

(l<c</3) 


I s + P + 3‘ + 4i + "' 

is convergent, although 

“*« + i 

(Ceairo.) 

8 . Shew that the Beries 

a + ff 1 -+■ a 3 + fP + ... 

(O<a< 0 <l) 

is convergent although 


(Ceskro.) 
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8. Shew that the series 

«=i (*■ - 1) {**-(1+ «“>)") 

converges absolutely for all values of z, except the values 




(a = 0, 1 ; 0, 1, ... m— 1 ; m = l, 2, 3, ...). 

10. Shew that, when « > 1, 

5 i__i_ - rj_ _i_ r i _in 

*=i n ,_ 5-l + n=1 |_n , + J-l 1 (7iHK 1)* —1 ti*" 1 }J* 
and shew that the series oil the right converges when 0 <a < 1. 

(de la Valine Poussin, Af4m. de VAcad, de Belgique, Lin. (1896), no. 6.) 

11 . In the series whose general term is 

where v denotes the number of digits in the expression of n in the ordinary decimal scale 
of notation, shew that 

lira u n ' /n = q 1 

and that the Beries is convergent, although lim + \ju n = ao . 

12. Shew that the series 

9i + ?i ! +?a 3 + ?i 4 + ?a 6 + ?» 8 + ?i 7 +..., 

where — + (0 <y<l) 

is convergent, although the ratio of the (n + l)th term to the nth iB greater than unity 
when n is not a triangular number. (Ceskro.) 

13. Shew that the series 

- f*** 

n =o (i o + n)*' 

where w is real, and where (w + n)* is understood to mean the logarithm being 

taken in its arithmetic sense, is convergent for all values of z, when 1 {x) is positive, and 
is convergent for values of b whose real part is positive, when x is real and not an integer. 

14. If u*> 0, shew that if Su* converges, then lira (ni/ B )«0, and that, if in addition 


^ u w + ,, then lim (niO-*0. 


IB. If 


shew that 


_ m-n (m + rt-1) ! 
2 m +« »»! n\ ’ 


(to, n>0) 


-2~", o», 0 =0, 


S (I «m,»)=-!, S (s “m,■.) = !• (Trinity, 1904.) 

m=0 v»=0 / \m = 0 / 


16. By converting the series 

24£ 

+ l-g 1+J* 1-?* 

(in which | q | < 1), into a double Beries, shew that it ib equal to 

1 + _ 8 g_ + _? 2 !_ + _? 2 i_ + 

+ (1 - S') 1 (H-?*)* (1 - V 3 )* " 


(Jacobi.) 
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IT. Assuming that Bins — * n ^1 - £)• 

shew that if m-*-cn and n-*-® in such a way that lim (m/n) = k f where k is finite, then 

lim 5' + 

r—» \ rirj z 

the prime indicating that the factor for which r —0 is omitted. (Math. Trip., 1904.) 

18. If Uo =Mj = Uy — 0, and if, when n > I, 

1 111 

« a> ® 

then n (1 + tt*) converges, though 2 t** and 2 v B 2 are divergent. 

n “0 MaO U = Q 

19. Prove that 


(Math. Trip., 1900.) 


where k is any positive integer, converges absolutely for all values of z. 

® BO 

20. If 2 a* be a conditionally convergent aeries of real terms, then n (1 + 0 *) con- 

" =I n=l 

verges (but not absolutely) or diverges to zero according as 2 a* 2 converges or diverges. 

n = l 

(Cauchy.) 

■> 

21. Let 2^d m be an absolutely convergent series. Shew that the infinite determinant 


A(c)« 


(c-4)*-d 0 

-d, 

- 

“ ^3 


"■ 4 2 -0 o 

4 s -0„ 

4 2 — d 0 

4 J -0 O 

4*-0„ - 

-0, 

(c — 2)* - 0 O 

-0, 

— d 3 

-6, 

2»-0 o 

2 8 -*„ 

2 j -0q 

2 2 -d 0 

2“-0o "■ 



C*-0„ 

-0, 

-d. 

O*-0 o 

O 2 -^ 

O*-0 o 

0 s —0 O 

O»-0o "■ 

-e, 

— dj 

-0, 

(c + 2)*- 

0o —0i 

■" 2»-0 o 

2*-d 0 

2*-0 O 

2* — 0 O 

2*-0„ - 

-0. 

" ^3 

-0. 

-0. 

(c + 4)*-0 o 


4 2 -do 

4 1 - 0q 

4»-0, 

4*-0 O ' 


converges ; and Bhew that the equation 
is equivalent to the equation 


A (c) —0 

sin* Jt rc = A ( 0 ) sin 2 Jtr 0 o i. 


(Hill; see § 19 42.) 





CHAPTER III 


CONTINUOUS FUNCTIONS AND UNIFORM CONVERGENCE 

31 . The dependence of one complex number on another . 

The problems with which Analysis is mainly occupied relate to the 
dependence of one complex number on another. If z and f are two complex 
numbers, so connected that, if z is given any one of a certain set of values, 
corresponding values of f can be determined, e.g. if f is the square of z, or if 
f = 1 when z is real and f = 0 for all other values of z t then f is said to be a 
function of z. 

This dependence must not be confused with the most important case of 
it, which will be explained later under the title of analytic functionality. 

If f is a real function of a real variable z , then the relation between ( and s, which 
may be written 

C "/(*)» 

can be visualised by a curve in a plane, namely the locus of a point whose coordinates 
referred to rectangular axes in the plane are (z, f). No such simple and convenient 
geometrical method can be found for visualising an equation 

C-/M, 

considered as defining the dependence of one complex number f = £ + 117 on another 
complex number z = x + \y. A representation strictly analogous to the one already given 
for real variables would require four-dimensional space, since the number of variables 
£, x > y i 0 now four. 

One suggestion (made by Lie and Weierstrass) is to use a doubly-manifold system of 
lines in the quadruply-manifold totality of lines in three-dimensional space. 

Another suggestion is to represent £ and rf separately by means of surfaces 

£=£(*> y\ r } sstT i{ x ) y)- 

A third suggestion, due to Heffter*, is to write 

then draw the surface r = r(jr, y )—which may be called the modular-earface of the 
function—and on it to express the values of 6 by Surface-markings. It might be 
possible to modify this suggestion in various ways by representing $ by curves drawn 
on the surface r—r (x, y). 

32 . Continuity of functions of real valuables. 

The reader will have a general idea (derived from the graphical represen¬ 
tation of functions of a real variable) as to what is meant by continuity. 

• Zeittclirift fiir Math, und Phy». xlix. (1899), p. 235. 
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We now have to give a precise definition which shall embody this vague 
idea. 

Let / (x) be a function of x defined when a ^ x ^ 6. 

Let x 1 be such that a^x 1 ^b. If there exists a number l such that, 
corresponding to an arbitrary positive number e, we can find a positive 
number 77 such that 

i/(*) - 1 1 < e - 

whenever | x — | < 17, x 4= , and a <^x $ 6, then l is called the limit of f (x) 

as x -► x x . 

It may happen that we can find a number l + (even when l does not exist) 
such that | f(x) — 1 + I < e when x x < x < x y 4- rj- We call l + the limit of f(x) 
when x approaches x x from the right and denote it by f(x x 4- 0); in a similar 
manner we define /(a:, — 0) if it exists. 

( If f(x 1 + 0 ), f(x j — 0 ) all exist and are equal, we say that f(x) is 

continuous at x x ; so that if f(x) is continuous at x x , then, given e, we can find 
7 ) such that 

I/O*)-/(*.) I < e, 

whenever \ x — x x \ < rj and a ^x ^b. 

If and Z_ exist but are unequal, f(x) is said to have an ordinary 
discontinuity * at x x ; and if l + = L =)=/(#,), /(#) is said to have a removable 
discontinuity at x x . 

If /(*) is a complex function of a real variable, and if f(x) = g (x) + i h (x) 
where g(x) and h (x) are real, the continuity of f(x) at x x implies the con¬ 
tinuity of g (a?) and of h (/r). For when \ f(x) —/(#,) | < e, then | g {x) — g (#0 | < e 
and | h{x) — h (a;,) | < e ; and the result stated is obvious. 


Example. From § 2 2 examples 1 and 2 deduce that if f(x) and </> (x) are con¬ 
tinuous at x x , so are f(x) ± (.r), f(x) x $ (x) and, if <p (x x ) =*=0, f(x)/<j) (#). 

The popular idea of continuity, so far as it relates to a real variable f{x) depending 
on another real variable x , is somewhat different from that just considered, and may 
perhaps best be expressed by the statement “The function f(x) is said to depend con¬ 
tinuously on x if, as x passes through the set of all values intermediate between any 
two adjacent values x x and .to, f{x) passes through the set of all values intermediate 
between the corresponding values/(.r^ and/( j?.,).” 

The question thus arises, how far this papular definition is equivalent to the precise 
definition given above. 

Cauchy shewed that if a real function of a real variable x t satisfies the precise 
definition, then it also satisfies what we have called the popular definition ;■ thiB result 

# If a function is said to have ordinary discontinuities at certain points of an interval it 
ii implied that it is continuous at all other points of the interval. 
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will be proved in § 3‘63. But the converse is not true, as was shewn by Darboux. This 
fact may be illustrated by the following example*. 

Between x= — 1 and x— +1 (except at #~ 0 ), let f[x) ■» sin ^ ; and let /( 0 )= 0 . 

Jt can then be proved that/(a;) depends continuously on x near .r= 0 , in the sense of 
the popular definition, but is not continuous at a ;«0 in the sense of the precise definition. 

Example . If f(x) be defined and be an increasing function in the range (a, 6 ), the 
limits f(x± 0 ) exist at all points in the interior of the range. 

[If f(x) be an increasing function, a section of rational numbers oan be found such 
that, if a, A be any members of its £-class and its ffc-claas, a <f(x + h) for every positive 
value of h and A^f(x + h) for some positive value of h . The number defined by thiB 
section is/(a;+ 0 ).] 

3*21. Simple curves. Continua. 

Let x and y be two real functions of a real variable t which are continuous 
for every value of t such that a^t^b. We denote the dependence of x and y 
on t by writing 

x = x(t) f y = y(t). 

The functions x (£), y ( t) are supposed to be such that they do not assume the 
same pair of values for any two different values of t in the range a < t < b. 

Then the set of points with coordinates (x t y) corresponding to these values 
of t is called a simple curve. If 

x(a) = x (6), y (a) = y (6), 
the simple curve is said to be closed. 

Example. The circle j^+y 2 *! is a simple closed curve; for we may writet 

j;™cosZ, y = Binf. (0^^27 t) 

A two-dimensional continuum is a set of points in a plane possessing the 
following two properties : 

(i) If ( x, y) be the Cartesian coordinates of any point of it, a positive 
number S (depending on x and y) can be found such that every point whose 
distance from ( x, y) is less than 8 belongs to the set. 

(ii) Any two points of the set can be joined by a simple curve consisting 
entirely of points of the set. 

Example. The points for which .a^+y 2 -^ 1 form a continuum. For if P be any 
point inside the unit circle such that 0P**r < 1 , we may take 5 = 1 — r; and any two 
points inside the circle may be joined by a straight line lying wholly inside the circle. 

The following two theorems \ will be assumed in this work ; simple cases 
of them appear obvious from geometrical intuitions and, generally, theorems 
of a similar nature will be taken for granted, as formal proofs are usually 
extremely long and difficult. 

* Dae to Mansion, Matheiis, (2) xix. (1890), pp. 129-131. 

f For a proof that the sine and cosine are continuous functions, see the Appendix , § A-41. 

t Formal proofs will be found in Watson’s Complex Integration and Cauchy's Theorem. 
(Cambridge Math. Tracts, No. 15.) 
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(I) A simple closed curve divides the plane into two continua (the 
1 interior * and the 1 exterior'). 

(II) If P be a point on the curve and Q be a point not on the curve, 
the angle between QP and Ox increases by ± 2t r or by zero, as P describes 
the curve, according as Q is an interior point or an exterior point. If the 
increase is + 2 tt, P is said to describe the curve ' counterclockwise/ 

A continuum formed by the interior of a simple curve is sometimes called 
an open two-dimensional region , or briefly an open region , and the curve is 
called its boundary ; such a continuum with its boundary is then called a 
closed two-dimensional region , or briefly a closed region or domain , 

A simple curve iB sometimes called a closed one-dimensional region ; a 
simple curve with its end-points omitted is then called an open one-dimensional 
region. 

3 22. Continuous functions of complex variables. 

Let f(z) be a function of z defined at all points of a closed region (one- or 
two-dimensional) in the Argand diagram, and let z x be a point of the region. 

Then /( z ) is said to be continuous at 2,, if given any positive number e, 
we can find a corresponding positive number rj such that 

|/(*)-/(z,) |< e, 

whenever \z — z x \<tj and z is a point of the region. 

3 3 . Series of variable terms. Uniformity of convergence. 

Consider the series 

x* a? x 1 

+ lTx' + (1 + a^ + ■ ■ + (T+a?)" + "" 

This series converges absolutely (§ 2 * 33 ) for all real values of x. 

If S n (x) be the sum of n terms, then 
S B (*) = !+** — 

and so lim S n (x) = 1 + ; (x ± 0) 

but S n ( 0 ) = 0, and therefore lim S n (0) = 0. 

H <*> 

Consequently, although the series is an absolutely convergent series of 
pontinuous functions of x , the sum is a discontinuous function of x. We 
naturally enquire the reason of this rather remarkable phenomenon, which 
was investigated in 1841-1848 by Stokes*, Seidelt and WeieratrassJ, who 
shewed that it cannot occur except in connexion with another phenomenon, 
that of non-uniform convergence, which will now be explained. 

# Camb. Phil. Traju. vm. (1847), pp. 533-583. [Collected Paper i, i. pp. 236-813.] 
f Miinchener Abhandlungen , v. (1848), p. 381. 
t Get. Math. Werke , i. pp. 67, 75. 
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Let the functions u, (i), u , (*),... be defined at all points of a closed region 
of the Argand diagram. Let 

CO” Wi (*)+ (*)+••• + Un (z). 

The condition that the series S t* n (z) should converge for any particular 

n*=l 

value of z is that, given e, a number n should exist such that 

I ^n+p ( 2 ) “ (*) I < c 

for a/J positive values of p, the value of n of course depending on e. 

Let n have the smallest integer value for which the condition is satisfied. 
This integer will in general depend on the particular value of z which has 
been selected for consideration. We denote this dependence by writing 
11 ( z ) in place of n. Now it may happen that we can find a number N, 
INDEPENDENT OF Z , such that 

n (z) < N 

for all values of z in the region under consideration. 

If this number N exists, the series is said to CONVERGE UNIFORMLY 
throughout the region. 

If no such number N exists, the convergence is said to be non-uniform*. 

Uniformity of convergence is thus a property depending on a whole set of 
values of z, whereas previously we have considered the convergence of a series 
for various particular values of z, the convergence for each value being con¬ 
sidered without reference to the other values. 

We define the phrase ' uniformity of convergence near a point z* to mean 
that there is a definite positive number S such that the series converges 
uniformly in the domain common to the circle | z — z 1 j ^ S and the region in 
which the series converges. 

3*31. On the condition for uniformity of convergence f. 

If R np ( z ) =* u n+1 ( z ) + u n + 9 (*)+...+ u ni . p ( z ), we have seen that the 

□0 

necessary and sufficient condition that 2 u n ( z ) should converge uniformly 

*=i 

in a region is that, given any positive number e, it should be possible to 
choose N independent OF z (but depending on e) such that 

I #p (*) I < € 

for all positive integral values of p. 

* The reader who is unacquainted with the concept of uniformity of convergence will find it 
made much clearer by consulting Broinwioh, Infinite Srrie*, Cb. vii, where an illuminating 
account of Osgood's graphical investigation is given. 

f This section sliewB that it is indifferent whether uniformity of convergence is defined by 
means of the partial remainder R^p^) or by R„(r). Writers differ in the definition taken 
as fundamental. 
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If the condition is satisfied, by § 2 22, S n (z) tends to a limit, S(z), say for 
each value of z under consideration; and then, since e is independent of p, 

| (lim Rjf P (z)} | « (, 

and therefore, when n > N, 

S ( z ) — S n (z) * (lim R N% p (s)} — n _ N (z), 

P <30 

and so | S (z) - S n (z) | < 2c. 

Thus (writing Jc for c) a necessary condition for uniformity of convergence 
is that | S (z) — 8 n {z) | < e, whenever n> N and N is independent of z ; the 
condition is also sufficient ', for if it is satisfied it follows as in § 2 22 (I) 
that | R N p (z) | < 2e, which, by definition, is the condition for uniformity. 


Example 1 . Shew that, if x be real, the sum of the series 


; + , 




1 (.r+ 1 ) (* + 1 ) (2x+l)~^'" -hi} {nj; + l} 

is discontinuous at :f *=0 and the series is non-uniformly convergent near jr = 0 . 


The sum of the first n terms is easily seen to be 1 — 


1 


sum is 0; when x + O, the Bum is 1. 

The value of (x) = S (a:) — S n (x) is 


TLX -»- 1 


; so when x = 0 the 


1 


nx-\-l 

ir= one-hundred-milliouth, the remainder after a million terms is 


if x =+= 0; so when x is small, say 


ioo +1 


or 1 ~ ToT’ 80 


the first million terms of the series do not contribute one per cent, of the sum. And in 


general, to make 


1 


nx +1 


C €, it is necessary to take 


71 > - 


HH 


Corresponding to a given t, no number N exists, independent of x , such that n<N for 
all values of x in any interval including 07 = 0 ; for by taking x sufficiently Bmall we can 
make n greater than any number N which is independent of x . There is therefore non- 
uniform convergence near 


Example 2. Discuss the series 

” x {n (n + 1 ) x 2 — 1 } 
n= 1 {1 +71*2^} {l + (n + l) 2 X*} ’ 

in which x is real. 


The nth term can be written 80 and 

R / v (n-H)x 

) 1 +(7H-l) a ^‘ 

[Note. In this example the sum of the series is not discontinuous at x — i 
But (taking c <4, and *=*=0), | (x) | <t if e ” 1 (n + 1 ) | x j < 1 + (w + l ) 2 j* ; 

n+ 1 > i + ~ 2 -4} | x I " 1 or n+ 1 < J (f _1 — V* _a -4} | x | ~ x . 


] 

i.e. if 
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Now it is Dot the case that the second inequality is satisfied for all values of n greater 
than a certain value and for all values of x ; and the firet inequality gives a value of 
n (x) which tendB to infinity as x-*-Q ; so that, corresponding to any interval containing the 
point there is no number N independent of x. The series, therefore, is non-uniformly 
convergent near .r—>0. 

The reader will observe that n{x) ib discontinuous at x = 0; for n(a r)-*-oo as x-^0, 
but n (0) = 0. 

3 * 32 . Connexion of discontinuity with non-uniform convergence . 

We shall now shew that if a series of continuous functions of z is uniformly 
convergent for all values of z in a given closed domain , the sum is a continuous 
function of z at all points of the domain. 

For let the series be f(z) = u, (z) + u 2 (z) + ... + u n (z) + ... = S n (z) -f R n {z) t 
where JR * ( z ) is the remainder after n terms. 

Since the series is uniformly convergent, given any positive number e, we 
can find a corresponding integer n independent of z } such that | R n (r) | < ^ e 
for all values of z within the domain. 

Now 7i and e being thus fixed, we can, on account of the continuity of 
S n (z), find a positive number tj such that 

!$.(*)- 3.(01 <U 

whenever | z — z | < tj. 

We have then 

I/(*) -/(*') I = I S n (z)~ S n (z) + R n {z) - R n (z) I 

<!S n (*)-s n (*0IO *«(*)! +1 *»(OI 

< e, 

which is the condition for continuity at z. 

Example 1. Shew that near x=0 the series 

U\ (x) + u^{x) + u 3 (x) + ..., 

i \ 

where u v (x) = x, u n (x)^x 2H ~ l - x- n ~ 3 , 

and real values of x are concerned, is discontinuous and non-uniformly convergent. 

In this example it is convenient to take a slightly different form of the test ; we Bhall 
shew that, given an arbitrarily small number it is possible to choose values of x , as 
small as we please, depending on n in such a way that | R* {x) | is not less than f for any 
value of n, no matter how large. The reader will easily see that the existence of such 
values of x is inconsistent with the condition for uniformity of convergence. 
i 

The value of S n (x) is x* 11 ' 1 ; as n tends to infinity, S m (x) tends to 1, 0, or - 1, accord¬ 
ing as x is positive, zero, or negative. The series is therefore absolutely convergent for all 
values of x, and has a discontinuity at x=0. 
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1 

In this series (x) = 1 -jr*"' 1 , (:r>0); however great n may be, by taking* j? = g“(* w “ 1 ) 
we can cause this remainder to take the value 1 — e -1 , which is not arbitrarily small. The 
Beries ib therefore non-uniformly convergent near r=0. 


Example 2. Shew that near x —0 the series 


{l + (l+r)-i}{l + (l + r)-} 

is non-uniformly convergent and its sum is discontinuous. 

The nth term can be written 

1 -(1+z)" l-Jl+e)"- 1 

l + (l+*)» l+(l+r )— 11 

1 “ (1 + z)* 

so the Bum of the first n terms is - — ^ . Thus, considering real values of z greater 

than -1, it is seen that the sum to infinity iB 1, 0, or — 1, according as z is negative, zero, 
or positive. There is thus a discontinuity at z = 0. This discontinuity is explained by the 
fact that the scries is non-uniformly convergent near z= 0 ; for the remainder after n terms 
in the series when z is positive is 

-2 


l+(l+z)"’ 

and, however great n may be, by taking z = -, this can be made numerically greater 

a ^ 

2 

than --, which iB not arbitrarily small. The series is therefore non-uniformly con- 

1 + e 

vergent near z — 0. 


333 . The distinction between absolute and uniform convergence. 

The unifoim convergence of a series in a domain does not necessitate 
its absolute convergence at any points of the domain, nor conversely. Thus 


the series 2 


(l + t'Y 


converges absolutely , but (near 


while in the case of the series 

the series of moduli is 


2 

«.=i 


& + 71 ’ 


IB 

2 

»~i 


1 

| W + Z *\' 


z = 0) not uniformly ; 


which is divergent, so the series iB only conditionally convergent ; but for all 
real values of z , the terms of the Beries are alternately positive and negative 
and numerically decreasing, so the sum of the series lies between the sum of 
its first 7i terms and of its first (n + 1) terms, and so the remainder after 
n terms is numerically less than the nth term. Thus we only need take a 
finite number (independent of z) of terms in order to ensure that for all real 
values of z the remainder is less than any assigned number e, and so the 
series is uniformly convergent. 

Absolutely convergent series behave like series with a finite number of 
terms in that we can multiply them together and transpose their terms. 

* This value of x tatiafiea the condition | x | <. 8 whenever 2a - 1 > log J“ l . 
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Uniformly convergent series behave like series with a finite number of 
terms in that they are continuous if each term in the series is continuous 
and (as we shall see) the series can then be integrated term by term. 

3 34. A condition , due to Weierstrass*, for uniform convergence. 

A sufficient, though not necessary , condition for the uniform convergence 
of a series may be enunciated as follows:— 

If, for all values of t within a domain, the moduli of the terms of a series 

S = tf! (t) + u, (z) + -Us (z) + ... 

are respectively less than the corresponding terms in a convergent series 
of positive terms 

2 T =Af 1 + if, + Jlf 1 +..., 

where M n is INDEPENDENT OF z , then the series S is uniformly convergent in 
this region. This follows from the fact that, the series T being convergent, 
it iB always possible to choose n so that the remainder after the first n terms 
of T, and therefore the modulus of the remainder after the first n terms 
of 8, is less than an assigned positive number e ; and since the value of n 
thus found is independent of z, it follows (§ 3 31) that the Beries 8 is uni¬ 
formly convergent; by § 2 34, the series S also converges absolutely. 

Example. The series 

oos z + cos *z + ^ cos 3 z+ ... 

iB uniformly convergent for all real values of z, because the moduli of its terms are not 
greater than the corresponding terms of the convergent series 

1+ 2* + 3* + * 

whoee terms are positive constants. 

3*341. Uniformity of convergence of infinite products +. 

A convergent product II {1 + u* ( 2 )} iB said to converge uniformly in a domain of values 
»*=1 

of z if, given c, we can find m independent of z Buch that 

I m+P ■» I 

n {i+«»(*)}- n { 1 +«.(*)} <, 

n=l *=l I 

for all positive integral values of p. 

The only condition for uniformity of convergence which will be used in this work 
is that the product converges uniformly if | u* (r) | < M n where M m is independent of < and 

n 

2 M n converges. 

»*=i 

* Abhandlungen aiu der Funktionenlehre , p. 70. The test given by this condition ie usually 
described (e.g. by Osgood, Annals of Mathematics, m. (1889), p- 180) ae the Af^tesL 

f The definition is, effectively, that given by Osgood, Funktionentheorie, p. 402. The condition 
here given for uniformity of convergence is also established in that work. 
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To prove the validity of the condition we observe that n (1+2/*) converges (§ 

j»=i 

and so we can choose m such that 


in+p m 

n {1 + ^,}- n {i + V„}<#; 

n =1 n=l 


and then we have 

■t-j-p m I I [“ m-j-p ”| I 

n {l+u„ (*)}- n {i +U,W) - n {i +u„(*)} n {l +«„ (*)}-1 

»«=i »=i I I »=i L»=»+i Jl 

m r ™+P ~| 

^no+Jl,,) n {l+J^-i 

n = l L n=m+l J 

<*. 

and the choice of m is independent of z. 

3*35. Hardtfs tests for uniform, convergence *. 

I p I 

2 a* (z) ^ k where a B (z) 

n= 1 I 

is real and k is finite and independent of p and z t and if /* (z)^/* + i (z) and /„(z )-»-0 

OD 

uniformly as n — ® , then 2 a n ( 2 ) /* (z) converges uniformly. 

n=l 

Also that if 

u»( a ) > «» + ,(*) > 0, 

do m 

where k is independent of z and 2 a n (/) converges uniformly, then 2 a n (z)u n (z) con- 

»=i n=1 

verges uniformly. [To prove the latter, observe that m can be found such that 

®n»+l(s)> tfm+lM + Om + aM) ■■■> “ffl + lW + ^ + 2 (z) + ...+a m + p (*) 

are numerically less than t/k ; and therefore (§ 2 301) 

m+p | 

2 a n ( 2 ) u n (z) < €U m+l ( z)/k< r, 

n=m+l | 

and the choice of t and m is independent of 2 .] 

Example 1. Shew that, if 2 > 0 , the series 

“ cos n& 


® sin nd 
n=i n 


converge uniformly in the range 

d^ 2rr-A 

Obtain the corresponding result for the aeries 
* (- )" cos nd 
»=i n 1 

by writing 6 + n for 6. 

CD 

Example 2. If, when a ^ x ^ 6 , | «* (x) | < k y and 2 ] « n+l ( x ) — o» n (x) | < k a , where 

H = 1 

□□ 

k s are independent of n and x r and if 2 a* is a convergent series independent of x , 


“ (—)" sin nd 
h=i n 


then 2 a*a>* (x) converges uniformly when a < x ^ b. 

*-1 


(Hardy.) 


* Ptoc. London Math. Soc. (2) it. (1907), pp. 247-265. These results, which are generalisa¬ 
tions of Abel’s theorem (§ 8 71, below), though well known, do not appear to have been published 
before 1907. From their resemblanoe to the tests of Diriohlet and Abel for convergence, 
Bromwich proposes to oall them Diriohlet's and Abel’s tests respectively. 



3'35, 3'4] CONTINUOUS FUNCTIONS AND UNIFORM CONVERGENCE 51 


[For we can choose m, independent of .t, such that | 

i*+p 


2 a n < r, and then, by § 2 301 

»=m+l 


corollary, we have 


I a n t>„ (x) 

n=m+l 


<(*!+**)*•] 


3’4 Discussion of a particular double series. 

Let ojj and co, be any constants whose ratio is not purely real; and let 


a be positive. 

The series 2 


in which the summation extends over 


m, n (* + 27716 )! -|- 27lQ)i) a 

all positive and negative integral and zero values of m and n , is of great 
importance in the theory of Elliptic Functions. At each of the points 
z = — 2ma) 1 — 2na> a the series does not exist. It can be shewn that the series 
converges absolutely for all other values of z if a > 2, and the convergence is 
uniform for those values of z such that \z+ 2mo) l +2na} 2 \'^ & for all integral 
values of m and n, where £ is an arbitrary positive number. 

Let S' denote a summation for all integral values of m and ??, the term for 
which m = n — 0 being omitted. 

Now, if m and n are not both zero, and if | z + 27/10)! + 2no) 2 j > S > 0 for 
all integral values of m and n, then we can find a positive number C, de¬ 
pending on 8 but not on z, such that 

1 ! 


; (z + 2mw l -I- 2nw z y 


<C 


X’ 


I (27710)! + 2/l6) 2 ) a | 

Consequently, by § 3 34, the given series is absolutely and uniformly* 
convergent in the domain considered if 

1 _ 

| rn oji + 7i6j^ | “ 

converges. 

To discuss the convergence of the latter series, let 
o)! = of, + ifti, 6) 2 = a, + i£ 8j 

where a lt o^, ff lt & are real. Since is not real, — a*#, + 0. Then 

the series is 

V' 


1 


{(«!»» + OiW)* + (A 771 + 

This converges (§ 2'5 corollary) if the series 

S=l' --- T- 

(m a + n a )*“ 

converges; for the quotient of corresponding terms is 

(oti + a 2 pY + (ft + ft ^ a 

1+p 2 j ’ 

* The reader will easily define uniformity of convergence of double series (see § 3'5). 
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where p = n/m . This expression, qoa function of a continuous real variable /*, 
can be proved to have a positive minimum* (not zero) since a x 0 t — 0 ,^ + 0 ; 
and so the quotient is always greater than a positive number K (independent 
of fl). 

We have therefore only to study the convergence of the series S. Let 

s Pi9 = i i' ——j-, 

»=» -g (m 1 + n 1 )** 


^4 2 2 ' 


n *“0 *=o (rri* + fi*)^ a 

Separating S Ptq into the terms for which m = n , m > n, and m < n, re¬ 
spectively, we have 

ip * 1 £ m z l 1 1 V 1 

T Op n = i j I i i 7 1 i i 7 ‘ 

rn-=l(2m a )" a m=l n = 0 (m 1 + 71 1 )*® n = l *■-= o (m B + n 1 )" a 

1 ml 


But 

Therefore 


w-i 

2 


n=o (m 1 4- n*)* a (m l )*° m 8 " 1 

® 1 » l “l 

2 —— + 2 —— + 2 —-. 

m=l2* m“ m = 1 m“ -1 n=l7l a_1 


But these last series are known to be convergent if a — 1 > 1. So the series S 
is convergent if a> 2 . The original series is therefore absolutely and uni¬ 
formly convergent, when a > 2 , for the specified range of values of z. 


Example. Prove that the series 

2 _ 1 _ 

(m 1 2 + wi 2 a +... +m r i y k ' 

in which the Humiliation extends over all positive and negative integral values and Eero 
values of except the set of simultaneous zero values, is absolutely convergent 

if fi> \ r. (Eisenstein, Journal filr Math, xxxv.) 


3'5. The concept of uniformity. 

There are processes other than that of summing a series in which the idea 
of uniformity is of importance. 

Let f be an arbitrary positive number; and let f{z, f) be a function of 
two variables z and f, which for each point z of a closed region, satisfies the 
inequality \f(z, f) | < e when f is given any one of a certain set of values 
which will be denoted by (£*); the particular Bet of values of course depends 
on the particular value of z under consideration. If a set (f) 0 can be found 
such that every member of the set (f)o is a member of all the Bets (£*), the 
function f{z t f) is said to satisfy the inequality ivniformly for all points z of 

* The reader will find do difficulty in verifying thin statement; the minimum value in 
question ia given by 

**'*=4 K*+«j , +P. , + ft*- {(«i -ft) s + (i+ft)'}* <(«.+ft)‘+ («,- 
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the region. And if a function if> (z) possesses some property, for every positive 
value of e, in virtue of the inequality | /(z, J) | < €, <ft (z) is then said to possess 
the property uniformly . 

In addition to the uniformity of convergence of series and products, we shall have 
to consider uniformity of convergence of integrals and also uniformity of continuity ; thus 
a series is uniformly convergent when | 72* (z) | <*, (( = n) assuming integer valueB in¬ 
dependent of z only. 

Further, a function /(*) is continuous in a closed region if, given t, we can find a 
positive number rj § such that \f(z + f f ) -/(z) | < t whenever 

and a + f is a point of the region. 

The function will be uniformly continuous if we can find a positive number 17 inde¬ 
pendent of z, such that tj<tj b and |/(z + f) — ■/(*) | < r whenever 

0<\C\<v 

and z+f is a point of the region, (in this case the set (f ) 0 is the set of points whoso 
moduli are less than rj). 

We shall find later (§ 3-61) that continuity involves uniformity of continuity; this is 
in marked contradistinction to the fact that convergence does not involve uniformity 
of convergence. 

3'6. The modified Heine-Borel theorem. 

The following theorem iB of great importance in connexion with properties 
of uniformity; we give a proof for a one-dimensional closed region*. 

Given (i) a straight line CD and (ii) a law by which , corresponding to 
each point f P of CD , we can determine a closed interval I (P) of CD, P being 
an interior'l point of I (P). 

Then the line CD can be divided into a finite number of closed intervals 
J u J 2 , ... Jt, such that each interval J r contains at least one point (not an end 
point) P r , such that no point of J T lies outside the interval I ( P r ) associated 
(by means of the given law) with that point P r §. 

A closed interval of the nature just described will be called a suitable 
interval, and will be said to satisfy condition (A). 

If CD satisfies condition (A), what is required is proved. If not, bisect CD ; 
if either or both of the intervals into which CD is divided is not suitable, 
bisect it or them|[. 

* A formal proof of the theorem for a two-dimensional region will be found in Watson’s 
Complex Integration and Cauchy’i Theorem (Camb. Math. Tracts, No. 15). 

f Examples of such laws associating intervals with points will be found in §§ 3-61, 5'13. 

t Except when P is at C or D, when it is an end point, 

§ This statement of the Heine-Borel theorem (which is sometimes called the Borel-Lebesgae 
theorem) is due to Baker, Proc. London Math. Soc. (2) 1 . (1904), p. 24. Hobson, The Theory of 
Functiona of a Real Variable (1907), p. 67, points out that the theorem is practically given in 
Goursat’s proof of Cauchy's theorem (Tranj. American Math. Soc. 1 . (1900), p. 14); the ordinary 
form of the Heine-Borel theorem will be found in the treatise cited. 

|| A suitable interval is not to be bisected; for one of the parttf into which it is divided 
might not be suitable. 
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This process of bisecting intervals which are not suitable either will 
terminate or it will not. If it does terminate, the theorem is proved, for CD 
will have been divided into suitable intervals. 

Suppose that the process does not terminate; and let an interval, which 
ca?i be divided into suitable intervals by the process of bisection just described, 
be said to satisfy condition ( B ). 

Then, by hypothesis, CD does not satisfy condition ( B ); therefore at least 
one of the bisected portions of CD does not satisfy condition ( B ). Take that 
one which does not (if neither satisfies condition ( B ) take the left-hand one); 
bisect it and select that bisected part which does not satisfy condition (5). 
This process of bisection and selection gives an unending sequence of intervals 
8q , £|, ... such that. 

(i) The length of 8 n is 2-™ CD. 

(ii) No point of s n+l is outside 8 n . 

(iii) The interval s n does not satisfy condition (4). 

Let the distances of the end points of 8 n from C be x n , y n \ then 
#n^aWi< y„+i ^3/n- Therefore, by § 22, x n and y n have limits; and, by the 
condition (i) above, these limits are the same, say £; let Q be the point whose 
distance from C is £. But, by hypothesis, there is a number 8 g such that 
every point of CD , whose distance from Q is less than 8 q, is a point of the 
associated interval /(Q). Choose n so large that 2 ~ ,l CD< 8 g ; then Q is an 
internal point or end point of s n and the distance of every point of s n from 
Q is less than 8 e . And therefore the interval satisfies condition (A), which 
is contrary to condition (iii) above. The hypothesis that the process of 
bisecting intervals does not terminate therefore involves a contradiction; 
therefore the process doe 9 terminate and the theorem is proved. 

In the two-dimensional form of the theorem* the interval CD is replaced by a closed 
two-dimensional region, the interval I(P) by a circlet with centre P , and the interval 
J r by a Bquare with sides parallel to the 'axes. 

3 01. Uniformity of continuity. 

From the theorem just proved, it follows without difficulty that if a 
function f(x) of a real variable x is continuous when a^x^b, then f{x) 
is uniformly continuous J throughout the range a ^x ^ b. 

For let e be an arbitrary positive number; then, in virtue of the con¬ 
tinuity of f(x), corresponding to any value of x, we can find a positive 
number depending on x, Buch that 

i/(*o-/(*)i<!« 

for all values of x such that | x' — x | < 83 ,. 

* The reader will Bee that a proof may be ooDBtruoted on similar lines by drawing a square 
circumscribing the region and carrying out a process of dividing sqnareB into four equal squares. 

t Or the portion of the cirole which lies inside the region. 

t This result is dne to Heine; see Journal fUr Math. lxxi. (1870), p. B61, and lxxiv. (1872), 

p. 188. 
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Then by § 3*6 we can divide the raDge (a, b) into a finite number of closed 
intervals with the property that in each interval there is a number x x such 

that \f(x) —/(ai) \<\e t whenever x lies in the interval in which x, lies. 

Let 8 0 be the length of the smallest of these intervals; and let £, £' be 
any two numbers in the closed range (a, b) such that | £ — £' | < S 0 . Then 
f, f' lie in the same or in adjacent intervals; if they lie in adjacent intervals 
let f 0 be the common end point. Then we can find numbers x Xi x 3 , one in 
each interval, such that 

l/(O-/(*0l< l/(fo)-/(^)|<|e, 

so that 

I/(f) -Z(f') I = i {/(f) -/<*.)] - {/(f.) -/(*.)} 

H/(fW(*,)} + [/(f.)-/(*»)) I 

< €. 

If f, £' lie in the same interval, we can prove similarly that 

!/(f) —/(f ) I < ‘2 e ’ 

In either case we have shewn that, for any number f in the range, 
we have 

l/(f)-/(f+f)l<e 

whenever £ + f is in the range and — 8 0 < £< 8 0 , where 5 0 is independent of £. 
The uniformity of the continuity is therefore established. 

Corollary (i). From the two-dimensional form of the theorem of § 3'6 we can prove 
that a function of a complex variable, continuous at all joints of a closed region of the 
Argand diagram, is uniformly continuous throughout that region. 

Corollary (ii). A function f [x) which is continuous throughout the range a^x^b is 
bounded in the range; that is to say we can find a number * independent of x such that 
| f(x) | <k for all points x in the range. 

[Let n be the number of parts into which the range is divided. 

Let a, £i, ■■■ & be their end points ; then if x be any point of.the rth interval 

we can find numbers x i} x 2 , ... x B such that 

!/(«)-/(*,)I<*., |/(*,)-/(f.)l<i'> 1/(6.)-/to) Ki*. l/(**)-/(6*)l<i«.- 

l/(-»V-l) ~f(x)\ <i‘- 

Therefore | f{a)—f(x) |< and so 

I /(•*•) I < !/( rt ) l+4«», 

which is the required result, since the right-hand side is independent of ,v.] 

The corresponding theorem for functions of complex variables is left to the reader. 

3*62. A real function , of a real variable , continuous in a closed interval , 
attains its upper bound. 

Let f(x) be a real continuous function of x when a^x^b. Form n 
section in which the i2-class consists of those numbers r such that r>f(x) 
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for all values of « in the range (a, 6), and the jL-class of all other numbers. 
This section defines a number a such that f (x) ^ a, but, if S be any positive 
number, values of x in the range exist such that f(x) > a — 6. Then a is 
called the upper bound of f(x)\ and the theorem states that a number x 
in the range can be found such that f(x') =■ a. 

For, no matter how small 8 may be, we can find values of x for which 
| f(x) — a I” 1 > 8” 1 ; therefore | \f{x) — a] |“* is not bounded in the range; 
therefore (§ 3'61 cor. (ii)) it is not continuous at some point or points of the 
range; but since \f{x) — a| is continuous at all points of the range, its re¬ 
ciprocal is continuous at all points of the range (§ 3'2 example) except 
those points at which f(x) = a\ therefore f(x) — a at some point of the 
range; the theorem is therefore proved. 

Corollary (i). The lower bound of a continuous function may be defined 
in a similar manner; and a continuous function attains its lower bound. 

Corollary (ii). If f(z) be a function of a complex variable continuous in 
a closed region, [ f(z) | attains its upper bound. 

3 63. A real function , of a real variable , continuous in a closed interval , 
attains all values between its upper and lower bounds . 

Let M, m be the upper and lower bounds of f{x ); then we can find numbers 
x, x, by § 3*62, such that f(x) = M,f(x )« m; let /x be any number such that 
m< p< M. Given any positive number e, we can (by § 3'61) divide the range 
(x, x) into a finite number, r, of closed intervals such that 

\fW*)-fW»)\<*> 

where x^ f \ x, (ri are any points of the rth interval; take x^, x^ to be 
the end points of the interval ; then there is at least one of the intervals 
for which f(x 1 ,r) ) — p t f(x t {r) ) — p have opposite signs ; and since 

I l/(^i ,r) ) - m) - l/(^ (r) ) “ mI I < 

it follows that | f{ x \ T] ) — P I < e * 

Since we can find a number j? 1 (r) to satisfy this inequality for all values 
of e, no matter how small, the lower bound of the function \f(x) — p\ is 
zero; Bince this is a continuous function of x , it follows from § 3'62 cor. (i) 
that /(#) — fi vanishes for some value of x . 

3 64. The fluctuation of a function of a real variable *. 

Let f(x) be a real bounded function, defined when a^x^b. Let 
a^x^Xv^.,. $z n $b. 

Then |/(a) -/(*,) | + |/(*,) -/(*■) | + - + |/(*n) -f(b) I is called the 
fluctuation of f(x) in the range (a, b) for the set of subdivisions x lt x^, ... x n . 

* The terminology of this section is partly that of Hobson, The Theory of Function* of a Real 
Variable (1907) and partly that of Young, The Theory of Sett of Pointt (1906). 
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If the fluctuation have an upper bound F a b , independent of n, for all choices of 
x Xi T?, - then f(x) is said to have limited total fluctuation in the range 
(a, b). F a b is called the total fluctuation in the range. 

Example 1 . If f(x) be monotonic* in the range (a, b\ its total fluctuation in the range 
is!/(«)-/«I- 

Example 2 . A function with limited total fluctuation can be expressed as the differ¬ 
ence of two positive increasing monotonic functions. 

[These functions may be taken to be J {/ , a *+/(:c)} ) i f F a x - f (x)}.] 

Example 3 . If f(x) have limited total fluctuation in the range (a, b\ then the limits 
f(x±0) exist at all points in the interior of the range. [See § 32 example.] 

Example 4. If f(x), g(x) have limited total fluctuation in the range (a, b) so has 
f(x)g{x). 

[For (j?)| ^1/001 ■ \ 9 &)-g (*)| + If(*)I • |/(*0 -/(*) l> 

and so the total fluctuation of f(x)g{x) cannot exceed g. F a b +f. ^« b . where f, g are the 
upper bounds of \f(x) |, | g (x) | .] 

37. Uniformity of convergence of power semes. 

Let the power series 

Oo + a x z 4- ... + a n z n 4- ■■■ 
converge absolutely when z = z 0 . 

Then, if | z | $ | z„ |, | a n z n | « | a n z a n |. 

03 BO 

But since £ \a n z Q n \ converges, it follows, by § 334, that £ a n z n converges 
»=o »=o 

uniformly with regard to the variable z when \ z | ^ | z 9 1 . 

Hence, by ( § 3'32, a power series is a continuous function of the variable 

throughout the closed region formed by the interior and boundary of any 

circle concentric with the circle of convergence and of smaller radius (§ 2'6). 

3'71. Abel's theorem f on continuity up to the circle of convergence. 

CB 

Let £ a n z n be a power series, whose radius of convergence is unity, and 
*=o 

<x> 

let it be such that £ a n converges; and let then Abel's theorem 

»—o 

( 00 \ CD 

£ OnO? 1 } = £ a n . 

n=0 / n=0 

For, with the notation of § 3'35, the function x n satisfies the conditions 
laid on ^(a;), when consequently f(x)= £ a n x 11 converges uni- 

u-0 


* The function is monotonic if {/(x) -f(x')}({x - x') is one-signed or zero for all pairs of 
different values of x and x\ 

t Journal fiir Math. i. (182f>), pp. 331-339, Theorem iv. Abel’s proof employs directly the 
arguments by whioh the theorems of § 3*32 and § 3 35 are proved. In the case when 2 | a n | 
converges, the theorem is obvious from § 3-7. 
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formly throughout the range 0 ^ 1; it is therefore, by § 3*32, a continuous 

function of x throughout the range, and so lim /(#)=/( 1), which is the 

x —1—0 

theorem stated. 


372. Abels theorem * on multiplication of series. 

This is a modification of the theorem of § 2 53 for absolutely convergent 
serieB. 

Let c n = a Q b n + a x b n _ x + ... + a n b 0 . 


Then the convergence of X a n , X b n and X c n is a sufficient condition that 

«=-0 n — 0 n = 0 


(5-)(U) 



n = 0 


For, let 

A(x) = X a n x n f B(x) = X b n x n , C(x) = S c n x n . 

n = 0 n = 0 »=* 0 

Then the series for A (x), B(x), C(x) are absolutely convergent when 
| x | < 1, (§ 26) ; and consequently, by § 2 53, 

A (x)B(x)= C(x) 

when 0 < x < 1; therefore, by § 2 2 example 2, 

{ lim A(x)){ lim B(x)) = \ lim C(x)\ 

*-►1-0 *-*-1-0 * — i-o 


provided that these three limits exist; but, by § 371, these three limits are 

w « GC 

2 X b n , X c n - and the theorem is proved. 

n = 0 n = 0 n = 0 


373. Power series which vanish identically. 

If a convergent power series vanishes for all values of z such that \ z | ^ r,, 
where r Y > 0, then all the coefficients in the power series vanish. 

For, if not, let a m be the first coefficient which does not vanish. 

Then a m + a m+i z + a m + 2 z' 2 + ... vanishes for all values of z (zero excepted) 
and converges absolutely when j z | ^r < r^ \ hence, if s = u m+1 + a m + 2 z + .... we 
have 

| 5 j ^ X | a m + n | r n J , - 

»=l 

and so we can findf a positive number S^r such that, whenever | z | ^ S, 

| O'm+i z H" "1“ ■ • ■ I ^ *j I | j 

and then | a™ + 5 | ^ | a m | — | s | > ^ j a m |, and so | a m + s | 0 when | z | < S. 


* Journal jMr Math. i. (1826), pp. 311-339, Theorem vi. This is Abel's original proof. In 
some teit-books a more elaborate proof, by the use of CesAro’s sums (§ 8-43), is given. 

m 

t It is sufficient to take 6 to be the smaller of the numbers r and 4 | a m [-f- 2 | a m+n | r" -1 . 
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We have therefore arrived at a contradiction by supposing that some 
coefficient does not vanish. Therefore all the coefficients vanish. 

Corollary 1. We may ‘equate corresponding coefficients 1 in two power Beries whose 
sums are equal throughout the region \ z |<fl, where $>0. 

Corollary 2. We may also equate coefficients in two power series which are proved 
equal only when z is real. 


REFERENCES. 

T. J. 1’a. Bromwich, Theory of Infinite Series (1908), Ch. vii. 

E. Goursat, Court d'Analyse (PariB, 1910, 1911), Chs. I, xiv. 

C. J. de la VallI&e Poussin (Louvain and Paris, 1914), Court d'Analyse Infinitesimals , 
Introduction and Ch. viii. 

G. H. Hardy, A course of Pure Mathematics (1914), Ch. v. 

W. F. Osgood, Lehrbuch der FunJctionentheorie (Leipzig, 1912), Chs. II, Iir. 

G. N. Watson, Complex Integration and Cauchy's Theorem (Camb. Math. Tracts, 
No. 15), (1914), Chs. I, II. 


Miscellaneous Examples. 


1. Shew that the series 

I *" 1 

is equal to - * when I z I < 1 and is equal to ——• ■ when I z I > 1. 
(1 -z) 1 z{\-zf 11 

Is this fact connected with the theory of uniform convergence ? 


2. Shew that the series 

2 Bin + 4 sin i +... 4- 2" sin - 1 - + . . 
oz H z o z 

converges absolutely for all values of z (z = 0 excepted), but does not converge uniformly 
near 0. 


3. If 


u n (x)= -2 (71 


IV 

shew that Z u n (x) does not converge uniformly near x = 0. 

»=i 


(Math. Trip., 1907.) 


4. Shew that the series 
by Abel’s rule) 

1 

1 

is divergent. 


J_1_ J_ 


...is convergent, but that its square (formed 



5. If the convergent series --- if> 0) he multiplied by itself 

the terms of the product being arranged as in Abel’s result, shew that the resulting series 
diverges if r but converges to the Bum « s if r > J. (Cauchy and Cajori.) 



60 


THE PROCESSES OF ANALYSIS 


[CHAP. Ill 


6 . If the two conditionally convergent series 


2 

«-i 


n r 


and 2 


n' 1 


where r and s lie between 0 and 1, be multiplied together, and the product arranged as in 
Abel’s result, shew that the necessary and sufficient condition for the convergence of the 
resulting series is r + s >1. (Cajori.) 


7. Shew that if the series + f + ... 

be multiplied by itself any number of times, the terms of the product being arranged as 
in Abel’s result, the resulting series converges. (Cajori.) 


8 . Shew that the yth power of the series 

a v sin 9 + a % sin 29 +... +a n sin n9 + ... 

is convergent whenever q (1 - r)< 1, r being the greatest number satisfying the relation 

a n %n~ T 

for all values of n. 


9. Shew that if 9 iB not equal to 0 or a multiple of 2tt, and if ?!*,, u ly « 2 » be a 
sequence such that steadily, then the series 2 u n cos (7t0 + a) is convergent. 

Shew also that, if the limit of u n is not zero, but u n is still monotonic, the sum of the 
9 9 

series is oscillatory if - is rational, but that, if - is irrational, the sum may have any value 

IT V * 

between certain bounds whose difference is a cosec Jd, where a— lim u n . 

(Math. Trip., 1896.) 



CHAPTER IV 


THE THEORY OF RIEMANN INTEGRATION 

4'1. The concept of integration . 

The reader is doubtless familiar with the idea of integration as the 
operation inverse to that of differentiation; and he is equally well aware that 
the integral (in this sense) of a given elementary function is not always 
expressible in terms of elementary functions. In order therefore to give 
a definition of the integral of a function which shall be always available, 
even though it is not practicable to obtain a function of which the given 
function is the differential coefficient, we have recourse to the result that the 
integral* * * § of f(x) between the limits a and h is the area bounded by the 
curve y —f (x) t the axis of x and the ordinates x = a, x = b. We proceed to 
frame a formal definition of integration with this idea as the starting-point. 

411. Upper and lower integrals f. 

Let /(a;) be a bounded function of x in the range (a, b). Divide the 
interval at the points x,, x 7 , ... x n ^ b). Let U, L be 

the bounds of f(x) in the range (a, 6), and let U rt L r be the bounds of f(x) 
in the range (a? r -i, x r ), where x 0 = a, x n = b. 

Consider the sums* 

S n — U, (iXj “ tt) "b U 2 (x 3 Xj) + ■ ■ ■ *4* U n (b 
8 n = L y ( X , - a) + L 2 (x 2 - X,) + ... + L n (b - x n _,)■ 

Then U(b — a)^S n ^ s n ^ L(b - a). 

For a given n, S n and s n are bounded functions of x u x^, ... ,r n _,. Let 
their lower and upper bounds § respectively be S n , s n , so that S n , s ti depend 
only on n and on the form of f(x), and not on the particular way of dividing 
the interval into n parts. 

* Defined as the (elementary) function whose differential coefficient is / (x). 

f The following procedure for establishing existence theorems concerning integrals is based 
on that giveD by Goursat, Court d f Analyse, i. Ch. iv. The concepts of upper and lower integrals 
are due to Darboux, Ann. de V&eole norm. tup. (2) rv. (1876), p, 64. 

+■ The reader will find a figure of great assistance in following the argument of this section. 
S n and t n represent the Bums of the areas of a number of rectangles which are respectively 
greater and less than the area bounded by y=f(x), x = a t x = b and y = 0, if this area be 
assumed to exist. 

§ The bounds of a function of n variables are defined in just the same manner as the hounds 
of a function of a single variable (§ 3 62). 
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Let the lower and upper bounds of these functions of n be S t s. Then 

Sn ^ S, 8n ^ 8, 

We proceed to shew that 8 is at most equal to S ; i.e. S > 8. 

Let the intervals (a, j^), (x lt a^) t ... be divided into smaller intervals by 
new points of subdivision, and let 

a, Yi» j/bj 2 /k-i. yk{=&i)> yt-H> ■ yi-i, yi (=&*), yi+i, ■ 3/m-n ft 

be the end points of the smaller intervals; let TJ r \ L r 9 be the bounds of / (x) 
in the interval (y r -i. y r \ 

Let T m = 2 (y r -y_,)i7 r ', < m = 2 (y T - y T -i) L r '. 

r-1 r=l 

Since 17/, 17/, ... 17/ do not exceed U lt it follows without difficulty that 

S n ^ T m ^ t m ^ s n . 

Now consider the subdivision of (a, b) into intervals by the points 
x ]t x., t ... and also the subdivision by a different set of points 

«/,#/, ... . Let SVi be the sums for the second kind of sub¬ 

division which correspond to the sums S n , s n for the first kind of subdivision. 
Take all the points x lt ... x n ^ ; a;/, .. as the points y u y 2 , ... y m . 

Then S n ^ T m ^ ^ s n , 

and £" n ' > T m ^ 

Hence every expression of the type S n exceeds (or at least equals) every 
expression of the type 8 n >; and therefore S cannot be less than s. 

[For if S<8 and s — S=2tj we could find an S n and an s' nr such that 
S n -S<rj, 8 — s n ' < 7] and so s' n > > S nt which is impossible.] 

The bound S is called the upper integral of f ( x ), and is written f f(x) dx ; 

J a 

s is called the lower integral, and written f f{x)dx. 

J a 

If S = 8, their common value is called the integral of f (x) taken between 
the limits* of integration a and b. 

rb 


The integral is written I f (x) dx. 

J a 


We define 


f f(x)dx, 
J b 


when a < b, to mean 


— j f (x) dx. 


Example 1 . J {/ (x) + 0 (a’)} dr ™ J f(x)dx+J 0 (.r) dx. 

Example 2. By means of example 1, define the integral of a continuous complex 
function of a real variable. 


* 'Extreme values 1 would be a more appropriate term but 1 limits ’ has the sanction of 
custom. 1 Termini ’ has been suggested by Lamb, Infinitesimal Calculus (1897), p. 207. 
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4*12. Riemann 8 condition of integrability *. 

A function is said to be ‘ integrable in the sense of Riemann ’ if (with the 
notation of § 411) S n and s n have a common limit (called the Riemann 
integral of the function) when the number of intervals ( x r _ l9 x T ) tends to 
infinity in such a way that the length of the longest of them tends to zero. 

The necessary and sufficient condition that a hounded function should be 
integrable is that S n — s n should tend to zero when the number of intervals 
(oc r - 1 , x r ) tends to infinity in such a way that the length of the longest tends 
to zero . 

The condition is obviously necessary, for if S n and s n have a common limit 
S n — s n —» 0 as n —* ao . And it is sufficient; for, since S n ^ S ^ s ^ s n , it follows 
that if lim (S n — s n ) = 0, then 

lim >S T n = lim s n = S = s. 


Note. A continuous function f(x) is ‘integrable.’ For, given c, we can find 8 such 
that \f{af) — | < *l(b- a) whenever I*' — of' | < fi. Take all the intervals (*,_!, x 9 ) 

less than 8 , and then U % - L„< e/(b — a) and so *S' n - <e ; therefore aS»- s n -*-0 under the 
circumstances specified in the condition of integrability. 

Corollary. If S n and s n have the same limit S for one mode of subdivision of (a, b ) 
into intervals of the specified kind, the limits of S n and of s n for any other such mode of 
subdivision are both 8. 

Example 1. The product of two integrable functions is an integrable function. 

Example 2. A function which is continuous except at a finite number of ordinary 
discontinuities is integrable. 

[If f{x) have an ordinary discontinuity at c, enclose c in an interval of length ; 
given f, we can find d so that | f (zf)—f (x) | < * when | x! — x | <8 and x , sf arc not in this 
interval. 

Then S n - (b- a - 6j) + £&!, where k is the greatest value of \f{xf)—f(x)\ 9 when 

Xj of lie in the interval. 

When /t-^|/(c + 0)-/(c-0) and hence lim (£ n -s n ) — 0.] 

Tf -»■ oO 

Example 3. A function with limited total fluctuation and a finite number of ordinary 
discontinuities is integrable. (See § 3 64 example 2.) 


413. A general theorem on integration. 

Let f(x) be integrable, and let e be any positive number, 
possible to choose & so that 


provided that 


2 (xp — Xp_^)f (x p_i) f f (#) dx 

p=l J a 

Ep—1 $ 5 , Xp —1 ^ X p— 1 ^ Xp. 


< e, 




Then it is 


* Riemann ( Qbb . Math. Werke , p. 239) bases his definition of an integral on the limit of the 
Bom occurring in § 4'13 ; but it is then diflioult to prove the uniqueness of the limit. A more 
general definition of integration (whioh is of very great importance in the modern theory of 
Functions of Real Variables) has been given by Lebesgue, Annali di Mat. (8) vn. (1902), 
pp. 231-389. See also his Legons but Vintigration (Paris, 1904). 
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To prove the theorem we observe that, given e, we can choose the length 
of the longest interval, 8 , so small that S H — s n < e. 


Also 


Therefore 


S„ > X (&J, — &p—j)f(&p— i) ^ 


p=i 

fb 


*S n ^ j* f (&) dx ^ 

2 (® P - ^p-i)/(« p-i) - f /(*) dx 

t>=l J a 




< e. 


As an example* of the evaluation of a definite integral directly from the theorem 


of this section consider 


[ x 

Ju (l-aJJ)i’ 


where X < 1. 


Take «= - arc sin X and let x a *~ sin jfl, (0 < *8 < J tt), so that 
:r i+1 — ^ fl =2 sin £8 cos (« + J) 8 <: ft ; 


also let 
Then 


x^sin (* +J) 8. 


£ x, ~ x 


p sin ad — sin (s— 1)8 


•=<(l-.rVl ) 4 «=I cos (8-4) a 

— 2 p sin i 8 

= arc sin X. {sin \dj{^d)}. 
By taking p sufficiently large we can make 


f* dx 
Jo (l-x* 


_ J x f—\ _ ' 


•' ■} 


arbitrarily small. 

We can also make 

arbitrarily small. 

That iB, given an arbitrary number *, we can make 

C* dx . -I 

-*, - arc Bin X < t 

'0 (l-x*)1 I 

by taking p sufficiently large. But the expression now under consideration doea not 
depend on p ; and therefore it must be zero ; for if not we could take c to be less than it, 
and we should have a contradiction. 


That is to Bay 
Example 1. Shew that 


f* dx 
Jo (l-x 3 )* 


arc sin X. 


lim 


, x 5Lr (n —l)x 

1 + COS - + COB-h ... +COB -- - - ■ 

n n n am x 


Example 2. If f{x) has ordinary discontinuities at the points a*, ... a*, then 

£/(*)*- lim {/;>•*• + ... + /^ m <4, 

where the limit is taken by making 8j, 8g, ... 8„, f 8j ... * K tend to +0 independently. 


Netto, Zcitschrift fUr Math, und Phya. XL. (1B95). 
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Example 3. If f(x) is integrable when a 1 ^x^b l and if, when write 


and if/(6+0) exists, then 


/: 


f(x)dx = <p(a, b), 


lim *Sl'±±»L-<P± a ’ b ) =nb+ o). 

a—+o 3 


Deduce that, if f(x) is continuous at a and 6, 

^ P 

da 


dx 


j J{x)dx=-f[a\ j b j J(x)dx=f(b). 

Example 4. Prove by differentiation that, if <f> (x) is a continuous function of x And 
^ a continuous function of t, then 

fx i [t\ dx 

J"*(*)**=) t *(*)&*. 

Example 5. If f'(x) and </>' (x) are continuous when a^x^b, shew from example 3 
that 

j f (x)4>{x)dx -I- j (x)f{x)dx=f{b)<t>(b) -f(a) <f> (a). 

Example 6. If/(.r) is integrable in the range (a, c) and a^b^c, Bhew that j f (x) dx 

is a continuous function of b. 


4’14 Mean Value Theorems. 

The two following general theorems are frequently useful. 

(I) Let U and L be the upper and lower bounds of the integrable function f{x) in the 
range (a, b). 

Then from the definition of an integral it is obvious that 

J JP-f (*)}<&, j Jf(i)-L) dx 

are not negative; and so 

U{b-a ) ^ j f{x) dx^L(b- a). 

This is known as the First Mean Value Theorem. 

If f(x) is continuous we can find a number £ such that a and such that/(£) has 

any given VAlue lying between U and L (§ 3*63). Therefore we can find £ such that 

j J(x)dx = (b-a) f(£). 


If F(x) has a continuous differential coefficient F* (x) in the range (a, b) } we have, on 
writing F f (x) for f (x), 

F{b)~ F(a) = (b — a) F' (£) 

for some value of £ such that a $ £ £ 6. 

Example. If /(x) is continuous and <f> (x) ^0, shew that £ can be found such that 

<**=/( f) 
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(II) Let /(x) and 0 (j) be integrable in the range (a, b) and let 0 (x) be a positive 
deaeasing function of x. Then Bonne?8* form of the Second Mean Value Theorem is 
that a number £ exists such that a ^ £ ^ 6, and 

j f(x)<t>(x)dr=<Ha) Jf(x)dx. 

For, with the notation of §§ 4-1—4*13, consider the sum 

S= 2 (x, - <t> (x,_i). 

*=1 

Writing (x,- x^_ 1 )f(x f _ l ) = a t ^ l , 0 (x,_i) = 0*_i, ao + rt i + + «, = &,, w e have 

p-i 

S= 2 6s_i — 0,) + &p-l 0^-]. 

*=1 

Each term in the summation is increased by writing £ for &,_! and decreased by 
writing b for 6,_i, if b be the greatest and least of 6 0 , 6,, ... b fi _ 1 j and so £0o^£^b0i>. 

in 

Therefore S lies between the greatast and least of the sums 0 (x 0 ) 2 (x, - x, _,)/(#«_ l) 

»=i 

where m = l, 2, 3, ... p. But, given r, we can find 5 such that, when x $ - 

I 2 (x.-x,-,)/(*._,) <t> I P /(.r) <j> (x)dx I < f, 

I * = 1 J x 0 I 

I rn f Xfn I 

0(*o) 2 (-^o) / f(*)d.r <*, 

I ■«! J xo \ 

[b 

and so, writing a, fe for x 0 , x p , we find that J /(x) 0 ( x) dx lies between the upper and 
lower bounds oft 0(a) j '/(#) cfcc ± 2c, where may take all values between a and b. 
Let U and L be the upper and lower bounds of <0 (a) j f{x) dx . 

Then £7 + 2* ^ J f(x) <p(x)dx^L - 2r for all positive values of * ; therefoi'e 

U> j / (x) 0 (x) dx ^ L. 

Since 0(a) J ' f (x) dx qua function of f, takes all values between its upper and lower 

fb 

bounds, there is some value £, say, of £, for which it is equal to I f (x) <j> (x) dx. This 
proves the Second Mean Value Theorem. 

Example. By writing | 0 (x) - 0 (6) | in place of 0 (x) in Bonnet’s form of the mean 
value theorem, shew that if 0 (x) is a monotonic function, then a number £ exists 
such that a ^ ^ 6 and 

jj(x)<f,(x)d.T=f(a) j'f(s)ds+Hh) f ( /(x)dx. 

(Du Bois Reymond.) 

* Journal de Math. xrv. (1849), p. 249. The proof given ie a modified form of an investigation 
due to Holder, Gott. Nach. (1889), pp. 38-47. 


t By § 418 example G, since f(x) is bounded 


’/! dx ia 


a continuous function of £j. 
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4 2. Differentiation of integrals containing a parameter, 
d f b f b df 

The equation* f(x, a)dx = | ~ dx is true if f(x t a) possesses a 

Riemann integral with respect to x and f a is a continuous function of 

both "(■ the vanables x and a. 

d [ b r/ . , r [ b f(x, a + h) — f(x, a) , 
da) a J v A^o-'a A 

if this limit exists. But, by the first mean value theorem, since /« is a 
continuous function of a, the second integrand is f*(x, a+Qh), where 

But, for any given e, a number 8 independent of x exists (since the con¬ 
tinuity of f a is uniformJ with respect to the variable x) such that 
|/a (x, a) -/. (x, a) | < e/(b - a), 

whenever | cl — a | < 8. 

Taking | h | < 8 we see that | 6h | < 8, and so whenever | h | < 8, 
f tt + —/if !’_*) - J /. (a, a) dx | $ J \ f. ( x, a + Oh) -/„ (#, o) | dx 

< e. 

Therefore by the definition of a limit of a function (§ 3 2), 

i; m (*A*l± + h )-fA x ’ “) 


exists and is equal to f a dx. 

J a 

Example 1. If a, b be not constants but functions of a with continuous differential 
coefficients, shew that 

d [ b % , . /f ,db da f b df . 

da J {X ' “)^=/( 6 - “)*-/(*■ “) da + 1. ta dX - 

f b 

Example 2. If f(x } a ) is a continuous function of both variables, I f [x , a) dx is a 
continuous function of a. 


* This formula w&b given by Leibniz, without specifying the restrictions laid on /(x, a), 
t 0 (x, y) is defined to be a continuous function of both variables if, given c, we can find 
5 Buch that | 0 {x\ y') - <p ( 1 , y) | < e whenever {(x'- x) 2 + (y' - y) 2 }^5. It can be shewn by § 3-6 
that if 0 (x, y) is a continuous function of both variables at all points of a closed region in 
a Cartesian diagram, it is uniformly continuous throughout the region (the proof is almost 
identical with that of § 3 61). It should be noticed that, if 0(x, y) is a continuous function 
of each variable, it is not necessarily a continuous function of both; as an example take 

<Pi x -y)= { ~rff J - 0(0. 0)=1; 

this is a continuous function of x and of y at (0, 0), but not of both x and y. 

X It iB obvious that it would have been sufficient to assume that f m had a Riemanu integral 
and was a continuous function of a (the continuity being uniform with respect to x), instead 
of assuming that f m was a continuous function of both variables. ThiB iB actually done by 
Hobson, Functions of a Real Variable, p. 509. 
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4*3. Double integrals and repeated integrals. 

Let/ (x, y) be a function which is continuous with regard to both of the 
variables x and y t when a ^b, a^y^/8. 

By § 42 example 2 it is clear that 

la { f ^ ^ dy } AX ’ f {ia^ X ‘ ^ ^ 

both exist. These are called repeated integrals. 

Also, as in § 3'62, f(x , y ), being a continuous function of both variables, 
attains its upper and lower bounds. 

Consider the range of valueB of x and y to be the points inside and on a 
rectangle in a Cartesian diagram ; divide it into nv rectangles by lines parallel 
to the axes. 

Let U miH , H be the upper and lower bounds of f (x, y) in one of the 
smaller rectangles whose area is, say, A m and let 

n v w v 

^ 2 = Sn t * , ^ A m ^ — S nv . 

m — 1 — 1 vt-1 h - 1 

Then S ni¥ >8 n>¥f and, as in § 411, we can find numbers s n t , which 
are the lower and upper bounds of S n v , s ni¥ respectively, the values of 
depending only on the number of the rectangles and not on their 
shapes; and £f n ,*^8 n , v - We then find the lower and upper bounds (S and s) 
respectively of S nvi qua functions of n and v ; and S 1l)V ^ s ^ s n v , as in 
§ 4 11. 

Also, from the uniformity of the continuity of f(x, y), given e, we can find 
£ such that 

Um itl Djji'H < e, 

(for all values of m and p) whenever the sides of all the small rectangles are 
less than the number £ which depends only on the form of the function f(x, y) 
and on e. 

And then S Uj r - s Ut r < e (6 - a) (/3 - a), 

and so S — s < e (b - a) (£ - a). 

But S and s are independent of e, and so S = s. 

The common value of S and s is called the double integral of f (x } y) and 
is written 

\ a y^ dxd ^- 

It iB easy to shew that the repeated integrals and the double integral are all equal 
when f(x t y) iB a continuous function of both variables. 
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4-3, 4-4] 

For let Y„ t1 A m be the upper and lower bounds of 

JVfo y) d n 

as x varies between x m -\ and x m . 

Then S Y m (ar ( { f* /(■*, y) dy\ dx > 2 A„. (ur m - 

«=1 J a \J a ) m = 1 


But* 


2 l) ^ T, n ^ ^ 2 Am#* (V#* - 

#4-1 #*^1 


Multiplying these last inequalities by j, using the preceding inequalities and 

summing, we get 

n v fb ( fp 'j h v 

2 2 L m , #*^m,#*^/ I / /(^ y) °?y r d# ^ 2 2 Am^^m,#* i 

m = I M — 1 J « U a J mi= 1 #*-l 

and so, proceeding to the limit, 


But 


s >f a {/V(*.y)<*y) «**■ > »■ 

s=t=j j f f{x, y) (dxdy). 


and so one of the repeated integrals is equal to the double integral. Similarly the other 
repeated integral is equal to the double integral. 

Corollary. lf/(jr, y) be a continuous function of both variables, 

/! dx \L f{x, y) cfy) =j° dy */(*. yW- 1 ') • 

44. Infinite integrals. 

If lim Q f(x)dx s j exists, we denote it by J f(x)dx\ and the limit in 
question is called an infinite integral f. 

Examples. 

<■> 

m f~ xdx / 1 1 \ _ 1 

( ) J, (*+&)*- 2(6* +a*) 2«V 2a*' 

(3) By integrating by parts, shew that j dt~n !. (Euler.) 

Similarly we define ( / (x) dx to mean lira f f(x)dx, if this limit exists; and 

j f(x)dx is defined as J f(x)dx+j f(x)dx. In this last definition the choice 
of a is a matter of indifference. 

* The upper bound of f(x, y) in the rectangle d m<M is not lees than the upper bound 
of f[x, y) on that portion of the line x = f which lies in the rectangle. 

t ThU phraae, due to Hardy, Proc. London Math. Soc. xxxiv. (1902), p. 16, suggests the 
analogy between an infinite integral and an inQnite series. 
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4‘41. Infinite integrals of continuous functions . Conditions for con¬ 
vergence. 

A necessary and sufficient condition for the convergence of I / (x) dx is 

- a 

that, corresponding to any positive number e, a positive number X should 

i r*" i 

exist such that j | f(x)dx j < e whenever 

x" ^ x > X. 

The condition is obviously necessary ; to prove that it is sufficient, suppose it 

ra-hn 

is satisfied; then, if n ^ X — a and n be a positive integer and = f (#) dx, 
we have j S n+P — S n | < e. 

Hence, by § 2 22, S n tends to a limit, S ; and then, if f > a + n, 

| S — [ f (x) dx ^ | S — [ f(x) dx ! + I (* f {x) dx | 
j . a I J a ! \J a+n ! 

<2e; 

and so lim f(x) dx = S\ so that the condition is sufficient. 

f -*» w . a 

4-42. Uniformity of convergence of an infinite integral . 

The integral f(x , a) dx is said to converge uniformly with regard to a 

J a 

in a given domain of values of a if, corresponding to an arbitrary positive 
number e , there exists a number X independent of a such that 


J f{x, a)& 


x < e 


for all values of a in the domain and all values of x ^ X. 

The reader will see without difficulty on comparing §§ 2 22 and 3*31 with 
§ 4 41 that a necessary and sufficient condition that f (x, a) dx should 

J a 

converge unifurmly in a given domain is that, corresponding to any positive 
number e, there exists a number X independent of a such that 


j f(x } a)dx 


< € 


for all values of a in the domain whenever x'^x^X. 


4 43. Tests for the convergence of an infinite integral. 

There are conditions for the convergence of an infinite integral analogous 
to those given in Chapter II for the convergence of an infinite series. 

The following tests are of special importance. 
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(I) Absolutely convergent integrals. It may be shewn that j f(x)dx 

J a 

certainly converges if I \ f(x)\dx does so; and the former integral is then 
J a 

said to be absolutely convergent. The proof is similar to that of § 2 32. 

Example. The comparison test. If \f{x) | ^ g (.r) and / g (x) dx converges, then 

x. a 

j f (x) dx converges absolutely. 

J H 

[Note. It was observed by Dirichlet* that it is not necessary for the convergence of 

/ f(x)dx that/( jt)-^O as : the reader may see this by considering the function 

a 

f(x) = 0 (7i ^a^a+1 -(?i+l)“ 2 ), 

f(x) = (n + 1 )* (n + 1 -j:) {.r - (n + 1) + (n -1- 1) - 3 } (n + 1 - (n + 1) ~ 2 ^ x $ n + 1), 

where n takes all integral values. 

/»+i 

Fur / f(x)dx increases with f and I — (w+1) 2 ; whence it follows 

J » * w Jn 

without difficulty that j f {x) dx converges. But when ,r=n + l (n + l) - *-, /(a) = J ; 
and so / (x) does ?iot tend to zero.] 

(II) The Maclaurin-Cauchyf test. If f(x)>0 and steadily, 

f tr> CD 

f(x)dx and X f(u) converge or diverge together. 

J1 71=1 

For f(m) ^ f f(x) dx ^/(m +1), 

J m 


and so 


2 /(» 0 ^ 


/■n+1 

/, '<■ 


>) dx ^ 2 f (m). 


The first inequality shews that, if the series converges, the increasing sequence 
f f(x)dx converges (§ 2 2) when ti<x> through integral values, and hence it follows 
' /V 

without difficulty that J f{x)dx converges when ; also if the integral diverges, 

so does the series. 

The second shews that if the scries diverges so docs the integral, and if the integral 
converges so does the series (§ 2’2). 

f" 

(III) Bertrand’s\ test. If /(.r) = 0(x K '), | f(x)dx converges when 

. a 

f » 

A<0; and iff(x) = 0(x~‘ [log#]* -1 ), f{x)dx converges when A < 0. 


These results are particular cases of the comparison test given in (I). 


* Diriohlet’s example was/(.r) = sin a- ; Journal filr Math. xvn. (1837), p. GO. 
t Maclaurin {Fluxion*, i. pp. 289, 290) makes a verbal statement practically equivalent to this 
result. Cauchy’s result is given in his Oeuvres (2), vn. p. 269. 

X Journal dt Math. vii. (1842), pp. 38, 39. 
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(IV) Charters test* for integrals involving periodic functions . 


If /(<r) -** 0 steadily as x oo and if 
then j f{x) <f> (x) dx is convergent. 


f </> (®) 

J a 


dx 


is bounded as x -*■ ao , 


For if the upper bound of | j (x) dx | be A, we can choose X Buch that /(x)<«/2.4 
when x ^ X; and then by the second mean value theorem, when x" ^ X , we have 


)dx 


^2 A/(*)<., 


I y* /(*) <#> w |=| / (^) j * <t> (*) | -/(^) [ y* $ (*) <** -y* ♦(*)< 

which is the condition for convergence. 

Example \. j B -^rfx converges. 

Example 2. J x - 1 sin (x 3 - ox) dx converges. 

4431. /or uniformity of convergence of an infinite integral f. 

(I) Z>e /a ValUe Poussins test\. The reader will easily see by using 

the reasoning of § 3 34 that j f(x, a) dx converges uniformly with regard 
to a in a domain of values of a if \f(x, a) | < fi ( x ), where p{x) is independent 
of a and J p{x)dx converges. [For, choosing X bo that j p(x)dx<e 

when x'^x^X, we have /(x, a)dx < e, and the choice of X is inde¬ 
pendent of gl] 

Example, j x^~ l e~ z dx converges uniformly in any interval (/l, B) such that 
1 ^ A ^ B. 

(II) The method of change of variable. 

This may be illustrated by an example. 

Consider / H - D — dx where a is real. 

J o x 


AVe have 


)y X Jay y 9 


Since 


[ dy converges we can find Y such that f - -- dy <c wheny"^y ^ J r . 

/ o y J V 


So 


■ c " sin ox . 

- dx 

* x 


< € whenever | ax' | ^ 7; if | a | ^ d > 0, wo therefore get 

V' S i n qj ; 
if 


'■ dx < « 


* Journal de Math. ivm. (1653), pp. 201-212. It iB remarkable that this teBt for conditionally 
convergent integrals should have been given Borne years before formal definitions of absolutely 
convergent integrals. 

f The results of this section and of § 4*44 are due to de la Vallle Poussin, Ann. de la Soc. 
Scientijique de Bruxellee , xvi. (1892), pp. 150-180. 

£ This name iB due to Osgood. 
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when d' ^ a/ ^ JT= F/fi; and this choice of X is independent of q. So the convergence is 
uniform when a > fi > 0 and when a ^ - d < 0. 

Example, j j^j sin ((SPx*) dx is uniformly convergent in any range of real 
values of a. (de la Valine Poussin.) 

[Write and observe that | j z~k sin zdz | does not exooed a constant inde¬ 

pendent of a and x since I sin z dz converges.] 

J o 

(III) The method of integration by parts. 

If j f(x, a) dx=<p(x, a)+jx (*, *)<** 

and if <f> (x, a)-*-0 uniformly as .z-*-ao and j x °) dx converges uniformly with regard 
to a, then obviously j f(x , a) dx converges uniformly with regard to a. 

(IV) The method of decomposition. 

Example, f* «55£5E"d5r-* f~ ^ dx+i f o s i5i?Lzl)f dx ; 

both of the latter integrals converge uniformly in auy closed domain of real values of 
a from which the points a = ± 1 are excluded. 

444. Theorems concerning uniformly convergent infinite integrals. 

(I) Let [ f{x t a) dx converge uniformly when a lies in a domain S. 

J a 

Then, if f(x, a) is a continuous function of both variables when x^a and 

a lies in S. j fix, «) dx is a continuous function* of cl 
J a 


j t fi x , a ) 


dx | 


< e 


For, given e, we can find X independent of a, such that 
whenever f ^X. 

Also we can find S independent of x and a, such that 
\f(x, a)-f(x, a!) | < e/(X - a) 

whenever | a — a | < 8. 

That is to say, given e, we can find S independent of a, such that 
[" fix, a ’)dx- [ fix, a) dx k | ( [fix, a)-fix, a')) dx | 

J a J a | | J a I 

+ J ^ fix, a') dx + | jj/te tt ) dx i 

< 3e, 

whenever | a — a | < 6; and this is the condition for continuity. 

* This result iB due to Stokes. Hia statement ia that the integral ia a continuous funotion 
of a if it does not 1 converge infinitely slowly. 1 
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(II) If f (x, cl) satisfies the same conditions as in (I), and if a lies in S 
when A ^a^B, then 


j 11 f(x, a) dx ■ da = j jj f{x } a)da-dx. 


For, by § 4*3, 


dx. 


Therefore 


l A ***} dU = la { f A ^ X ' d<X 

]J | J f(x, a) dx j da — J j J f(x, a.) da^ dx < 

= \l a\S( ^ X ’ da \ 

< [ eda < e (B — A), 

J A 

for all sufficiently large values of f. 

But, from §§ 2'1 and 4 41, this is the condition that 

lim J | J f(x, a) da ■ dx 

should exist, and be equal to 

j ^ | [ /O', «) <0 j da. 

cl /** f'*' cxb 

Corollary . The equation I d> (.r, a)dx=l f dx is true if the integral on the 
aa J a J a Ca 

right converges uniformly and the integrand is a continuous function of both variables, 
when x^a and a lies in a domain S, and if the integral on the left is convergent. 

Let A be a point of S, and let ~=/(;r, u), .so that, by § 413 example 3, 
f A 1 ^ c * a = ( t > ( Jr ' a)~(f> (x 9 A). 

Then j | J f (. r, a) cfoj dx converges, that is j (jr, a)~(p(x, A )} dx converges, 
and therefore, since 1 0 (x t a)dx converges, so does I 0 (x, A) dr. 

J a J u 

Then ^ JJ <t>(x, a) tf-rj| = ( / a JJ ( {♦ (•*»“)- <t> (*> ^ )> 

“£[/.' {/>■■>*■} *] 

-3./’ {/./<*• ■)*}* 

/ x. 1 r x> ^ j 

f{x,a)dx= -~ dl < 
a J « 

which is the required result; the change of the order of the integrations has been justified 
above, and the differentiation of j with regard to a is justified by § 4 44 (I) and § 413 
example 3. 
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4 5, 4-51] 


45 . Improper integrals. Principal values. 

fb 

If I 00 as x— ► a + 0, then lim I f(x)dx may exist, and is 

+ 0 J a + £ 

written simply | f(x)dx\ this limit is called an improper integral. 

J a 

If \f{x) | —► qo as x—tc, where a < c < b, then 

[c~t rb 

lim I f(z)dx + lim I f(x)dx 
J a e+6' 

may exist; this is also written f f(x)dx , and is also called an improper 

integral; it might however happen that neither of these limits exists when 
8, S' —> 0 independently, but 


lim 


f f(x) dx+ [ f(x ) (£rl 
7 o J r+6 J 

| & 

exists; this is called ‘ Cauchy's, principal value of / f(x)dx’ and is written 

J a 

for brevity P I f{x) dx . 

J a 


Results similar to those of §§ 4’4-444 may be obtained for improper 
integrals. But all that is required in practice is (i) the idea of absolute 
convergence, (ii) the analogue of Bertrand's test for convergence, (iii) the 
analogue of de la Vallee Poussin’s test for uniformity of convergence. The 
construction of these is left to the reader, as is also the consideration 
of integrals in which the integrand has an infinite limit at more than one 
point of the range of integration *. 


Examples. (1) j x * cos x dx is an improper integral. 

(2) j x K ~ l (1 dx is an improper integral if 0 <X < 1, 0 <}i< 1. 

It does not converge for negative values of X and /x. 

/ 2 — 1 

- dx is the principal value of an improper integral when 

Q l-x 

0< a < 1. 

4*51. The inversion of the order of integration of a certain repeated integral. 

General conditions for the legitimacy of inverting the order of integration when the 
integrand is not continuous are difficult to obtain. 

The following is a good example of the difficulties to be overcome in inverting the 
order of integration in a repeated improper integral. 


* For a detailed discussion of improper integrals, the reader is referred either to Hobson’s or 
to Pierpont’s Functions of a Real Variable. The conneiion between infinite integrals and 
improper integrals is exhibited by Bromwich, Infinite Serie », $ 164. 
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Let /(x, y) be a continuous function of both variables, and let 0<A^ 1, 0</*$ 1, 
0<v <1; then 

il dx {/# y) J y} 

= j' o dy " a^' 1 y" -1 (1 - x -y)” -1 f(x, y) d*} . 

This integral, which was first employed by Dirichlet, is of importance in the theory of 
integral equations; the investigation which we shall give is due to W. A. Hurwitz*. 

Let x k ~ 1 y tl ~ i (1 -x-y) ¥ “ l ffa y) = t£ (x, y ); and let M be the upper bound of |/(x,y)|. 
Let fl be any positive number less than 

Draw the triangle whose sides are x=b, , x + y = l - fl; at all points on and inside 
this triangle 0 (x, y) is continuous, and hence, by § 4 3 corollary, 

/> |/j X ~* <!>{*, y) <*!/}= f l f* dy W %(^,y)<ir|. 

Now 

ff*dx {f'f <P ( x < y) =f t dx {f'f ' 0 (*, y) dy^ + j^ l t dx+j* l t dx, 

where Ii = f <t>(x,y)dy, /, =» f 0 (*, y) dy. 

Jo J l—x—S 

But |/,k|* 

« Mx k - 1 (1 - 2 : - ar 1 j V~‘ dy, 

since (1 -x—y)"~ l ^ (1 - x - b) v ~ l . 

Therefore, writing x~(\ —9)x ly we havet 

| j'~* I t dx J ^FT/i- 1 J" - * x* -1 (l-x-8)" l rfx 

< 378 * , i - 1 (1 - 8) x+ '" 1 [' *,* _1 (1 -*,)- 1 rfx , 


<J7^y->(l-8)* + — l fl(X, ») —0 as 8-*-0. 


The reader will prove similarly that I n dx ♦O as 3-^0. 

Hence J j dx y) dx j 

yj'f 0 to y)^y| 

n-n i 

f fl-x-8 ) 

= lim / dx i 

0 (x, y) rfy| 

a-—o J 4 1 

U 1 ) 

A-sfl 1 

r A-y-S . 1 

II 

B 

* 

<f>(x,y)dx\ 


J 4 J 

* Annals of Mathematic*, ix. (1906), p. 103. 

t J v *i X_1 (1 - Xi)* -1 d*i = B (X, p) exists if X>0, p>0 (§ 4'5 example 3). 


$ The repeated integral exists, and in, in fact, absolutely convergent; for 


writing y = (1 - x) •; and 3f*^ _1 (1 - iy‘ + ‘’ -1 dr . J V _1 (l-») r_1 d» eiists. And since the 
integral exists, its value which iB lim J * may be written lim ** 

«, *— K) J s a-*-o J a 
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by what has been already proved; but, by a precisely similar picoe of work, the last 
integral is 

/,* \f o r <£(*> y)^} • 

We have consequently proved the theorem in question. 

Corollary. Writing £ = a + (b-a)x y »j = 6-(6-a)y, we see that, if </> (f, i;) iB con¬ 
tinuous, 

f[ df {/‘ ((- a?'' (&- ,f -- 1 (, -- f)-' <fi ({, ,) rf, J 

=(\ dr, | f\t- a)*- 1 (6 - ,r l (, - f)- 1 * (£, ,) rff} . 

This is called Dirichlet’s formula, 


[Note. What arc now called infinite and improper integrals were defined by Cauchy, 
Lemons sur le calc. inf. 1823, though the idea of infinite integrals seems to date from 
Maclaurin (1742). The test for convergence was employed by Chartier (1853). Stokes 
(1847) distinguished between ‘essentially' (absolutely) and non-essentially convergent 
integrals though he did not give a formal definition. Such a definition was given by 
Dirichlet in 1854 and 1868 (see his Vorlerungen , 1904, p. 39). In the early part of the 
nineteenth century improper integrals received more attention than infinite integrals, 
probably because it was not fully realised that an infinite integral is really the limit 
of an integral.] 


4*6. Complex integration *. 

Integration with regard to a real variable x may be regarded as integration 
along a particular path (namely part of the real axis) in the Argand diagram. 
Let f{z\ (— P + iQ), be a function of a complex variable z, which is continuous 
along a simple curve AB in the Argand diagram. 

Let the equations of the curve be 

x = x{t) y y = y(t) (a^t^b). 

Let x (a) + iy (a) = z 0 , x (b) + iy (b) = Z. 

Then iff x(t), y(t) have continuous differential coefficients J we define 
rz 

I f(*)dz taken along the simple curve AB to mean 
J e 0 


J a ( p+i ®{dt +i l) dL 


The ‘length' of the curve AB will be defined as J /sj dt. 

It obviously exists if ^ are continuous: we have thus reduced the 
at at 

discussion of a complex integral to the discussion of four real integrals, viz. 

f.'S* i» i» i» 


* A treatment of complex integration based on a different set of ideas and not making 
so many assumptions concerning the carve AB will be found in Watson’s Complex Integration 
and Cauchy’* Theorem. 

t ThiB assumption will be made throughout the subsequent work. 

J Cp. g 4-13 example 4. 
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By § 4*13 example 4, this definition ia consistent with the definition of an 
integral when AB happens to be part of the real axis. 

Examples, j f{z)dz—- f{z) dz , the paths of integration being the same (but in 


opposite directions) in each integral. 

\\ dz = z ~fl 2 dz= f a { x ir y i +1 (* S + ^)} * 




2 -V)- 


4*61. The fundamental theorem of complex integration. 

From § 413, the reader will easily deduce the following theorem : 

Let a sequence of points be taken on a simple curve zJZ ; and let the first 
n of them, rearranged in order of magnitude of their parameters, be called 
£i (n) , z 2 (n) ,... z n {n) (z 0 {n > = z 0 , z n + j (n) = Z)\ let their parameters be t^, ^ ,7l) ,... t n {n) , 
and let the sequence be such that, given any number S, we can find N such 
that, when n > jV, £ r+1 ,n) — t r ln) < S, for r = 0, 1, 2, n; let f T . ,n, be any point 
whose parameter lies between t r (n) , t r+i (n) ; then we can make 

2 (z r+l <"> - V n, )/(?r<">)- Ff(*)dz 
r=0 J t m 

arbitrarily small by taking n sufficiently large. 


462. An upper limit to the value of a complex integral. 

Let M be the upper bound of the continuous function | f(z) | 


Then 


I/!/<*> H < /j / H(S +i 1)1* 


*zMl, 

where l is the ' length ’ of the curve z 0 Z. 


I f z 

That is to say, I f(z)dz 

\J So 


cannot exceed Ml. 


4’7. Integration of infinite series. 

We shall now shew that if S(z)= (j) + (z) + ... is a uniformly con¬ 

vergent series of continuous functions of z, for values of z contained within 
some region, then the series 

I U l (z)dz-h v* (z) dz + ..., 

J c J c 

(where all the integrals are taken along some path C in the regioil) is con¬ 
vergent, and has for sum f S ( z ) dz. 



THE THEORY OF RIEMANN INTEGRATION 


79 


4-61-47] 

For, writing 


we have 


S (z) = Wj (z) + (z) + ... + u n (z) + R n (z), 


j S(z)dz = J iij (z) dz + ... + I u n (z)dz + j R n (z)dz. 


Now since the series is uniformly convergent, to every positive number e 
there corresponds a number r independent of z } such that when n ^ r we have 
I Rn {%) I < c, for all values of z in the region considered. 

Therefore if l be the length of the path of integration, we have (§ 4 62) 


f Rn(z) 

J C 


dz < el. 


Therefore the modulus of the difference between 


[ S(s) 

J c 


dz and 


2 j u m (z)dz can be made less than any positive number, by giving n any 
m=i J c 

sufficiently large value. This proves both that the series £ I u m (z)dz is 
convergent, and that its sum is j S(z)dz. 

Corollary . As in § 4 44 corollary, it may be shewn that* ** 

i * «.(*)- * £«.(*) 

dz n= 0 n—0 dZ 

if the series on the right converges uniformly and the series on the left is convergent. 

Example 1. Consider the series 

2x \n (n +1) sin 2 x* - 1} cos x 2 


in which x is real. 
The nth term is 


=1 (1 +n 2 ain 2 x L \ {1 +(n+ l)*Bin a x*\ ’ 


2 xn cos x 2 2x (n 4-1) cos x 2 

\+n 2 sin^i 2 1 + (n 4-1) 2 sin 2 x* ’ 


and the sum of n terms is therefore 

2 x cos'^r 2 2x (n + 1) cos x* 
l+sin 2 # 2 1 + (n + 1 ) a sin 2 .r 2 ‘ 

Hence the series is absolutely convergent for all real values oT x except 
where wi=l, 2, ... ; but 

2x(n + l)cos_jr* 

^ W "l+(n +1) 2 sin 1 * x 2 ’ 

and if n be any integer, by taking x=(n + 1) _1 this has the limit 2 as n-^cc . The scries is 
therefore non-uniformly convergent near x=0, 

* nieauB lim + ^ ~/S x .\ where along a definite Bimple curve; this definition 

** h+o h 

is modified slightly in §5-12 in the case when/(z) is an analytic function. 
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Now the sum to infinity of the Beries is — B j n i » ^d so the integral from 0 to a: of 

the sum of the series is arc tan {sinx*}. On the other hand, the sum of the integrals from 
0 to x of the firet n terms of the series is 

arc tan {sin x 2 } - arc tan {(n +1) sin x 2 }, 
and as n-*-® this tends to arc tan (sin 

Therefore the integral of the sum of the series differs from the sum of the integrals of 
the terms by Jtr. 

Example 2. Discuss, in a similar manner, the series 

* 2a*x{l-n(«-l) + e ,l + , x a } 

nil n(TH-l)(l+S-x»)(l+«- + ix») 

for real values of x. 


Example 3. Discuss the series 

Wi + W*J + ^3+---i 

where 

Un^nze'** — (n - 1) 

for real values of z. 


The sum of the firat n terms is nze - ***, bo the sum to infinity iB 0 for all real values 
of z. Since the terms u n are real and ultimately all of the same sign, the convergence 
iH absolute. 


In the Beries 

/ Ujdz+I u 2 dz+ I u 3 dz+..., 

0 Jo Jo 

the sum of n terms is (1 — e - ** 2 ), and this tendB to the limit J as n tends to infinity ; thiB 
is not equal to the integral from 0 to z of the sum of the Beries 

The explanation of this discrepancy is to be found in the non-uniformity of the 
convergence near z = 0, for the remainder after n terms in the series u { + iz 2 + ... is - nzer ***; 
and by taking z = n~ A we can make this equal to which is not arbitrarily small; the 
series is therefore non-uniformly convergent near x = 0. 


Example 4. 


where 


Compare the values of 



and 



2n*z 2(n + l)*x 

W *“(l + 71 V) log(n+ 1) {l + (n + l)V}log(n + 2) * 


(Trinity, 1903.) 
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(Dirichlet and Du Bois Raymond.) 


Miscellaneous Examples. 

1 . Shew that the integrals 

/ sin (x 1 ) dx , / cos (x 2 ) dx, I x exp (- x® sin* x) dx 

o Jo Jo 

converge. 

2 . If a be real, the integral 

r^^dx 

Jo l+X 2 

is a continuous function of a. (Stokes.) 

3. Discuss the uniformity of the convergence of j xsin (x 3 -ax)dx. 

£3 Jx sin (X 3 - or) dx = - ^ cos (x 3 - ax) 




(de la Valine Poussin.) 

4. Shew that / exp [ — e** (x 3 - tut)] dx converges uniformly in the range ( —^tt, i»r) 

Jo 

of values of a. (Stokes.) 

f® x M dx 

5. Discuss the convergence of J when 4 , v, p are positive. 

(Hardy, Messenger, xxxi. (1902), p. 177.) 

6 . Examine the convergence of the integrals 


7. Shew that 


r*£(£±f!u. 

} a \x 2 + Jo x* 

l w X 3 


(Math. Trip. 1914.) 


(sin x)* 


- exists. 


8 . Shew that j x~ m sin 2xdx converges if a> 0 , n > 0 . (Math. Trip. 1908.) 

an 

9. If a series y(s) = 2 (c*- c r + 1 ) Bin (2 n+1) nz, (in which c 0 =O), converges uniformly 

r=0 


TT * f 

-- is the derivative of the series/(z)« 2 — Bin 2 vnz. 

sin 7 tz w =1 v 


in an interval, Bhcw that g ( z) 

(Lerch, Ann. de VEc. norm. snp. (3) ill. (1895), p. 351.) 

. r- [• dx x dx 2 ...dx n . f m r® [ m dx l dx 2 ...dr n 

10. Shew that / ... ; ■ 7 7 *- ftnd / - -~r -H 

J J J (*i , + *i*+-..+*.■)■ J J J x^ + x/+ ...+*/ 

converge when a > Jn and a“ l + j 8 _1 + ...+A" , <l respecti vely. (Math. T rip. 1904.) 

11 . If /(x,y) lie a continuous function of both x and y in the ranges (a^x^ 6 ), (a^y^b) 
except that it has ordinary discontinuities at pointB on a finite number of curves, with 
continuously turning tangents, each of which meets any line parallel to the coordinate axes 

only a finite numlier of times, then j /(x, y) dx is a continuous function of y. 

[Consider f * {/(*, y + A) —f (.-r, y)}dx , where the numbers 

Ja J a,+i, J n n+' n 

3i, 3a, ... cj, ... are so chosen as to exclude the discontinuities of /(x, y+A) from the 
range of integration ; a,, Oj, ... being the discontinuities of/(. v, y).] (Belcher.) 



CHAPTER V 


THE FUNDAMENTAL PROPERTIES OF ANALYTIC FUNCTIONS ; 
TAYLOR’S, LAURENT’S AND LIOUVILLE’S THEOREMS 


51. Property of the elementary functions. 

The reader will be already familiar with the term elementary function , aa 
used (in text-books on Algebra, Trigonometry, and the Differential Calculus) 
to denote certain analytical expressions* depending on a variable z , the 
symbols involved therein being those of elementary algebra together with 
exponentials, logarithms and the trigonometrical functions; examples of such 
expressions are 

z 2 , e z , log z, arc sin 

Such combinations of the elementary functions of analysis have in common 
a remarkable property, which will now be investigated 

Take as an example the function e*. 

Write e l =f(z). 

Then, if z be a fixed point and if z be any other point, we have 

z — z z — z ’ z' — z 


= e L 


- z’ — z (z — zY 

1 + ~2 T + 3 ^! + 


and since the last series in brackets is uniformly convergent for all values of 
z, it follows (§ 3’7) that, as z'—tz, the quotient 

/(*')-/(£) 


z' — z 

tends to the limit e*, uniformly for all values of arg (/ — z). 
This shewB that the limit of 


/ (*)-/(*) 

z — z 


is in this case independent of the path by which the point z tends towards 
coincidence with z. 

It will be found that this property is shared I)y many of the well-known 
elementary functions; namely, that if f(z) be one of these functions and h be 


* The reader will observe that this is not the sense in which the term function is defined 
(g 3 1) in thiB work. ThuB e.g. x-iy and \z \ are functioTii of z(=x + iy) in the Bense of g 31, 
but are not elementary functions of the type under consideration. 
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any complex number, the limiting value of 

1 


i {/(*+^-/(*)] 

exists and is independent of the mode in which h tends to zero. 

The reader will, however, easily prove that, if f{z)— x — iy , where z = x + iy, 
then lim is independent of the mode in which h—* 0. 


5*11. Occasional failure of the property. 


For each of the elementary functions, however, there will be certain points 
z at which this property will cease to hold good. Thus it does not hold for 
the function 1 j(z — a) at the point z = a, since 


lim r 
A-*- o n 


z 


1 

a h 



does not exist when z = a. Similarly it does not hold for the functions log z 
and z~ at the point z = 0. 

These exceptional points are called singular points or singularities of the 
function f(z) under consideration; at other points f(z) is said to be analytic . 

The property does not hold good at any point for the function \z\. 


6T2. Cauchy's* definition of an analytic function of a complex variable. 


The property considered in § 511 will be taken as the basis of the 
definition of an analytic function , which may be stated as follows. 


Let a two-dimensional region in the r-plane be given; and let u be a 
function of z defined uniquely at all points of the region. Let z, z 4- Sz be 
values of the variable z at two points, and u, u + bu the corresponding values 


bu 


of it. Then, if, at any point z within the area, tends to a limit when 8a;—>0, 


by— >0, independently (where bz = bx + iby), u is said to be a function of z , 
which is monogenic or analytic^ at the point. If the function is analytic and 
one-valued at all points of the region, we say that the function is analytic 
throughout the region\. 


We shall frequently use the word ‘ function ’ alone to denote an analytic 
function, as the functions studied in this work will be almost exclusively 
analytic functions. 


* See the memoir cited in § 5 2. 

t The words 1 regular ’ and 1 holomorphic ’ are sometimes used. A distinction has been made 
by Borel between ‘ monogenic ’ and 1 analytic ' functions in the case of functions with an infinite 
number of singularities. See § 5 51, 

X See § 5 2 cor. 2, footnote. 



84 


THE PROCESSES OF ANALYSIS 


[CHAP. V 


In the foregoing definition, the function u has been defined only within 
a certain region in the r-plane. As will be seen subsequently, however, the 
function u can generally be defined for other values of z not included in this 
region; and (as in the case of the elementary functions already discussed) 
may have singularities , for which the fundamental property no longer holds, 
at certain points outside the limits of the region. 

We shall now Btate the definition of analytic functionality in a more 
arithmetical form. 


Let f(z) be analytic at z , and let e be an arbitrary positive number; 
then we can find numbers l and 8, (8 depending on e) such that 


Mi/W 

z — z 


- 1 


< € 


whenever | z — z | < 8, 

If f(z) is analytic at all points z of a region, l obviously depends on z ; we 
consequently write J = /'(r). 

Hence f(z') = f(z) + (z - z) /' ( z ) + v (z — z\ 

where v is a function of z and z such that | v | c e when | z — z | < 8. 

Example 1 . Find the points at which the following functions are not analytic : 


(i) * 

i 

(iv) (i = 0). 


(ii) cosoc z (r — hit, n any integer). 
(V) {(*-1)*}* (* = 0,1). 


(iii) 


2—1 

2 * — 5z + 6 


(* 


2, 3). 


Example 2. If z=x+iy, /(r)«u + n», where u, i>, x, y are real and / is an analytic 
function, shew that 


du dv Bu dv 
dz By* dy~ dx' 


(Rieraann.) 


5'13. An application of the modified Heine-Borel theorem. 

Let f(z) be analytic at all points of a continuum; and on any point z of 
the boundary of the continuum let numbers f (z), 8 (8 depending on z) exist 
Buch that 

1/(*') -/(*)- (*' - *) /i (*) i < * i - * i 

whenever | z — z | < 8 and t ia a point of the continuum or its boundary. 

[We write /, (z) instead of /'(t) as the differential coefficient might not exist when 
J approaches t from outaide the boundary so that f x (i) is not necessarily a unique derivate.] 

The above inequality is obviously satisfied for all points z of the continuum 
as well as boundary points. 

Applying the two-dimensional form of the theorem of § 3*6, we see that 
the region formed by the continuum and its boundary can be divided into 
a finite number of parts (squares with sides parallel to the axes and their 
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interiors, or portions of such squares) such that inside or on the boundazy of 
any part there is one point z Y such that the inequality 

!/(*') -/(* i) - (*' - (z } ) \<e\z’-z,\ 

is satisfied by all points z inside or on the boundary of that part. 

5 2. Cauchy’s theorem* on the integral of a function round a 

CONTOUR. 

A simple closed curve C in the plane of the variable z is often called 
a contour ; if A, B, D be points taken in order in the counter-clockwise sense 
along the arc of the contour, and if f ( z) be a one-valued continuous^ 
function of z (not necessarily analytic) at all points on the arc, then the 
integral 

[ f(z) dz or f f(z)dz 
J ABDA J(t 7) 

taken round the contour, starting from the point A and returning to A again, 
is called the integral of f(z) taken along the contour. Clearly the value of the 
integral taken along the contour is unaltered if some point in the contour 
other than A is taken as the starting-point. 

We shall now prove a result due to Cauchy, which may be stated as 
follows. If f(z) is a function of z t analytic at all points on\ and inside a 
contour C, then 

f f{z) dz = 0. 

he) 

For divide up the interior of C by lines parallel to the real and imaginary 
axes in the manner of § 513; then the interior of C is divided into a number 
of regions whose boundaries are squares C u C\, ... C M and other regions 
whose boundaries D lt ... D N are portions of sides of squares and parts 
of (7; consider 

Mr Nr 

2 / f(z)dz+ 2 I f(z)dz t 
n = \J(Cn) n = lJ(D n ) 

each of the paths of integration being taken counter-clockwise; in the 
complete sum each Bide of each square appears twice as a path of integration, 
and the integrals along it are taken in opposite directions and consequently 
cancel§; the only parts of the sum which survive are the integrals oi f(z) 

* Mtmoire sur let integral** dtOnies prises entre. dt b limite* imaginaires (1825). The proof 
here given is that due to Goursat, Trans. American Math. Soc. i. (1900), p. 14. 

t It is sufficient for / (z) to be continuous when variations of z along the arc only are 
considered. 

t It is not necessary that f{z) should be analytic on C (it is sufficient that it be continuous 
on and inBide C), but if / (z) is not analytic on C, the theorem is much harder to prove. This 
proof merely assomeB that /' (z) exists at all points on and inBide C. Earlier proofs made more 
extended assumptions; thus Cauchy's proof assumed the continuity of /' (z). lliemanr.’H 
proof made an equivalent assumption. Goursat’B first proof assumed that f(z) was uniformly 
differentiable throughout C. 

§ See § 4 6, example. 
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taken along a number of arcs which together make up C, each arc being 

taken in the same sense as in I f(z)dz ; these integrals therefore just make 

J ( c ) 

up / / (z) dz. 

J (C) 

Now consider f f(z)dz. With the notation of § 512, 

J (C n ) 

f f (z) dz = f l/(zj) + (z - z,)f 00 + 0 - *i) v] dz 
J (Cn) Uc n ) 

= (/Oi)-^i/'Oi)] [ dz+/'(*,) f zdz+ f (z-zjvdz. 
hCn) J(C n ) Uc n ) 

But f dz = [z] Cm = 0, [ zdz = \\zA =0, 

J(Cn) •'(C*) L J C« 

by the examples of § 4’6, since the end points of C n coincide. 

Now let l n be the side of C n and A n the area of C n . 

Then, using § 4’62, 

If f(z)dz\ = \[ (z — z^vdzl^f \(z — z } )vdz\ 

\j (0*) ^ J (On) I ■» (On) 

< el n V2 . j \dz\ = el n V2.4^ = 4 eA n y/2. 

J Cn 

In like manner 

if f(z)dz\^[ \(z — z l )vdz\ 

I J (D n ) I J(DJ 

^ 4e (iljt + In Xn) V2, 

where A n ' is the area of the complete Bquare of which D n is part, l n ' is the 
side of this square and X n is the length of the part of C which lies inside this 
square. Hence, if X be the whole length of C, while l is the side of a square 
which encloses all the squares C n and D n , 

I [ /(*) dz < 2 j f f(z) dz I + X |[ f(z) dz 

1 HO n=l\J(C n ) I n=l!J(i)„) 

C m n y 

<4eV2 S A n + 2 A n ' + l 1 X*. 

U = 1 n=l n=l 

< 4e V2 . (I 2 -I- 1\). 

Now € is arbitrarily small, and l, X and I f(z)dz are independent of e. 

J ( c) 

It therefore follows from this inequality that the only value which I f(z) dz 

» c 

can have is zero; and this is Cauchy’s result. 
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Corollary 1. If there are two paths z^AZ and z 0 BZ from zq to Z , and if f(z) is a 
function of z analytic at all points on these curves and throughout the domain enclosed by 

these two paths, then j f(z)dz has the same value whether the path of integration is 

J zc* 

z 0 AZ or z 0 BZ. This follows from the fact that z 0 AZBz 0 is a contour, and so the integral 
taken round it (which is the difference of the integrals along z^AZ and z^BZ) is zero. 

Thus, if f(z) be an analytic function of z, the value of / f(z)dz is to a certain extent 

J ab 

independent of the choice of the arc AB, and depends ouly on the terminal points A and B. 
It must be borne in inind that this is only the case when f(z) is an analytic function in the 
sense of § 5*12. 

Corollary 2. Suppose that two simple closed curves C 0 and Ci are given, such that C n 
completely encloses C Y , as e.g. would be the case if C 0 and Cj were confocal ellipses. 

Suppose moreover that/ (z) is a function which is analytic* at all points on C 0 and C\ 
and throughout the ring-shaped region contained between C Q and C x . Then by drawing a 
network of intersecting lines in this ring-shaped space, we can shew, exactly as in the 
theorem just proved, that the integral 

jf(z)dz 

is zero , where the integration is taken round the whole boundary of the ring-shaped space; 
this boundary consisting of two curves C 0 and C l , the one described in the counter-clockwise 
direction and the other described in the clockwise direction. 


Corollary 3. In general, if any connected region be given in the z-plane, bounded by 
any number of simple closed curves ^0» 7 Qo ' I and if /(z) be any function of z which 

is analytic and one-valued everywhere in this region, then 

J f(z)dz 

is zero , where the integral is taken round the whole boundary of the region ; this boundary 
consisting of the curves C {) , C t , ..., each described in such a sense that the region is kept 
either always on the right or always on the left of a person walking in the sense in question 
round the boundary. 

An extension of Cauchy’s theorem jf(z)dz= 0, to curves lying on a cone whose vertex 

is at the origin, has been made by Ravut (Nouv. Annales de Math (3) xvi. (1897), 
pp. 365-7). Morcra, Rend, del 1st. Lombardo , XXII. (1889), p. 191, and Osgood, Bull. 

Amer. Math. Roc. II. (1896), pp. 296-302, have shewn that the property jf(z)dz — 0 

may l>e taken as the property defining an analytic function, the other properties being 
deducible from it. (See p. 110, example 16.) 

Example. A ring-shaped region is bounded by the two circles | z | = 1 and | z | — 2 in the 

z-plane. Verify that the value of where the integral is taken round the boundary 

of this region, is zero. 


* The phrase 1 analytic throughout a region 1 implies one-valuedncss (§ 5-12); that is to say 
that after z hoe described a closed path surrounding C’ u , f (z) has returned to its initial value. A 
function such as log z considered in tho region l^jz|^2 will be said to be 'analytic at all 
points of the region. ’ 
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For the boundary consist* of the circumference |*| — 1, described in the clockwise 
direction, together with the circumference |z| — 2, described in the counter-clockwise 
direction. Thus, if for points on the first circumference we write i and for points on 
the second circumference we write then 6 and 0 are real, and the integral becomes 

i" ■ d& f i. d*f> 

Jo e ' 9 + J i 


e'* + / o 


2 « f * 


■ — 2iri + 2iri = 0. 


5'21. The value of an analytic function at a point , expressed as an integral 
taken round a contour enclosing the point 

Let C be a contour within and on which f(z) is an analytic function of z. 

Then, if a be any point within the contour, 

/(*) 

z — a 

is a function of x, which is analytic at all points within the contour C except 
the point z = a. 

Now, given e, we can find $ such that 

I /(*) “ /(“) - (z - a)f' (a) k € | * - a | 

whenever | z — a \ < S ; with the point a as centre describe a circle y of radius 
r < S, r being so Binall that 7 lies wholly inside C. 

Then in the Bpace between 7 and C f (z)/(z — a) is analytic, and so, by 
§ 5'2 corollary 2 , we have 

f /(*) dz = f f{z) dz 
) c z — a Jy z — a 1 

where j and J denote integrals taken counter-clockwise along the curves 

C and 7 respectively. 

But, since | z — a | < S on y, we have 

f f(z) dz _ f f (a) + (z — a) f' (a) +v(z-a) ^ 

J y z — a J y z — a * 

where | v j < e ; and so 

S C ^V =f{a) Jy 7=-« + f (a) ly dZ + fy ^ 

Now, if z be on 7 , we may write 

z — a = re iB , 


where r is the radius of the circle 7 , and consequently 

I _dz_ = p irfdB = . (*' d0 = 
JyZ-a Jo re 19 Jo 

[ dz = f ire i9 d6 =* 0 ; 

J > Jo 


and 


n 


Vdz ^ € . 27TT. 


also, by § 4‘62, 
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Thus | j/z^~a~ - 2lri /( a ) \ = \\ r vd * 


< 2i rre. 


But the left-hand side is independent of e, and so it roust be zero, since e 
is arbitrary; that is to say 




This remarkable result expresses the value of a function f(z), (which is 
analytic on and inside C) at any point a within a contour C, in terms of an 
integral which depends only on the value of f (z) at points on the contour 
itself. 

Corollary. If f(z) is an analytic one-valued function of z in a ring-Bhaped region 
bounded by two curves C and C\ and a is a point in the region, then 

/(.)-»/■ ' f 

2m J cz — u 2m ] c ,z ~« 

where C is the outer of the curves and the integrals are taken counter-clockwise. 


5'22. The derivates of an analytic f unction f (z). 

The function f'(z), which is the limit of 

f( z + h)-f(z) 
h 


as h tends to zero, is called the derivate of / (z). We shall now shew that 
f' (z) is itself an analytic function of z t and consequently itself possesses a 
derivate. 


For if C be a contour surrounding the point a, and situated entirely 
within the region in which f(z) is analytic, we have 


/' (a) = lim 


/(«+*)-/(a) 
h 


-i im ’if wjl i 

2 ?nh [J c z — a ~ h J c z ~ a ) 

y 1 f _ /(f) rff_ 

2m J c (z-a) (z - a-h) 

_ J_ f fjz)dz _A_ f _ f{z)dz _ 

“ 2 iri ) c (e - af + 2m J c (z - a)* (z- a- h)’ 

Now, on C, f(z) is continuous and therefore bounded, and so is (z — a)~’ ; 
while we can take | h | lens than the lower bound of j | z — a |. 
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is bounded; let its upper bound be K. 


f(z) 

Therefore .-^ is bounded; let its upper bound be K. 

(z-aY(z-a-h) rr 

Then, if l be the length of C, 

lim r~-1 i —— t\ I < lim I h l V*Y'Ki = o, 

fc —0 2irt J c(z —a) (z-a —h) \ 
and consequently /' (a) = ± \. 

a formula which expresses the value of the derivate of a function at a point 
as an integral taken along a contour enclosing the point. 

From this formula we have, if the points a and a + h are inside C, 


/' (a + h)— f' (a) = 1 f f(z) dz 
h 2iri ] c h 


(z — a — h) % (z - a)* 


1 f ^ 2 (*' a --2 h) 

27 ti J ' (z — a — icy (z — a) 2 

= _2_ f f(f)_dz 

2iri] c (z-ay hi 

and it is easily seen that A h is a bounded function of z when | h \ 


' (z — a — ICy (z — a) 2 


< z — a . 


Therefore, as h tends to zero, /i _1 (/' (a + h) —/' (a)} tends to a limit, 
namely 

2 f f(z) dz 
27 ti J c (z — aCy 

Since /' (a) has a unique differential coefficient, it is an analytic function 
of a; its derivate, which is represented by the expression just given, is 
denoted by f" (a), and is called the second derivate of f ( a ). 

Similarly it can be shewn that /"(a) is an analytic function of a, possessing 
a derivate equal to 

2.3 f f(z) dz . 

2771 J c (z — a) 4 ’ 


this is denoted by /'" (a), and is called the third derivate of /(a). And in 
general an nth ,derivate f [n) (a) of /(a) exists, expressible by the integral 

n ! r f(z) dz 

27ti J c (z — a) n+1 ’ 

and having itself a derivate of the form 

(?i + 1) ! f f(z)dz 


f /(* 

J c (z — i 


the reader will see that this can be proved by induction without difficulty. 
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A function which possesses a first derivabe with respect to the complex 
variable z at all points of a closed two-dimensional region in the s-plane 
therefore possesses derivates of all orders at all points inside the region. 


5 ' 23 . Cauchy 8 inequality for f (n) (a). 

Let f(z) be analytic on and inside a circle G with centre a and radiuB r. 
Let M be the upper bound of /( z ) on the circle. Then, by § 4*62, 



M . 71! 


B 2 c a 

Example. If f(z) is analytic, z=x + iy and V 2 = = _^ + , shew that 


dx* By 2 ’ 
V 2 log \f(z) | = 0; and ? z |/(z)|>0 


unless /(z) = 0 or f (z) = 0. 


(Trinity, 1910.) 


5‘3. Analytic functions represented by uniformly convergent series. 

m 

Let 2 / n (r) be a series such that (i) it converges uniformly along a 
»=o 

contour ( 7 , (ii) f n (z) is analytic throughout C and its interior. 


Then 2 f n (z) converges, and the sum of the series is an analytic 

n = 0 

function throughout C and its interior. 

03 

For let a be any point inside ( 7 ; on C, let 2 f n (z) = ( z ). 

n-U 


Then 


i r Q’fz) 

2iri J c z — a 



) dz 
) z — a 

dz [, 


by* § 4'7. But this last series, by § 5'21, is 2 / n (a); the series under 

n = 0 

consideration therefore converges at all points inside (7; let its sum inside 
C (as well as on C) be called <!> ( z ). Then the function is analytic if it 
has a unique differential coefficient at all points inside C. 

But if a and a -I- A be inside (7, 


<I> (a + h) — <J> (a) _ 1 l &(z) dz 

h 27ri J c (z — a) (z — a — A) 1 

and hence, as in § 5‘22, lim [{<£(a + A) - <£(a)) A” 1 ] exists and is equal to 


* Since | z - a | -1 is bounded when a is fixed and z is on <7, the uniformity of the convergence 
of 2 f n (r)/(r - a) follows from that of 2 / m (r). 

R-0 »-0 
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1 f &(*) 

o — : 7 —and therefore 3>(r) is analytic inside C. Further, by 

Lirt J c ~~ O/ 

trauBforming the last integral in the same way as we transformed the first 

« GO 

one, we see that (a) = 2 /„' (a), so that 2 /„ (a) may be 1 differentiated 

A»0 T» - 0 

term by term.’ 

If a series of analytic functions converges only at points of a curve which is not closed 
nothing can be inferred as to the convergence of the derived Beries* 

Thus 2 (- )* ^^ converges uniformly for real values of x (§ 3'34). But the derived 
m=i n 1 

* sin 7i x 

series 2 (- 1 -converges non-uniformly near £«(2m + l)»r, (m any integer); and 

n=l n 

the derived series of this, viz. 2 (- ) u_1 cos jlx, does not converge at all 

H = 1 

Corollary . By § 37, the sum of a power series is analytic inside its circle of con¬ 
vergence. 

5'31. Analytic functions represented by integrals. 

Let /(£, z) satisfy the following conditions when t lies on a certain path 
of integration (a, b) and z is any point of a region S : 

(i) / and ^ are continuous functions of t. 

(ii) /is an analytic function of z. 

(iii) The continuity of qua function of z is uniform with respect to 
the variable t. 

Then J /(<, z)dt is an analytic function of z . For, by § 42, it has the 

rh z \ 

unique derivate J ■——? dt. 

532. A nalytic functions represented by infinite integrals. 

From § 4 44 (II) corollary, it follows that / f (t, z) dt is an analytic 

J a 

function of z at all points of a region S if (i) the integral converges, (ii) f(t, z) 
is an analytic function of z when t is on the path of integration and z is on S, 

(iii) ——— is a continuous function of both variables, (iv) f —dt 
02 J a OZ 

converges uniformly throughout S. 

For if these conditions are satisfied j /(t, z)dt has the unique derivate 


/: 


OZ 


* This might have been anticipated &a the main theorem of this section deals with uniformity 
of convergence over a two-dimmtional region. 
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A case of very great importance is afforded by the integral f e~ u f (t) dt, 

Jo 

where f(t) is continuous and |/(f)| ciTe* where K, r are independent of t \ 
it is obvious from the conditions stated that the integral is an analytic 
function of z when R(z)^r x > r. [Condition (iv) is satisfied, by § 4'431 (I), 

since I te {r ~ r ' )t dt converges.] 

Jo 

54 . Taylor’s Theorem * 

Consider a function f(z), which is analytic in the neighbourhood of a 
point z = a. Let G be a circle with a as centre in the z-plane, which does 
not have any singular point of the function f(z) on or inside it; so that f(z) 
is analytic at all points on and inside C. Let z = a + h be any point inside 
the circle C. Then, by § 6*21, we have 


= ff f (z) dz |— -h —— 

2-m Jc [z — a (z — 


_h _ _ k»_ _ h™_ 

+ (z — af + + (z — a) 11 * 1 + (s'- a) n+1 (z 


— a - A)} 


./(.)+v (.)+*; /«(«)+• ■ 4> + 

f(z) 

But when z is on C\ the modulus of —- j is continuous, and so, 

z - a — h 

by § 3 61 cor. (ii), will not exceed some finite number M. 

Therefore, by § 4 62, 

I J_ [ /0) dz.h™ _ M.2ttR Ah |\" +1 

I 27riJc (z-a) n+1 (z - a - h) ^ 27t V-H / 

where R is the radius of the circle C, so that 2ttR is the length of the path 
of integration in the last integral, and R = \z — a| for points z on the cir¬ 
cumference of C. 

The right-hand side of the last inequality tends to zero as n-> oo. We 
have therefore 

f(a + h) = /(a) + hf (a) + ^ f" (a) + ... + —j / (a) + • -., 

which we can write 

/(*) = /(a) + (*-«) f (a) + - j f f" (“)+ ■+ ■ ~ r ~(“)+-■ 

This result is known as Taylor's Theorem ; and the proof given is due to 
Cauchy. It follows that the radius of convergence of a power series is always 

* The formal expansion was first published by Dr Brook Taylor (1715) in his Methodut 
Incrementorum, 
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at least 80 large as only just to exclude from the interior of the circle of con¬ 
vergence the nearest singularity of the function represented by the series. And 
by § 5'3 corollary, it follows that the radius of convergence is not larger 
than the number just specified. Hence the radius of convergence is just such 
as to exclude from the interior of the circle that singularity of the function 
which is nearest to a. 

At this stage we may introduce some terms which will be frequently 
used. 

If f (a) = 0, the function f ( z) is said to have a zero at the point z = a. 
If at such a point f' (a) is different from zero, the zero of f{a) is said to be 
simple\ if, however , f' (a), f"(a), (a) are all zero, so that the Taylor’s 

expansion of f(z) at z = a begins with a term in (z — a) n , then the function 
f(z) is said to have a zero of the nth order at the point z = a. 


Example 1. Find the function /( 2 ), which is analytic throughout the circle C and its 
interior, whose centre is at the origin and whose radius is unity, and has the value 

a - cos 6 sin 6 

a 8 - 2 a cos 0 +1 + 1 a 8 - 2a cos 6 +1 

(where a> 1 and 6 is the vectorial angle) at points on the circumference of C. 

[We have 


n ! 

f f(*)dz 



2tti j 

Ic * w + 1 



n ! 
2tti j 

f 2* a - 

e~ ni§ . id6 . 

f 0 

cos 0 + i sin 0 
- 2 a cos 0 + 1 ’ 

(putting z = e iB ] 

71 ! 1 

2 w e ~med£ n ! 

f dz 

1 — — -1 

2rr J 

0 a — e iB 2m 

J cz n + l (a-z)~ 

1 jlz n a-z _J E= ,„ 

n ! 




a n + 1 





Therefore by Maclaurin’s Theorem* 

/«• 


a»+i 1 
n=0 11 


or f(z)**{a-z)~ x for all points within the circle. 

This example raises the interesting question, Will it still be convenient to define f{z) 
as (o -f)' 1 at points outside the circle? This will be discussed in § 5*51.] 


Example 2. Prove that the arithmetic mean of all values of z~ n 2 a v z* ) for points z on 

v— 0 

the circumference of the circle | z | = 1, is a n \ if 2a v z* is analytic throughout the circle and 
its interior. 


* f{v) ( 0 ) 

[Let 2 a v z ¥ =/(z) f so that a v = -—'. Then, writing z = e and calling C the circle 

*=o v ■ 

= 1 , 

L p w fA z } d l = _L [ /(*) dl JAM 1 

2tt J 0 z n 27 ri ] c z * + l 71 ! a * ^ 


z* 

# The result f(z)=f (0) -l-*/' (0) 4- —/" (0) + ..., obtained by putting a=0 in Taylor’B Theorem, 

is usually called Maclaurin’s Theorem ; it was discovered by Stirling (1717) and published by 
Maclaurin (1742) in his Fluxioru. 
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Example 3. Let /(z) = * r ; then f{z + h) is an analytic function of A when |A|<|*| 
for all values of r\ and so {z + h) r —z r + rz T ~ 1 h + T ^— - z r ~* A 2 4 this series converging 
when | A \ < | z |. This is the binomial theorem. 

Example 4. Prove that if A is a positive constant, and (1 -2zA4A 2 ) - 4 is expanded in 
the form 

1 + hPy (z) + h*P 2 (z) + h*P 3 ( 2 ) +.(A), 

(where P n (z) is easily seen to be a polynomial of degree u in z\ then this series converges 
so long as z is in the interior of an ellipse whose foci are the points z = \ and —1, and 
whose semi-major axis is £ (A4-A -1 ). 

Let the series be first regarded as a function of A. It is a power series in A, and 
therefore converges so long as the point A lies within a circle in the A-plane. The centre 
of this circle is the point A = 0, and its circumference will be such as to pass through that 

singularity of (1 - 2zA4 A 2 ) - 4 which is nearest to A=0. 

But l-2zA+A- = {A-z + (z ! -l)*}{A-z-(z J -l)*}, 

so the singularities of (l-2zA + A J ) - ^ are the points h**z — (z 2 - 1)i and A=z + (z ! —1)V 
[These singularities are branch points (see 5 7).] 

Thus the .series (A) converges so long as | A | is less than both 

| z-(z 2 - 1)4 I and ! z + (z 2 - 1)4 |. 

Draw an ellipse in the r-plane passing through the point z and having its foti at ±1. 
Let a be its semi-major axis, and 0 the eccentric angle of z on it. 

Then z — a cos 0 + i ( a 2 -1)4 sin 0, 

which gives z± (z 2 — 1)4 = { a ± (a 2 — 1)4} (cos 0 4 i sin 0 ), 

so | z ± (z 2 — 1 )4 | = a ± (a 2 - 1 )4. 

Thus the series (4) converges so long as A is less than the smaller of the numbers 
a 4 {a 1 — 1)4 and a — (a 2 - 1)4, i.c. so long as A is less than a - (a 2 — 1)4. But A = a — (a* — 1)4 
when a = ^ (A + A" 1 ). 

Therefore the series (A) converges so long as z is within an ellipse whose foci are 1 and 
- 1, and who.se semi-major axis is £ (A4 A -1 ). 


5 * 41 . Forms of the remainder in Taylor s senes. 

Let /( x) be a real function of a real variable; and let it have continuous 
differential coefficients of the first n orders when a + h. 

If 0 $ 1, we have 

d 


dt 


n-\ hm ) h n (\ — /V 1-1 

J£ i — (i - O m / (ml (« + *)} = /ln ’ (a + th) ~ hf (o + thy 


Integrating this between the limits 0 and 1, we have 

n-l U rl ;,n /l _ i 

f(a + h) =/(a) + 2 /« (a) + - /.»> ( a + &) dt. 

Let R n = J\ 1 - <)”-'/ |nl O + th) dt; 

and let p be a positive integer such that p ^ n. 
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Then R n = £ (1 - t)p~' . (1 - t)*-*f* (a + th) dt. 

Let U, L be the upper and lower bounds of (1 — t) n ~P / (n| (a + <A). 

Then 

[ l L(l -ty~'dt< (\l -t)r-i.(\-ty-rfi n >(a + th)dt< f 
J 0 Jo Jo 

Since (1 — £) n “ p y w (a + fA) is a continuous function it passes through all 
values between U and L, and hence we can find 6 such that 0 $ 6 ^ 1, and 


f 1 (i - or 1 f (n] (a + th) dt = P -'(i - ey^p yw (a + «t). 

Jo 

Therefore v —(1 — 0) n “* , / (n) (a + 6h). 

(n — l ) l p 


Writing p = n, we get R n = — / (n) (a + 0A), which is Lagrange's form for 


the remainder ; and writing p = 1, we get R n 
which is Cauchy 8 form for the remainder. 


—^lyi (l - 0) n -'f {n ' (a + 0 h), 


Taking n—1 in this result, wo get 

f(a+h)-f(a)=hf [a + eh) 

if /'(#) ia continuous when a ^a + k ; this result is usually known as the First 

Mean Value Theorem (see also § 414). 

Darboux gave in 1870 (Journal de Math. (3) IL p. 291) a form for the remainder in 
Taylor’s Series, which is applicable to complex variables and resembles the above form 
given by Lagrange for the case of real variables. 


5 5. The Process of Continuation. 

Near every point P, z 0 , in the neighbourhood of which a function f(i) is 
analytic, we have seen that an expansion exists for the function as a series 
of ascending positive integral powers of (z — z 0 ), the coefficients in which 
involve the successive derivates of the function at z u . 

Now let A be the singularity of f(z) which is nearest to P. Then the 
circle within which this expansion is valid has P for centre and PA for 
radius. 

Suppose that we are merely given the values of a function at all points of 
the circumference of a circle slightly smaller than the circle of convergence 
and concentric with it together with the condition that the function is to be 
analytic throughout the interior of the larger circle. Then the preceding 
theorems enable us to find its value at all points within the smaller circle 
and to determine the coefficients in the Taylor series proceeding in powers 
of 2 — The question arises, Is it possible to define the function at points 
outside the circle in such a way that the function is analytic throughout 
a larger domain than the interior of the circle? 
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In other words, given a power sei'ies which converges and represents a 
function only at points within a circle, to define by means of it the values 
of the function at points outside the circle. 

For this purpose choose any point P x within the circle, not on the line 
PA. We know the value of the function and all its derivates at P u from 
the series, and so we can form the Taylor series (for the same function) 
with P, as origin, which will define a function analytic throughout some 
circle of centre P,. Now thiB circle will extend as far as the singularity* * * § 
which is nearest to P n which may or may not be A ; but in either case, this 
new circle will usually! lie partly outside the old circle of convergence, and 
for points in the region which is included in the new circle but not in the old 
circle , the new series may be used to define the values of the function, although 
the old series failed to do so. 

Similarly we can take any other point P 2 , in the region for which the 
values of the function are now known, and form the Taylor series with P„ 
as origin, which will in general enable us to define the function at other 
points, at which its values were not previously known; and so on. 

This process is called continuationl- By means of it, starting from a 
representation of a function by any one power series we can find any number 
of other power series, which between them define the value of the function 
at all points of a domain, any point of which can be reached from P without 
passing through a singularity of the function; and the aggregate§ of all 
the power series thus obtained constitutes the analytical expression of the 
function. 

It is important to know whether continuation by two different paths PBQ , PBQ will 
give the same final power series ; it will be seen that this is the case, if the function 
have no singularity inside the closed curve PBQBP , in the following way: Let P l be any 
point on PBQ , inside the circle C with centre P; obtain the continuation of the function 
with Pj as origin, and let it converge inside a circle C x ; let P{ be any point inside both 
circles and also inside the curve PBQBP \ let 8, S x , Si be the power series with P , P,, 
Pj' as origins; thon|| S x = Si over a certain domain which will contain P lt if P{ be taken 
sufficiently near Pj; and hence S } will be the continuation of Si ; for if T x were the 
continuation of Si, we have T X = S X over a domain containing P n and so ($j 3 73) 
corresponding coefficients in S x and T x are the same. By carrying out such a process a 
sufficient number of times, we deform the path PBQ into the path PBQ if no singular 
point is inBide PBQBP. The reader will convince himself by drawing a figure that 
the process can be carried out in a finite number of steps. 

* Of the function defined by the new series. 

t The word ‘ usually ’ must be taken as referring to the cases which are likely to come 
under the render’s notice while studying the less advanced parts of the subject. 

X French, prolongement ; German, ForUetzuny. 

§ Such an aggregate of power serieB has been obtained for various functions by M. J. M. Hill, 
by purely algebraical processes, Proc. London Math. Soc. xxxv. (1903), pp. 388-416. 

|| Bince each is equal to S. 
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represents the function 


; +t^ + tii + -4 + - 


/(*)' 


a —z 


only for points z within the circle j z | * | a |. 


But any number of other power series exist, of the type 

1 j-b ( z-b ) 2 (z-6) J 

a - b (a — b) 2 (a - b) 3 (a — 6) 4 ‘' ’ ’ 

if bja is not real and positive these converge at points inside a circle which is partly 

inside and partly outside \z\ = \a 1 ; these series represent this same function at points 

outride this circle. 


5'501. On f unctions to which the continuation-process cannot be applied . 

It is not always pos L sible to carry out the process of continuation. Take as an example 
the function f{z) defined hy the power series 

f{z)=\+Z t + i,' + Z* + Z™+...+Z>" +..., 

which clearly converges in the interior of a circle whose radius is unity and whose centre 
is at the origin. 

Now it is obvious that, as z-*-l-0, /(z)-*~+od ; the point -hi is therefore a 
singularity of/ (z). 

But /(*)=**+/(*>), 

and if -0, /(z 2 )-*-ac and so f{z)—~cn, and hence the points for which z 1 — 1 are 

singularities of/(z) ; the point z = - 1 is therefore also a singularity of /(z). 

Similarly since 

/(«)-*+*+/(*), 

we see that if z is such that z 4 *!, then z is a singularity of/(z) ; and, in general, any root 
of any of the equations 

z 2 =l, z 4 = 1, z*«l, z»» = 1, 

is a singularity of/(z). But these points all lie on the circle |«|=1 ; and in any arc 
of this circle, however small, there are an unlimited number of them. The attempt to 
qarry. out the process of continuation will therefore be frustrated by the existence of this 
unbroken front of singularities, beyond which it is impossible to pass. 

In such a case the function f{z) cannot be continued at all to points z situated outside 
the circle | 1 1 = 1 ; such a function iB called a lacunary function, and the circle is said to be 
a limiting circle for the function. 


5 ‘ 51 . The identity of two functions . 

The two series 

I + z + z* + z* + ... 

and -1 +(z-2)-(z- 2) 3 + (z - 2) 3 - (z - 2)* + ... 

do not both converge for any value of z, and are distinct expansions. 
Nevertheless, we generally say that they represent the same function, on the 
strength of the fact that they can both be represented by the same rational 
1 

expression -—- . 
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This raises the question of the identity of two functions. When can two 
different expansions be said to represent the same function ? 

We might define a function (after Weierstrass), by means of the last 
article, as consisting of one power series together with all the other power 
series which can be derived from it by the process of continuation. Two 
different analytical expressions will then define the same function, if they 
represent power series derivable from each other by continuation. 

Since if a function is analytic (in the sense of Cauchy, § 512) at and near 
a point it can be expanded into a Taylor’s Reries, and since a convergent 
power series has a unique differential coefficient (§ 5 3), it follows that the 
definition of Weierstrass is really equivalent to that of Cauchy. 

It is important to observe that the limit of a combination of analytic 
functions can represent different analytic functions in different parts of the 
plane. This can be seen by considering the series 


1 

2 




i + z '-')' 


The sum of the first n + 1 terms of this series is 


1 

- + 

z 



_1 
1 + z n 


The series therefore converges for all values of z (zero excepted) not on the 
circle \z | = 1. But, as n —» qo , j z n | —► 0 or | z n j —» oo according as | z j is less 
or greater than unity; hence we see that the sum to infinity of the series is 

z when | z \ < 1 , and ^ when | z | > 1 . This series therefore represents one 

function at points in the interior of the circle \ z\ = \ } and an entirely different 
function at points outside the same circle. The reader will see from § 5'3 
that this result is connected with the non-uniformity of the convergence of 
the series near \z\ = \. 

It has been shewn by Borel* that if a region C is taken and a set of points S such that 
points of the set S are arbitrarily near every point of C t it may be possible to define 
a function which has a unique differential coefficient (i.e. is monogenic) at all points 
of C which do not belong to S\ but the function is not analytic in C in the Bense of 
Weierstrass. 


Such a function is 


/(z)= 2 

n—1 


n n 
2 2 

p—o q-o 


exp (- exp n 4 ) 
z-(p+qi)jn 


* Proc. Math. Congress , Cambridge (1912), i. pp. 187-138. Legons mr let functions mono- 
gknet (1917). The functions are not monogenic strictly in the BenBe of § 5'1 because, in the 
example quoted, in working out {/ (z + /i) -/(z)}//i, it must be supposed that R (z + h) and l {z + h) 
are not both rational fraotionB. 
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5 - 6 . Laurent’s Theorem. 


A very important theorem was published in 1843 by Laurent* ; it relates 
to expansions of functions to which Taylor’s Theorem cannot be applied. 

Let C and C' be two concentric circles of centre a, of which C' ib the inner; 
and let f(z) be a function which is analytic f at all points on C and C' and 
throughout the annulus between G and G\ Let a + h be any point in this 
ring-shaped space. Then we have (§ 5 21 corollary) 


/<« * A) - 5?-. I , d. - i f A, 

27ri J c z — a — h 2in J c > z — a — n 


Where the integrals are supposed taken in the positive or counter-clockwise 
direction round the circles. 


This can be written 


hlcWfa 


+ 


h t 
(z-a) ,+ " 




h n h n+t 

( 2 — a) n+ ‘ (z — a)" +1 (z — a — h) 

(z - a)" _ (z - a ) n+l \ 
/i n+1 h n+1 (z — a —h) 1 


We find, as in the proof of Taylor’s Theorem, that 

f f(z)dz.h n+1 f f (z) dz (z — a) n+1 

J c i 2 - a) n+1 (z-a — h) an J c > ( z — a - h ) A n+1 


tend to zero as n—>oc ; and thus we have 


f (a + h) = Oq -j- a^h + a,h 3 + 


b x b 2 


where: «- = j c 0 ^ and h « = ^ j,J* ~ /«*■ 

This result is Laurent's Theorem ; changing the notation, it can be 
expressed in the following form: If f(z) be analytic an the concentric circles 
G and G f of centre a , and throughout the annulus between them , then at any 
point z of the annulus f (z) can be expanded in the form 


(z — a) ’ (z — a)*^ 


f(z) = a 0 4- a, (z - a) + a? (z — a) 3 + ... -I- 

wtlere a » = 2^ L a " d fc " = I c . (< - a) ""- A<) 


An important case of Laurent s Theorem arises when there is only one 
singularity within the inner circle C, namely at the centre a. In this case 
the circle G' can be taken as small as we please, and so Laurent’s expansion 
is valid for all points in the interior of the circle C, except the centre a. 


* Comptes Rendu a, xvn. (1843), pp. 348-349. The theorem is contained in a paper which was 
written by Weierstrasg in 1841, but apparently not published before 1894, IVerke, i. pp. 51-66. 

t See § 5 2 corollary 2, footnote. 

^ IV p cannot write a n = f( n ) («)/n! aw in Taylor’s Theorem since f [z) ig not necessarily analytic 
inside C'. 
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Example 1. Prove that 
*/_ i\ 


• f _i\ 

e 8 * (x) + *V, (*) + ...+2"/. (*) + ... 

- \ Ji W+3 ^ . 


1 

'•<*-» I. 


cos (nS - x sin 6) d6. 


[For the function of z under consideration is analytic in any domain which does not 
include the point z = 0 ; and so by Laurent’s Theorem, 


jHLo^a, 
_L f JH) * 

1 2 t i)c e «■ + 


4 ^1 

Oy + z + Ogz 8 + ... + — + + . -., 






Vni J c Slirijf* 

and where C and C' are any circles with the origin as centre. Taking C to be the circle of 
radius unity, and writing z — e we have 

1 [tv i [tv 

a n = --y J e i*iin0 e ~ Hi6 1 dti = -- j cos (n0 — .rain 0)cW, 

[tv 

since J sin (nS — x sin 6) dO vanishes, as may be seen by writing 2»r — 0 for 6. Thus 

a n = J m (jr), and &„ = ( - )"a n , since the function expanded is unaltered if — z~ l be written 
for z, bo that 6 n = ( - ) n J n (*), and the proof is complete.] 

Example 2. Shew that, in the annulus defined by |a|<|z|<|6|, the function 


can be expanded in the form 


Sn= ilo 2“ + *. 1! (1+n)! \bj ' 

The function is one-valued and analytic in the annulus (see § 57), for the branch-points 
0, a neutralise each other, and so, by Laurent’s Theorem, if C denote the circle |z|-«r, 
where | a | < r < | b |, the coefficient of e n in the required expansion is 

1 f dz [ bz I* 

2tti y c +1 \(z - u) (6 — e)J 

Putting z— re**, this becomes 

h di ('-p“) '('-i'"') *• 

- £ T V^iirtr-" 

the series being absolutely convergent and uniformly convergent with regard to 6. 

The only terms which give integrals different from zero are those for which k — l + n. 
So the coefficient of z" is 

1 ( U dfl y 13 — (S*- 1 ) 13 - -(2f+2fi-l) a 1 S n 
2wJo i«o 2*. J! 2 I + ". (J + n) ! 

Similarly it can be shewn that the coefficient of ~ is S*a n . 


^ + .;, s -(? + £)' 


1.3... (31-1). 1.3... (21 + 2)1-1) /a\ 


1 i l -3-(8* -D l 1 • 3 ... (21- 1 ) afe^ 

2 njo Jo 2*. A! M ,= 0 2‘. 1! r> ’ 
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Example 3. Shew that 

e«« + »/‘=a 0 + a l i + a ! * s +.,. + ^ 1 + ^ + ..., 


where 


and 


1 /■*"■ 

a„= — I ^« + »)cw«coa {(u- v) sin 0-710} <20, 
2fr _/ o 

1 fa* 

— I e (n+ •)•»■• cob {(u-u)ain 0-710} dS. 
An J o 


B‘61. TAe nature of the singularities of one-valued functions. 

Consider first a function /(r) which is analytic throughout a closed 
region S , except at a single point a inside the region. 

Let it be possible to define a function ip(z) such that 

(i) 4>(z) is analytic throughout S , 

(ii) wh« . * «,/<«>-♦ (.) + £- a 4 + • ■ • + • 

Then f(z) is said to have a ‘ pole of order n at a '; and the terms 
BE B 

—— + . - + ... + - 71 Wl are called the principal part of f(z) near a. 

z — a (z — a)* (z — a) 11 r r r j \ / 

By the definition of a singularity (§ 5T2) a pole is a singularity. If n = 1, 

the singularity is called a simple pole. 

Any singularity of a one-valued function other than a pole is called an 
essential singularity. 

If the essential singularity, a, is isolated (i.e. if a region, of which a is an 
interior point, can be found containing no singularities other than a), then a 
Laurent expansion can be found, in ascending and descending powers of {z — a) 
valid when A > | z — a | > 8, where A depends on the other singularities of the 
function, and 8 is arbitrarily small. Hence the ' principal part 1 of a function 
near an isolated essential singularity consists of an infinite series. 

It should be noted that a pole is, by definition, an isolated singularity, so 
that all singularities which are not isolated (e.g. the limiting point of a 
sequence of poles) are essential singularities. 

There does not exist, in general, an expansion of a function valid near a non-isolated 
singularity in the way that Laurent’s expansion is valid near an isolated singularity. 

Corollary. If f(z ) has a pole of order n at a, and ifr (z) = (z - a) n f (z) (z^fea), 
^r(a) = lim (z-a) n f(z), then ^(z) is analytic at a. 

Example 1. A function is not bounded near an isolated essential singularity. 

[Prove that if the function were bounded near z—a, the coefficients of negative powers 
of z-a would all vanish.] 
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Example 2. Find the singularities of the function e*“ a /{e°-l}. 

At z = 0, the numerator is analytic, and the denominator has a simple zero. Hence 
the function has a simple pole at z = 0. 

Similarly there is a simple pole at each of the points 2nnia (n» +1, +2, ±3, ...); the 
denominator is analytic and does not vanish for other values of z . 

At 2 ** a, the numerator has an isolated singularity, bo Laurent’s Theorem is applicable, 
and the coefficients in the Laurent expansion may be obtained from the quotient 





which gives an expansion involving all positive and negative powers of (z — a). So there is 
an essential singularity.at z=a. 

Example 3. Shew that the function defined by the series 

- 71Z" _1 {(1 +H _I ) U - 1} 

n=1 (2"-l'H2"-(l+7l-'l)"} 

has simple poles at the points z = (l + n _1 )e 2fc '»/« 1, 2, ... n — 1 ; n= 1, 2, 3, ...). 

(Math. Trip. 1899.) 

6 62. The ‘point at infinity / 

The behaviour of a function f {z) as | z ! —> oo can be treated in a similar 
way to its behaviour as z tends to a finite limit. 

If we write z = , so that large values of z are represented by small 

Z 

values of z in the /-plane, there is a one-one correspondence between 
z and z\ provided that neither is zero; and to make the correspondence 
complete it is sometimes convenient to say that when z is the origin, z is 
the ‘point at infinity/ But the reader must be careful to observe that this 
is not a definite point, and any proposition about it is really a proposition 
concerning the point z = 0. 

Let/(z) = <f>(z'). Then <f>(z) is not defined at z = 0, but its behaviour 
near / = 0 is determined by its Taylor (or Laurent) 1 expansion in powers 
of z ; and we define <f> (0) as lim <p(z f ) if that limit exists. For instance 

z‘ -*• 0 

the function <f> (/) may have a zero of order m at the point z = 0; in this 
case the Taylor expansion of <f> (z') will be of the form 

Az m + Bz' m +' + Cz' m +* + ..., 

and so the expansion of f{z) valid for sufficiently large values of | z | will be 
of the form 

, A B C 

J 2 m 2 tn + l 2 **+* + . ... 

In this case,/(z) is said to have a zero of order m at 1 infinity / 
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Again, the function <f>(z) may have a pole of order m at the point z =0; 
in this case 

*W-£i + £=i + jL + - + f + M+M + P*+...-, 

and so, for sufficiently large values of | z |, f{z) can be expanded in the form 

N P 

f(z) = Az' n + Bz m ~ 1 + Cz m -*+... + Lz + M -\ - f — + .... 

z z 

In this case,/(s) is said to have a pole of order m at * infinity! 

Similarly f(z) is said to have an essential singularity at infinity, if <f> {z) 
has an essential singularity at the point z' = 0. Thus the function e* has an 

essential singularity at infinity, since the function e* or 


1 


1 


1+ ? + 2 !* 


1 


'» + 3 \z’ 3 + 


has an essential singularity at z = 0. 

Exam-pie . Discuss the function represented by the series 

- 1 1 


(«>!)■ 


nZ» n\ l+a**z*' 

The function represented by this series has singularities at z =~ n and z= — 

(w=l, 2, 3, ...), since at each of these points the denominator of one of the terms in the 
series is zero. These singularities are on the imaginary axis, and have z = 0 as a limiting 
point; so no Taylor or Laurent expansion can be formed for the function valid throughout 
any region of which the origin is an interior point. 

For values of z, other than these singularities, the series converges absolutely, since the 
limit of the ratio of the (n + l)th term to the nth is lim (n +1) -1 a~ 2 = 0. The function is 

an even function of z (i.e. is unchanged if the sign of z be changed), tends to zero as 
| z , and is analytic on and outside a circle C of radius greater than unity and centre 
at the origin. So, for points outside this circle, it can be expanded in the form 

6 4 ftfl 

z* + z* + 

where, by Laurent’s Theorem, 

= i f 2 -? -^5;— -dz. 

2irt J c „ =0 « ! o^+z* 


" a -*p-i - * «»->.->■ 

Now 2 ——— . , — 2 2 -j- 

»=o « ! (o-^ + z 1 ) 


(-)"o 


>*i n — 2nm ? — 2>n 


This double series converges absolutely when | z | > 1, and if it be rearranged in powers 
of z it converges uniformly. 


Since the coefficient of z~ l is 2 


(-)*- 


zero integral ib the term in z _l , we have 


6 »- 


±.f : 

2fTl J (• m - 


and the only term which furnishes a non- 
dz 


(-)*-»«- 


(-)*- 1 
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Therefore, when 1 1 1 > 1, the function can be expanded in the form 

III 

9 ®' e* e* 

The function has a zero of the seoond order at infinity, since the expansion begins with 
a term in 


5*63. Liouville's Theorem*. 

Let f(z) be analytic for all values of z and let | f(z) | < K for all values 
of z, where K is a constant (so that \ f(s) | is bounded as \ z \ —> oo). Then 
f(z) \8 a constant. 

Let z , z be any two points and let G be a contour such that z , z are 
inside it. Then, by § 5 21, 


take C to be a circle whose centre is z and whose radius is p > 2 | z — 1 1; on 
C write f =■ z + pe 1 * ; since | f — / | when f is on C it follows from § 4*62 
that 


<U 


f iw \z - z\. K 


ip 

~2 \z f -z\ Kp~\ 

Make p —► oo, keeping z and z! fixed; then it is obvious that f(e f )—f(z )« 0; 
that is to say, f(z) is constant. 


As will be seen in the next artiole, and again frequently in the latter half of this 
volume (Chapters xx, xxi and xxii), Liouville’s theorem furnishes short and convenient 
propfs of some of the most important results in Analysis. 


5 64. Functions with no essential singularities. 

We shall now shew that the only one-valued functions which have no 
singularities , except poles , at any point (including oo ) are rational functions. 

For let f(z) be such a function; let its singularities in the finite part 
of the plane be at the points c lt c,, ... c*: and let the principal part (§ 5*61) 
of its expansion at the pole c r be 

flr,! , flr.g , , fl r, w r 

Z-Cr (Z-Crf (Z- C r )^ " 

Let the principal part of its expansion at the pole at infinity be 

OtZ + + ... + a n f t ; 

if there is not a pole at infinity, then all the coefficients in this expansion 
will be sera 


■ This theorem, which is really due to Cauehy, ConpU* Rendu*, m. (1844), pp. 1877, 1878, 
was given this name by Borohardt, Journal flir Math. Lxxxvm. (1880), pp. 277-810, who heard it 
in Liouville’s lectures in 1847. 
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Now the function 


— a,* — 0 * 2 *<-... — a n z 11 


*•>-*, {.-H + i£» + - + e5& 

has clearly no singularities at the points c lt ... c*, or at infinity; it is 
therefore analytic everywhere and is bounded as j z | —► oo , and so, by 
Liouville’s Theorem, is a constant; that is, 

/(*) = C + o,« + a,* + ... + + ■ ■ • + • 


where C is constant; f(z) is therefore a rational function, and the theorem is 
established. 


It is evident from Liouville's theorem (combined with § 3*61 corollary (ii)) 
that a function which is analytic everywhere (including oc ) is merely a 
constant. Functions which are analytic everywhere except at oo are of 
considerable importance; they are known as integral functions *. Examples 
of such functions are e 2 , sin z , ef. From § 5'4 it is apparent that there is no 
finite radius of convergence of a Taylor s series which represents an integral 
function; and from the result of this section it is evident that all integral 
functions (except mere polynomials) have essential singularities at ao . 

5 ' 7 . Many-valued functions. 

In all the previous work, the functions under consideration have had a 
unique value (or limit) corresponding to each value (other than singularities) 
of z. 

But functions may be defined which have more than one value for each 
value of z ; thus if z — r (cos 6 + i sin 0 ), the function z 1 has the two values 

r* ^cos ^ 0 + i sin * 0^ , r* jcos * (6 4- 2 tt) + i sin (6 4- 27t)| ; 

and the function arc tan x (x real) has an unlimited number of values, viz. 
Arc tan x + mr, where — ^ tt < Arc tan x < ^ 7r and n is any integer; further 
examples of many-valued functions are log z, z ” sin (z*). 

Either of the two functions which z* represents is, however, analytic 
except at z *= 0, and we can apply to them the theorems of this chapter; and 

the two functions are called ‘ branches of the many-valued function z 1 ! 
There will be certain points in general at which two or more branches 
coincide or at which one branch has an infinite limit ; these points are called 

1 branch-points.’ Thus z^ has a branch-point at 0; and, if we consider the 
change in z* as z describes a circle counter-clockwise round 0 , we see that 0 


French, fonction entire ; German, ganze Funktion . 
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increases by 2 77 -, r remains unchanged, and either branch of the function passes 
over into the other branch. This will be found to be a general characteristic 
of branch-points. It is not the purpose of this book to give a full discussion 
of the properties of many-valued functions, as we shall always have to 
consider particular branches of functions in regions not containing branch¬ 
points, so that there will be comparatively little difficulty in seeing whether 
or not Cauchy’s Theorem may be applied. 

Thus we cannot apply Cauchy’s Theorem to such a function as 2 ^ when the path of 
integration is a circle surrounding the origin ; but it is permissible to apply it to one of 

the branches of z^ when tbfc path of integration is like that shewn in § 6 24, for through¬ 
out the contour and its interior the function has a single definite value. 


Example. Prove that if the different values of a - , corresponding to a given value of r, 
are represented on an Argaud diagram, the representative points will be the vertices of an 
equiangular polygon inscribed in an equiangular spiral, the angle of the spiral being 
independent of a. 

(Math. Trip. 1899.) 

The idea of the different branches of a function helps us to understand such a paradox 
as the following. 


Consider the function 
for which 


y = .r*. 

g=^(l+log x). 


When x is negative and real, is not real. 


But if x is negative and of the form 


P 

2g+l 


(where p and q are positive or negative integers), y is real. 


If therefore we draw the real curve 

y=■*•*, 

we have for negative values of x a set of conjugate points, one point corresponding to each 
rational value of x with an odd denominator ; and then we might think of proceeding to 
form the tangent as the limit of the chord, just as if the curve were continuous ; and 

thus when derived from the inclination of the tangent to the axis of x t would appear 
ax 

to be real. The question thus arises, Why does the ordinary process of differentiation 

dy 

give a non-real value for The explanation is, that these conjugate points do not all 

arise from the same branch of the function y = x x . We have in fact 


y = x-f-aJbrix 


where k is any integer. To each value of k corresponds one branch of the function y. 
Now in order to get a real value of y when x is negative, we have to choose a suitable 
value for k : and this value of k varies as we go from one conjugate point to an adjacent one. 
So the conjugate points do not represent values of y arising from the same branch of the 


function y**x* t and consequently we cannot expect the value 


of ^ when 
ax 


evaluated 


for a definite branch to be given by the tangent of the inclination to the axis of x of the 
line joining two arbitrarily close members of the series of conjugate points. 
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Miscellaneous Examples. 

1. Obtain the expansion 

/«-/(•>+* (S-V (t) ■(t)+•••} ■ 

and determine the circumstances and range of its validity. 

2. Obtain, under suitable circumstances, the expansion 

■ .* m [>- (-s) ♦/- {•♦*£*} +■■■+>» 


5 ! 

3. Shew that for the series 


2m 

(Corey, Ann. of Math. (2), I. (1900), p. 77.) 


1 


-n i - n ’ 

B = 0 2 + * 

the region of convergence consists of two distinct areas, namely outside and inside a circle 
of radius unity, and that in each of those the .series represents one function and represents 
it completely. 

(Weierstrasa, Berliner Monatsberichte , 1880, p. 731 ; Oet, Werlce , II. (1895), p. 227.) 

4. Shew that the function 

2 **'' 

n=o 

tends to infinity as z-*-exp ( 2nipfm !) along the radius through the point; where m is any 
integer and p takes the values 0, 1, 2,... (m ! - 1). 

Deduce that the function cannot be continued beyond the unit circle. 

(Lerch, Sitz. Bvhm. Acad 1885-6, pp. 571-582.) 

5. Shew that, if z 2 - 1 is not a positive real number, then 

„ QV _i ,1,1.3. 1.3...(2n-l) ^ 

(!-*■) * = 1 + 2 2 + ¥ 7 i Z + -'■ + ‘ Z 

+ 




(Jacobi and Soheibner.) 



taylor’s, laurent’s and liouyille’b theorems 


109 


6. Shew that, if z - 1 is not a positive real number, then 

+ ”* (m + lK.^TO+n) (1 _ z) -. JV(l-t)"-'*. 

(Jacobi and Scheibner.) 

7. Shew that, if z and 1 - z are not negative real numbers, then 




(m-f 2n - 2) 


. (m + 27i-l) J 
+ (!-»»)-* ( m + 2)(m + 4)...(m + 2n) [' _ . j 

(Jacobi and Scheibner.) 

8. If, in the expansion of (a + aiz + oaz 8 )* by the multinomial theorem, the remainder 
after n terms be denoted by Rn\z) , bo that 

(a+a 1 z + o 3 2*)*-^t 0 + il I z + i4 8 z 2 + ... + ^»-i2 ,, " 1 + R* (*), 

^(z) = (a + a 1 z + ^rj o -*. 

(Scheibner.) 


Bhew that 


9. If 


(oo + aiz + osz 2 ) 


— /.’ 


(oo + a,r-»-64^) m df 


be expanded in ascending powers of z in the form 

A l z + A 2 * i + ..., 

shew that the remainder after n - 1 terms is 


(a 0 + a 1 z + a a z 2 ) _m_1 J {a Q ^a l t-\-a 1 € i ) m {no,,;**-(2m + n + 1) 

(Scheibner*.) 

10. Shew that the series 

»=o az 

where A. (z)= - 1 +z- ^ + £ - ... + (- )* 

and where <f> ( z ) is'analytic near z=0, is convergent near the point z = 0 ; and shew that if 
the sum of the series be denoted by/(z), then f{z) satisfies the differential equation 

/’<*)-/«■-<*>«■ 

(Pincherle, Rend, dei Livicei (5), v. (1896), p. 27.) 

11. Shew that the arithmetic mean of the squares of the moduli of all the values of 
the series 2 o*z" on a circle |z| = r, situated within its circle of convergence, is equal 

m=0 

to the sum of the squares of the moduli of the separate terms. 

(Gutzmor, Math. At in. xxxn. (1888), pp. 096-600.) 

* The results of examples 5, 6 and 7 are special cases of formulae contained in Jacobi’s dis¬ 
sertation (Berlin, 1826) published in his Ges. TVerke, in. (1884), pp. 1-44. Jaoobi’B formulae 
were generalised by Scheibner, Leipziger Berichte , xlv. (1893), pp. 432-443. 
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12. Shew that the series 


2 g - 2(am)l £»n — l 
s*=l 

converges when |*|<1; and that, when a>0, the function which it represents can also 
be represented when | z | < 1 by the integral 


f“ e~ UI dx 

W Jo 


and that it has no singularities except at the point z— 1. 

(Lerch, Monatahefte filr Math, und Phya. viil) 

13. Shew that the series 


{z+2 -, )+ l 2 


i) (2v +2v'zi)* T (1 - 2v - 2 v'z~ l i) (2y 


+ 2v'z ~ 1 i) ! } ’ 


in which the summation extends over all integral values of v, v\ except the combination 
(i/=0, i/=0), converges absolutely for all values of z except purely imaginary values; and 
that its sum is +1 or -1, according as the real part of z is positive or negative. 

(Weierstrass, Berliner Monataberichte , 1880, p. 735.) 


14. Shew that sin jw + can be expanded in a series of the type 

a 0 + a ] z + O 32 z + - + — 11 + -? + •■•» 

z z* 

in which the coefficients, both of z* and of z~", are 


15. If 


1 f Sr 

— I sin (2w cos 6) cos n6 dQ. 
2tt J o 


„f, »***+«* 1 


shew that f{z) is finite and continuous for all real values of z, but cannot be expanded as 
a Maclaurin’s series in ascending powers of z ; and explain this apparent anomaly. 


[For other cases of failure of Maclaurin’s theorem, see a posthumous memoir by Celldrier, 
Bull, des Sci. Math. (2), xiv. (1890), pp. 145-599 ; Lerch, Journal filr Math. cm. (1888), 
pp. 126-138; Pringsheim, Math. Ann. xlii. (1893), pp. 153-184 ; and Du Bois Reymond, 
Munchener Sitzungsberichte, VI. (1876), p. 235.] 


16. If f{z) be a continuous one-valued function of z throughout a two-dimensional 
region, and if 


/, 


f{z) dz = 0 


for all closed contours C lying inside the region, then f{z) is an analytic function of z 
throughout the interior of the region. 


[Let a be any point of the region and let 

/■(*)= /7 m *. 

It follows from the data that F(z ) has the unique dcrivate /(«). Hence F{z) is 
analytic (§ 6T) and so (§ 5 22) its derivate f(z) it* also analytic. This important converse 
of Cauchy’s theorem iB due to Morera, Rendiconti del R. Iat. Lombardo {Milano), mi. 
(1B89), p. 191.] 



CHAPTER VI 


THE THEORY OF RESIDUES ; APPLICATION TO THE EVALUATION OF 

DEFINITE INTEGRALS 


61. Residues. 

If the function f(z) has a pole of order in at z = a, then, by the definition 
of a pole, an equation of the form 


/W-7T 


m+l 


+ ... + 


= 7+^(4 


(z — a) m (z — a)™~' z — a 

where $ (z) is analytic near and at a , is true near a. 

The coefficient rx_ A in this expansion is called the residue of the function 
f(z) relative to the pole a. 

Consider now the value of the integral J f(z) dz t where the path of 

integration is a circle* a, whose centre is the point a and whose radius p is so 
small that <f> (z) is analytic inside and on the circle. 

We have J f(z)dz= £ a - r j + J <t>( z )dz. 

Now J <f) (z) dz = 0 by § 5 2 ; and (putting z — a = pe l6 ) we have, if r 1, 

) a (z-aY Jo p r e nM H Jo L1 — r J o 

But, when r = l, we have 


[ dz _ f ln 

J a z — a~Jo 


idd = 2 iri. 


Hence finally J f(z) dz = 27ria_ 1 . 

Now let C be any contour, containing in the region interior to it a number 
of poles a, 6 , c, ... of a function f(z), with residues a_ 1; 6 _ ,, c_!, ... respec¬ 
tively : and suppose that the function f(z) is analytic throughout C and its 
interior, except at these poles. 

Surround the points a, 6, c, ... by circles a, /9, 7, ... so small that their 
respective centres are the only singularities inside or on each circle; then the 
function f(z) is analytic in the closed region bounded by C, a, 7, .... 

* The existence of sach a circle is implied in the definition of a pole as an isolated 
singularity. 
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Hence, by § 5 2 corollary 3, 

j f(z)dz=J f(z)dz + j f(z)dz+... 

= 27nfl-j + 27rii_ 1 + .... 

Thus we have the theorem of residues, namely that if f (z) be analytic 
throughout a contour C and its interior except at a number of poles inside the 
contour, then 

f f(z)dz"*2TriZR, 

J c 

where denotes the sum of the residues of the function f{z) at those of its 
poles which are situated within the contour C. 

This is an extension of the theorem of § 5*21. 

Note. If a ia a simple pole of f(z) the residue of /(z) at that pole is lim {(z- a)/(z)}. 
6*2. The evaluation of definite integrals. 

We shall now apply the result of § 6*1 to evaluating various classes 
of definite integrals; the methods to be employed in any particular case may 
usually be seen from the following typical examples. 


6'21. The evaluation of the integrals of certain periodic functions taken 
between the limits 0 and 2 tt. 


An integral of the type 


/' 


R (cos 0, sin 0) d0, 


where the integrand is a rational function of cos 0 and sin 0 finite on the 
range of integration, can be evaluated by writing e i6 = z; since 

cos 0 = * (z + sin 0 = (z - z~ l ) t 

the integral takes the form I S ( z ) dz, where S ( z ) is a rational function of z 

Jc 

finite on the path of integration C, the circle of radius unity whose centre is 
the origin. 

Therefore, by § 6T, the integral is equal to 2iri times the sum of the residues 
of S(z) at those of its poles which are inside that circle. 

Example 1. If 0 <p < 1, 

d$ 


r— 

Jo 1-S 


f _ dz _ 

J ci(l-pz) (z- 


P )‘ 


■ Zp coad+p* 

The only pole of the integrand inside the circle is a simple pole at p ; and the residue 
there is 

z-p _1 

t'~p i (1 - (2 - p) " i (1 ' 
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de 


2ir 


at its poles inside C ; these 


[2w 

^ ence Jo 1 — 2/7 008 0+P* 1 

Example 2. If 0 <jd < 1, 

ffrr 008*31 , f _sV_ I 

J o 1-2/? cos 20+p 1 J c if \2 + 2 2 / (1 -p* 2 ) (1 -pf” 2 

= 2trSfl, 

where 2.Z2 denotes the sum of the residues of — rT z --x * 

4ff* (l-pz 2 ) (e i -p) 

poles are 0, -pi, pi ; and the residues at them are - ’ 

and hence the integral is equal to 

w( l -p+p* ) 

1 -p ' 

Example 3. If n lie a positive integer, 

[in 2n [* n 

I f*™ 6 cos (nff — sin 6) d6 = — t I e 00- ® sin (nO - Bin 6) d6 = 0. 

Example, 4. I f a > b > 0, 

f 2 *r dB 2na f** d6 ir(2a+fc) 

(a + 6coB0) 2 (a 2 -6 2 )*’ J° (a+b cos 2 0)* a*(a + &)*' 


6 22. The evaluation of certain types of integrals taken between the limits 
— oo and + ao . 

We shall now evaluate I Q(x)dx, where Q(r) is a function such that 

J — ao 

(i) it is analytic when the imaginary part of z is positive or zero (except at a 
finite number of poles), (ii) it has no poles on the real axis and (iii) as | z |—► x>, 
zQ(z )—*0 uniformly for all values of argz such that 0^argz^7r; provided 
that (iv) when x is real, xQ(x)— >0, as *±ao, in such a way* that 

I Q( x)dx and [ Q(x)dx both converge. 

JO J -ao 


Given e, we can choose p 0 (independent of arg*) such that \zQ(z)\< ejm 
whenever \z\> p 0 and 0^arg z^tt. 

Consider I Q (z) dz taken round a contour C consisting of the part of the 

c 

real axis joining the points ± p (where p > p 0 ) and a semicircle T, of radius p, 
having its centre at the origin, above the real axis. 

Then, by § 61, I Q(z)dz= 2i rtS-R, where denotes the sum of the 
residues of Q(r) at its poles above the real axis’)*. 


* The condition xQ ( 2 ) 0 is not in itself «uffioient to secure the oonvergenoe of I Q (x) dx ; 

J 0 

consider Q (x) = (x log x) -1 . 

t Q (*) h as no poles above the real axis outside the 00 d tour. 
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Therefore | J Q (z) dz — 27n2ii j * | J Q (z) dz 
In the last integral write z =» pe* 9 , and then 

|/ p «(.)*|-| j’ Q (pe*) P e u idO 


by § 4 62. 
Hence 


< 

= e, 


( W (ehr)d0 

Jo 


lim f Q (z) dz = 27 rilR. 

j — A 

But the meaning of f Q(x)dx is lim f Q(x)dx; and 
J -■ P, tr— « J -p 

lim | Q (x) dx and lim j Q (x) dx both exist, this double limit is the 
® J o p-»* J - p 


since 


lim 

> Jo 

same as lim j Q(x)dx. 

Hence we have proved that 


f Q(x)dx = 27ri'SI2. 
- 00 


This theorem is particularly useful in the special case when Q(x) is a 
rational function. 

[Note. Even if condition (iv) is not satisfied, we still have 

( {Q(x) + Q(-x)}dx = lim f Q (x) dx = 2ni2R.\ 

J 0 p~*»QO J -P 

Example 1. The only pole of (z*+ l) -3 in the upper half plane is a pole at z«i with 


3 

residue there - —- i. Therefore 
lo 


/: 


dx 


,(^ + l) 3 8 

Example 2. If a > 0, b > 0, shew that. 


f- x*dx 

J -® (a + kr*) 4 


’ (a + kr*) 4 16al 6^ 

Example 3. By integrating jdz round a parallelogram whose corners 


— RfR, R + ai t - R+ai and making d , shew that, if X > 0, then 




A » 1 cos(2Xa x)dx = e-*+'j e~ Xxl dx = 2X 




e-^dx. 


6 221. Certain infinite integrals involving sines and cosines. 

If Q(z) satisfies the conditions (i), (ii) and (iii) of § 6*22, and m > 0, then 
Q ( 5 ) e™* also satisfies those conditions. 
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Hence f {Q (a) e m< * + Q (- x) e - "”®} dx is equal to 2 t rilR', where 1R' 
Jo 

means the sum of the residues of Q (z) e miz at its poles in the upper half plane; 
and so 

(i) If QOr) is an even function, i.e. if Q(— x) = Q(x\ 


[ Q (x) cos (mx) dx = 7 ri%R r . 
J o 

(ii) If Q(x) is an odd function, 

[ Q(x) sin (mx) dx = tt'ER. 

J o 


6 222. Jordan 8 lemma * 


The results of § 6 221 are true if Q ( z ) be subject to the less stringent 
condition Q(z)— *0 uniformly when O^arg^^-ir as |s[—>ao in place of the 
condition zQ(z)—* 0 uniformly. 

To prove this we require a theorem known as Jordan’s lemma, viz. 

If Q(z)—> 0 uniformly with regard to argz as \z\—*ao when 0^argz^7r, 
and if Q (z) is analytic when both | z | > c (a constant) and 0 ^ arg z ^ tt, then 

lim ^ I e mU Q {z) dzj = 0, 

where T is a semicircle of radius p above the real axis with centre at the origin. 

Given e, choose p 0 so that | Q (z) \ < e/ir when \z \> p 0 and 0 ^ arg z ^ tt ; 
then, if p > p 0l 

e miz Q (z ) dz 

, T 

But \e mi < >co * 6 \ = l, and so 


/: 


e nu(pco«fl+ip9in0) Q(pe i0 ) pe^idd 



< [ n (e/ir) pe~ mfiSiine d0 
J o 

= (2«/tt) pe~ m " aint d0. 


Now sin 0 ^ 20/7T, whenj- 0 ^ 0 ^ * w, and so 



< ( 2 c / tt ) pe-^'I'dd 
J 0 


= (2e/7T). (7r/2m) 
< e/ 771 . 


g—2mpB/w 




h* 

0 


* Jordfl. 11 , Court d'Analyte , 11 . (1894), pp. 285, 28ti. 

f This inequality appears obvious when we draw the graphs T/ = BinJ, y = 2xjir; it may be 
proved by shewing that (sin d)(d decreases as 0 increases from 0 to \r. 
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Hence 


lim [ c mi * Q(z)dz = 0. 

p J T 


This result is Jordan’s lemma. 

Now 

J [e mix Q (x) + e - ™* Q (— a?)} clx = 2it\1R' — J e m< * Q (z) dz, 

and, making p—► ao , we see at once that 

[eQ (x) + e~ mix Q (— x)} dx =* 27rCZR' t 


i 

J o 


which is the result corresponding to the result of § 6 221. 

Example 1. Shew that, if a > 0, then 


f * coax , n 
J 0 x 3 + a 2 X 2 a £ 


Example 2. Shew that, if a ^ 0, 6^0, then 
* cos 2 ax - cos 2 bx 


i: 


dx=rr (b - a). 


(Take a contour consisting of a large semicircle of radius p, a small semicircle of 
radius 8, both having their centres at the origin, and the parts of the real axis joining their 
endB ; then make p-*- au , 8-*-0.) 


Example 3. Shew that, if b > 0, m ^ 0, then 


f" Zx*-a* , rre~ ml 

Jo (*w cos = ^ 


{36* -a 3 -mb (36* + a 2 )}. 


Example 4. Shew that, if ir>0, a> 0, then 

f* x sin ax 

Jo 

Example 5. Shew that, if m ^ 0, a > 0, then 


sin rax , tt ne~ m 

ax *= -—- — x 

2a 4 4a 3 


Jo r(x* + o 2 )* 

(Take the contour of example 2.) 

Example 6. Shew that, if the real part of £ be positive, 

. dt 




[We have 


r 


(e _ ‘ - f" 


/, («-——)y-iog*. 

* u« « jtt.) 

= lim { f' ?1‘ dt-f^ — dul 

1 Jtl U ) 


-.4"—(/“t'"-/,'' t'4 

since f _1 c -f is analytic inside the quadrilateral whose comers are 6, 8i, pr, p. 
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Now J P t~ l e~ , dt-*-0 as p-—a> when R (i) >0 ; and 

[Iz fiz 

/ t" 1 e~*dt~ log z- / t' 1 (1 — «“*) 6&-*-log 2 , 

ic© t~ l (1 1 as 


6*23. Principal values of integrals. 

It was assumed in §§ 6'22, 0 221, 6‘222 that the function Q (x) had no poles on the real 
axiB; if the function has a finite number of simple poles on the real axis, we can obtain 
theorems corresponding to those already obtained, except that the integrals are all principal 
values (§ 4 5) and lR has to be replaced by 2R + i2/? 0 , where 2Rq means the sum of 
the residues at the poles on the real axis. To obtain this result we see that, instead of 
the former contour, we have to take as contour a circle of radius p and the portions of the 
real axis joining the points 


and small semicircles above the real axis of radii flj, ■■■ witH centres a, 6, c, ..., where 
a, 6, c, ... are the poles of Q ( z) on the real axis ; and then we have to make fl 1? ft 2 , ... -*-0 ; 
call these semicircles y lf y a , .... Then instead of the equation 


j P Q(z)dz + j ^Q(z) dz = ZnilR, 

we get P J P Q(z)dz + 2 lim f Q(z)dz+ ( Q(z) dz^VnilR. 

J “P n& n -*oJ Vn J r 

Let a' be the residue of Q(z) at a ; then writing z — a + d t on yj we get 
j Q(z)dz=j Q (a+ 8 1 e**) e* id6. 

But Q(a-\-8 l e i6 )8 l e i6 -^d uniformly as and therefore lim j Q(z)dz- ■ 

Bt+oJ 

we thus get 

P J P Q(z)dz + j Q (z) dz = 2nilR + ni'2R i >, 
and hence, using the arguments of § 6*22, we get 


via 


pj Q(x)dx=2iri(lR + i^R 0 ). 

The reader will see at once that the theorems of §§ 6 221, 6 222 have precisely similar 
generalisations. 

The process employed above of inserting arcs of small circles so as to diminish the area 
of the contour is called indenting the contour. 


0 ' 24 . Evaluation of integrals of the form Q (x) dx. 

Jo 

Let Q(®) be a rational function of x such that it has no poles on the 
positive part of the real axis and a?Q(x )—¥0 both when *0 and when 


x —*oo. 
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Consider J I(— z)® -1 Q (z) dz taken round the contour C shewn in the figure, 

consisting of the arcs of circles of radii 
p, fi and the straight lines joining their 
end points; (- z)* -1 is to be interpreted 
as 

exp ((a - l)log(-z)) 
and 

log(-z) = log!z| +rarg(- z), 
where arg (— z) w ; 

with these conventions the integrand is 
one-valued and analytic on and within 
the contour save at the poles of Q (z). 

Hence, if 2r denote the sum of the 
residues of (- z) a ~ 1 Q(z) at all itB poleB, 

f (— zY~ l Q(z)dz = 2iriZr. 

Jc 

On the small circle write — z=&e i9 } and the integral along it becomes 

— J (— z) a Q(z)id6 i which tends to zero aB 5—>0. 

On the large semicircle write — z = pe l 9 , and the integral along it becomes 

— J (- 2)®0 (z) tdff , which tends to zero as p— ► ao . 

On one of the lines we write — z = xe", on the other — z = and 
(— zY~ l becomes x a ~ 1 e ±{a ~ 1)9i . 

Hence 



lim f {x° _1 e~ ,a_1) * Q (x) — a®" 1 e {a ~ l) wi Q (#)) dx = 2iri^r; 

(4-^0, p-»«) J B 

and therefore I o^~ l Q(x)dx = ir cosec (a7r) 2r. 

Jo 

Corollary. If Q(x) have a number of simple poles on the positive part 
of the real axis, it may be Bhewn by indenting the contour that 

P a^~ l Q(x)da ■= tt cosec (air) 2r — v cot (aw) 2r', 

J o 

where 2r' is the sum of the residues of 2 ® -1 Q (z) at these poles. 


Example 1. IfO<o<l, 



6 3, 6-31] 

Example 2. 
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If 0 < z < 1 and - tr < a < ir, 


("JL 1 
J 0 * + *“ 


_ 

I o t+e* ainwr 

Example 3. Shew that, if - 1 < z < 3, then 

o (l+.r 11 )* 4 oos^rrz 

Example 4. Shew that, if - 1 < p < 1 and - n < X < n y then 

x“ p dx n sin pA 


(Minding.) 


/, 


f® x“ p dx 
Jo 1 + &r oos A + .r* 


(Euler.) 


I o 1 + &r oos A + .r* sinprr sin A 

6 *3. Cauchy 3 8 integral. 

Wo Bhall next discuss a class of contour-integrals which are sometimes found useful 
in analytical investigations. 

Let C be a contour in the z-plane, and let f(z) be a function analytic inside and on C. 
Let 0 (z) be another function which is analytic inside and on C except at a finite number 
of poles ; let the zeros of 0 ( z ) in the interior * of C be a,, aj, ..., and let their degrees of 
multiplicity be r lf r a , ...; and let its poles in the interior of C be b 2t ..., and let their 
degrees of multiplicity be ,.... 

Then, by the fundamental theorem of residues, f f(z)~~~ dz is equal to the sum 

J ( ’ 2m J / W ^ 

of the residues of at its poles inside C. 

<t> (z) 

Now S*) can have singularities only at the poles and zeros of $(z). Near one 

♦ (*) 

of the zeros, say a ly we have 

0 [z) = A (s - a,/. + H {z - a,) r . + 1 + - - - 

Therefore 0' (z) = Ar x (z — ajr.-i + B (r, + 1) (z-a,)r, + ..., 

and f(z) =/(«,) +(z-0'\)f' (a,) + .... 

Therefore -f} is analytic at a x . 

{ 0(f) z-a x ) 

Thus the residue of , ft t the j>oint z*=a u is r^f(a x ). 

<P \ z ) 

Similarly the residue at z=b x iB — *i/(&i); for near z = b u we have 

0 (z)^C(z — b l )-^-^D (z — b^-'i+i + 

and /(z) =/(6,) + (z- &,)/' (6 2 ) +..., 

/(z)0'(z) fi/(6i). , 4 . . . 

80 —- 7 - t - n + - - V - is analytic at 6,. 

0W z-6, 

Hence ^ j^/M </z = 2 ^/( 0 ,) - 2^/ (ij), 

the summations being extended over all the zeros and poles of 0 (z). 

6'31. The number of roots of an equation contained within a contour. 

The result of the preceding paragraph can be at once applied to find how many loots of 
an equation 0 (z) = 0 lie within a contour C. 

For, on putting/(z) = l in the preceding result, we obtain the result that 


-L f £«* 

2iri J c <t>( 2 ) 


is equal to the excess of the number of zeros over the number of poles of 0 ( z ) contained in 
the interior of C, each pole and zero being reckoned according to its degree of multiplicity. 
* ^ (z) mast not have any zeros or poles on C. 



120 


THE PROCESSES OF ANALYSIS 


[CHAP. VI 


Example l. Shew that a polynomial <f> (j) of degree m haa m roots. 

Let $(*)=oo«*+a,*— 1 +. ..+<*», (a«* 0 ), 

Then ^- ma Cl2''2 a '~' - 

<t> W “o*" + — + “m 

Consequently, for large values of 1 1 \, 

= _/l\ 

Thus, if C be a circle of radius p whose centre is at the origin, we have 

i/cfw / C T + 2w»’ j 0 °(?) / c °(KH 2 - 

But, as in § 0-22, ^ 0 dz —0 

as p -+-ao ; and hence as 0(z) has no poles in the interior of (7, the total number of 
zeros of 0 ( 2 ) is 

lim f ^-^rfz-m. 

p —® 2tri; c 0(z) 

Example 2. If at all points of a contour C the inequality 

| a k *\>\ <2o + aiZ+ ... +a*_iz* -1 + a* +1 z* +1 + ... + a f *z m | 

is satisfied, then the contour contains k roots of the equation 


For write 


/(*)=“***( 


a m z m + a m _ x z m -' + ... + a l z + a 0 = 0. 

/(z) = a^z« + a m _iZ"- l + ...+aiZ + a„. 
r /, a t»^ m + • ■ ■ -i-ajfc-n zt + l + a k _i +^0^ 


«a* 2 *(l + f 7 ), 

where | U | ^ a < 1 on the contour, a being independent* of z. 
Therefore the number of roots of f{z) contained in C 


1 f f(z), 1 f (k 1 

= 2ni J c m‘ = ^ i O \ * *7 *■ 

/ tiz 

-j- = 2iri ; and, Bince | f7| < 1, we can expand (1 + U)~ l in the uniformly con¬ 


vergent series 


1- U+ U «- + 




Therefore the number of roots contained in C is equal to k. 
Example 3. Find how many roots of the equation 

zfl + Gj+lO^O 

lie in each quadrant of the Argand diagram. 


(Clare, 1900.) 


# | U\ if a continuous function of z on C, and so attaint its upper bound (| 8*62). Henoe its 
upper bound a must be less than I. 
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6-4. Connexion between the zeros of a function and the zeros of its derivate. 

Macdonald * has shewn that iff(z) be a function of z analytic throughout the interior of 
a single closed contour <7, defined by the equation \f(z) \ = M, where M is a constant , then the 
number of zeros of f{z ) in this region exceeds the numbei' of zeros of the derived function 
f (z) in the same region by unity. 

On C let f(z)=Md* ; then at points on C 

£)}■ 

Hence, by § 6*31, the excess of the number of zeros of f(z) over the number of zeros 
of /' (z) inside + C is 



Let s be the arc of C measured from a fixed point and let jfr bo the angle the tangent to 
C makes with Ox ; then 



Now log is purely real and its initial value is the same as its final value ; and 
dz 

l°g^ = i\p ; hence the excess of the number of zeros of f(z) over the number of zeros of 

f{z) is the change in ^/2»r in describing the curve C ; and it is obvious J that if C is any 
ordinary curve, ^ increases by 2 n as the point of contact of the tangent describes the 
curve C ; this gives the required result. 

Example 1. Deduce from Macdonald’s result the theorem that a polynomial of degree 
n has n zeros. 

Example 2. Prove that, if a polynomial f{z) lias real coefficients and if its zeros arc all 
real and different, then between two consecutive zeros of f[z) there is one zero and one only 
of/' (z). 

[Dr P61ya has pointed out that this result is not necessarily true for functions other 
than polynomials, as may be seen by considering the function {z l 4) exp (z z /3).] 

REFERENCES. 
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E. CIS ours at, Cours d'Analyse (Paris, 1911), Ch. xiv. 

E. Lindkluf, Le Calcul des Heddus (Paris, 1901)), Ch. n. 

* Proc. London Math. Soc. xxix. (1808), pp. 576, 577. 

t /'(z) does not vanish on C unless C has a node or other singular point; for, if /=0 + t^. 

where d> and 0 are real, sinoe = it follows that if /'(z)=0 at any point, then 

ox oy 

^ all vanish; and these are sufficient conditions for a singular point on 

ox oy ox ay 

<p+f x =M*. 

X For a formal proof, eee Proc. London Math. Soc. (2), xv. (1916), pp, 227-242. 
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Miscellaneous Examples. 

1. A function (,z ) is zero when z= 0, and is real when z is real, and is analytic when 

| z | ^ 1; if f(x, y) is the coefficient of i in <f> (ar+iy), prove that if - 1 < x < 1, 


/.v 


2x oos 9 + x* 


f (cos B } sin B) dB = jt<£ (j?). 


(Trinity, 1898.) 


2. By integrating —— round a contour formed by the rectangle whose corners are 
0, Ry 72 + iy i (the rectangle being indented at 0 and i) and making 72-*- ao, Bhew that 


sinew:, _l« a +l 1 
_ i 4 c* — 1 2a 


(Legendre.) 


3. By integrating log (-z) Q(z) round the contour of § 6 24, where Q(z) is a rational 
function such that zQ(z)-*~ 0 as |z|-**0 and as |z|-*-ao, shew that if Q(z) has no poles 

on the positive part of the real axis, / Q{x)dx is equal to minus the sum of the 

J o 

residues of log ( - z) Q (z) at the poles of Q ( z ) ; where the imaginary part of log (— z) lies 
between ±ir. 

4. Shew that, if a > 0, b > 0, 


s 0 ® 0- ** sin (a sin bx )— =£*■ (e“- 1). 


5. Shew that 


[l* a sin 2x , 1 . ., 

I is-«- 5 xdx= - it log(l+<z), ( — 1 <a < 1) 

Jo 1 — 2a cos 2x + a 1! 4 6 v T v 


; n log (1 + a_1 )j (a 2 > 1) 


8. Shew that 


(Cauchy.) 


[ ® sin</»|j: sin $ 
J a x x 


fax sin fax sin ax _ n . . 

~T~ z cofla,x...cosa w r —— ax = -fafa...fay 

XX X z 


if <fo, (fa , v- fat an <**) ••• “m be real and a be positive and 

a>\fa | + | fa |+ ... +| fa | + | *«i |+ ■■■ +| Om I- 

(StOrmer, Acta Math, xix.) 

7. If a point z describes a circle C of centre a, and if f(z) be analytic throughout 
C and its interior except at a number of poles inside (7, then the point u *■/(«) will 
describe a closed curve y in the u-plane. Shew that if bo each element of y be attributed 
a mass proportional to the corresponding element of C } the centre of gravity of y is the 

point r, where r is the sum of the residues of t-Q. at its poles in the interior of C. 

z— a 

(Amigues, Nouv. Ann . de Math. (3), xii. (1893), pp. 142-148.) 


6. Shew that 


(a + 


f * dx n (2a + b) 

J . . (** +6*) (*■ + «■)* " ~2a*b(d+bj* * 

dx 7 r 1.3... (2n— 3) 1 

(a + 6;r J )* 2*6* 1.2.a" - *’ 


9. Shew that 
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10. If/ 1 *^) — n n (1 - 8hew that the series 

■»=i 


/<*)-- 2 


Kim' 1 ) 


nls — 1) n" _1 

is an analytic function when z is not a root of any of the equations and that the 

sum of the residues of f(z) contained in the ring-Bhaped space included between two 
circles whose centres are at the origin, one having a small radius and the other having 
a radiuB between n and n +1, is equal to the number of prime numbers less than n +1. 

(Laurent, Nouv. Ann. de Math. (3), xvm. (1899), pp. 234-241.) 

11. If A and B represent on the Argand diagram two given roots (real or imaginary) 
of the equation f(z) = 0 of degree n, with real or imaginary coefficients, Bhew that there is 
at least one root of the equation f (r) = 0 within a circle whose centre is the middle point 

of AB and whose radius is i \AB cot — . (Grace, Proc. Camb. Phil. Soc. xi.) 


12. Shew that, if 0 < v < 1, 


B win * 

a _■ lim 


Jlknri 


-.fT! 


/: 


dt 




4 


r e i^-i)ewi fa 

[Consider I —--round a circle of radius n+ \ \ and make .1 

L J bid nz z - x * J 

(Kronecker, Journal filr Math, cv.) 

13. Shew that, if ra>0, then 

’ sin* mt 

” m "~ I Ln -1 _» !n _o')*- 1 +“ ( n Z±) ” (»-!)(”- 2 ) , 

2*.(™-D! t 1 ( ; 2 ! ( ” 4) 3! 

Discuss the discontinuity of the integral at «i=0. 

14. If A + B + C+ ... = 0 and a, 6, c, ... are positive, shew that 

’ A cos ax A- 5cos bx+ ... 4* A"cos lex .. n , , r1 , 

- dx= - A log a- B log 6- ... - K log k. 

•E 

(W olstenholme.) 

/ 0x(* + ti) . 

-j—j t dt taken round a rectangle indented at the origin, shew 

that, if k > 0, 

C a pxtt + fit f p ptti 

ilim V—, dt=ni+ lim P ~ dt , 

J -p k + t' p —« J -p 1 

and thenoe deduce, by using the contour of § 6 222 example 2, or its reflexion in the real 
axis (according as x ^ 0 or x < 0), that 

p <*(* + «) 

P k+ii 


i: 


ii„ 1 1 - 

p-»*> " J - 

according as x:>0, x=Q or x<0. 


dt = 2 , 1 or 0, 


[This integral is known as Cauchy's discontinuous factor.] 
16. Shew that, if 0 < a < 2, b > 0, r > 0, then 


j o ■ r>_1 “in (fan —bx) 
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17. Let t>0 and let 2 e = ijr (t). 
»»=-*> 


^mT id* round a rectangle whose comers are ±(^+i)±i, where 
A is an integer, and making jV-»- od , shew that 

/ ®-l f*+i fi -** 1 

By expanding these integrands in powers of e -2 ™, e 2 ^ respectively and integrating 
term-by-term, deduce from § 6'22 example 3 that 

,K0 = (1/0 r «-*■<**• 

{nty J -- 

Hence, by putting t -1 shew that 


(This result is due to Poisson, Journal de Vltcolc poly technique , XII. (cahier xix), (1823), 
p. 420 ; see also Jacobi, Journal fur Math, xxxvi. (1848), p. 109 [ Oea . Werke , II. (1882), 
p. 188].) 

18. Shew that, if t>0, 

2 e~ Mt,rt ~ Wai = i e naM j 1 + 2 2 e~ nEfr / < cos 2n7rft| . 

«=-» ( n-1 J 

(Poisson, i/m. de VAcad. des Sci. vi. (1827), p. 592; Jacobi, Journal fur Math. ill. 
(1828), pp. 403—404 [Get. Werke , i. (1881), pp. 264-265] ; and Landsberg, Journal fir 
Math. CXI. (1893), pp. 234- 253 ; see also §21*51.) 
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THE EXPANSION OF FUNCTIONS IN INFINITE SERIES 


71. A formula due to Darboux*. 

Let f(z) be analytic at all points of the straight line joining a to z, and 
let 0 (t) be any polynomial of degree n in t. 

Then if 0 ^ 1, we have by differentiation 

f £ (-)"* (z - a) m 0< n -”> ( t )/ "»> (a+t(z- a)) 
dt m =i 

= — (z - a) 0 ,n) (t)f' (a + t{z — a)) + (-) n ( z - a) n+1 0 (t)f {n + 1} (a + t(z - a)). 
Noting that 0 (n) (£) is constant = 0 (n| (0), and integrating between the 
limits 0 and 1 of t, we get 

0 (n) (0) [/(*)-/(«)! 

= t (2 - a) m 10 1 (l)/' 11 ” (*) - 0^ n— ^ (0)/ (m » (a)} 

m = l 

+ (-)" (z - a) n+1 f (t) /•<"-"> (a + t (z - a)) dt, 

J 0 

which is the formula in question. 

Taylors series may be obtained as a special case of this by writing 
0 (t) = (t — 1 ) n and making r — > oo . 

Example. By substituting 2nfor n in the formula of Darboux, and taking0 ( t) = t n (t — 1 ) n , 
obtain the expansion (supposed convergent) 

/(*)-/(«)- 2 ( ~ } ' 2 :, ( r — w" w-n- )’ , ~ i / ,i,) («)). 

& a . 

and find the expression for the remainder after n terms in this series. 


7 2. The Bei'noullian numbers and the Bernoullian polynomials. 

The function ~z cot )^z is analytic when \ z\< 2ir y and, since it is an even 
function of z, it can be expanded into a Maclaurin aeries, thus 


then B n is called the nth Bernoullian number It is found thatj 

D _ I D ,_ 1 r> D _ ^ A?—A 

“ 6 ’ n * W> ■° 3 42 * 80’ 6 “ 6G ' 


* Journal Afath. (3), ii. (1876), p. 271. 

t These numbers were introduced by Jakob Bernoulli in his Ars Conjectandi , p. 97 (published 
posthumously, 1718). 

I The first sixty-two Bernoullian numbers were computed by Adams, Brit. At*. Imports, 1877; 
the first nine significant figures of the first 250 Bernoullian numbers were subsequently published 
by Glaisher, Trans. Camb. Phil. Soc. xii. (1879), pp. 384-391. 
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These numbers can be expressed as definite integrals as follows: 

We have, by example 2 (p, 122) of Chapter VI, 
f ® sin px dx 1 i 

j 0 -^zT=-T P + r oix r 


_1^ 1_ f 

+ 2p 1 


1 i B (2py B (2 P y i 

1 + Bl ~2T~ Ji '~iT + 


■■■}■ 


Since 


xP sin i^px + ^ mr'j 


e** — 1 


dx 


converges uniformly (by de la Vall6e Poussin’s test) near p — Q we may, by 
§ 4'44 corollary, differentiate both sides of this equation any number of 
times and then put p = 0 ; doing bo and writing 2 1 for x, we obtain 


B n = 4>n f 

J o 


i m ~ l dt 


A proof of this result, depending on contour integration, is given by Carda, Monatakefte 
fftr Math, und Phya. v. (1894), pp. 321—4. 


Example. Shew that 


2n f ® -tr 1 " -1 dx ^ 

tt*" (2*"- 1) J 0 Binh.T > 


e* — l 


Now consider the function t — t —-, which may be expanded into a 

Maclaurin series in powers of t valid when 1 1 1 < 27t. 

The Bemoullian polynomial* of order n is defined to be the coefficient of 
t n . . 

—j in thiB expansion. It is denoted by <J> n ( z) } so that 

*-l ,7! n! ■ 

This polynomial possesses several important properties. Writing z+ 1 
for z in the preceding equation and subtracting, we find that 

te* = ~ [4>n ( z + l)- <t>n (*)} ^ ■ 
w=l n ■ 

On equating coefficients of i n on both Bides of this equation we obtain 
n*" -1 = <f>„ (z + 1) - <f>„ (z), 

which is a difference-equation satisfied by the function 0„(^). 

* The name wm given by Raabe, Journal filr Math. xlii. (1851), p. 348. For a full JiHCQBBioD 
of their properties, see Norlund, Acta Math, xliii. (1920), pp. 121-106. 
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An explicit expression for the Bernoullian polynomials can be obtained 
as follows. We have 


and 


^ ^ z't* z*t* 

e* 1 —+ 31+..., 

t t t t , t B.V 

e* — 1 — 2t ° 0t 2i 2 — 1 2 + 2! 4! + "" 


Hence 

m 
1 
n = 1 


<#>n (*) t n 


n\ 


[ zH 2 z*P ) f 

"r + 2T + 3! + "J l 1- 


t B,t' B a P 
2^ 2! 4! 


From this, by equating coefficients of t n (§ 3'73), we have 
4>n (z) = z n -\ M n ~ l + n G s B, Z n ^ - n C i B a z n ~* + n C,B,z n -* 

the last term being that in z or z * and n C lt n C 4t ... being the binomial 
coefficients; this iB the Maclaurin series for the nth Bernoullian polynomial. 
When z is an integer, it may be seen from the difference-equation that 

The Maclaurin series for the expression on the right was given by Bernoulli. 

Example. Shew that, when n > 1, 


7 21. The Euler-Maclaurin expansion. 

In the formula of Darboux (§ 7*1) write for where <f> n (t) is the 

nth Bernoullian polynomial. 

Differentiating the equation 

n — k times, we have 

(t + 1) - (t) = n(n- 1) ... 

Putting £ = 0 in this, we have (1) = (0). 

Now, from the Maclaurin series for <f> n (z), we have if k > 0 

(0) = o, ft'"-* (0) = 

*.►"•(0) = -\ n\, (0) = n!. 

Substituting these values of (1) and 0 n ,n ~* ) (0) in Darboux's result, 

we obtain the Eider-Maclaurin sum formula *, 

• A hUtory of the formula iB given by Barnes, Proc. London Math. Soc. (2), in. (1905), p. 253. 
It was discovered by Euler (1732), but was not published at the time. Euler communicated 
it (June 9, 1736) to Stirling who replied (April 16, 179B) that it included his own theorem (see 
g 12 33) as a particular case, and also that the more general theorem had been discovered by 
Maclaurin; and Euler, in a lengthy reply, waived his claims to priority. The theorem was 
published by Euler, Comm. Acad. Imp. Petrop. vi. (1732), [Published 1736], pp. 66-97, and by 
Maclaurin in 1742, Treatise on Fluxions, p. 672. For information concerning the correspondence 
between Euler and Stirling, we axe indebted to Mr C. Tweedie. 
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(2 - a)f (a) =/(z) ~/(a) - I/' (*) ~f («)} 

+ 31 ( ~ ),nl ^ ( )1 ^ g ,/<w,> (z) ' /,sm ’ (a)1 

- lo +” (t)/Sn+I ’ l a + ( "- a) ^ dt 

In certain cases the last term tends to zero as n —► oo, and we can thus 
obtain an infinite series for/(s)—/(<z). 

If we write to for z — a and F(x ) for /' (x), the last formula becomes 
j F(x)dx = *co {F(a) +F(a +to)} 

«-l /_W U t 

+ 2 1 - \F'(a+<o)-F -N (a)} 

t*=i (2 m)! 

-jWi+i rl 

+ (2»T+ 

Writing a + <w, a 4- 2 ( 1 ), ... a -f (r — 1) ai for a in this result and adding up, 
we get 

j F(x)d.x=a> j*.F(a) + .F(a + iu) + .F(a + 2 ( U )+ ...4 ^F(a + r m ) 

n-i / Vn D 2m 

+ S (a + ra>)-F'™-"(a)} + R nt 

m-1 V^ W) I 

^sin-fi rl //--l ) 

where Rn = . ^ (<) J 2 F (2n) (a 4- ma> + «£) [ eft. 

im—o J 

This last formula is of the utmost importance in connexion with the 
numerical evaluation of definite integrals. It is valid if F(x) is analytic at 
all points of the straight line joining a to a 4- raj. 

Example 1. If/(z) be an odd function of z , shew that 

*/' W-/W+i, <- r W- 1 SI ♦* w ^ +,) (--*+»•«) *■ 

Example 2. Shew, by integrating by parts, that the remainder after n terms of the 
expansion of ^ z cot ^ z may be written in the form 

/ )* + l r 8ii + I fl 

/,*-<0 cob (*)<*■ 

(Math. Trip. 1904.) 

7’3. Biirmanri8 theorem *. 

We Bhall next consider several theorems which have for their object the 
expansion of one function in powers of another function. 

* MimoiTU de VImtitut , ii. (1799), p. 13. See also Dixon, Proc. London Math. Soc. xxuv. 
(1902), pp. 151-169. 
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Let ^ (z) be a function of z which is analytic in a closed region S of which 
a is an interior point; and let 

(a) — b. 

Suppose also that <£' (a) 0 . Then Taylor’s theorem furnishes the 

expansion 

<l>(z)-b = <t>' (a) (z - a) + - 

and if it is legitimate to revert this series we obtain 

which expresses z as an analytic function of the variable {<£>(*)— 6 }, for 
sufficiently small values of \z — aj. If then f(z) be analytic near z = a, it 
follows that f{z) is an analytic function of [<f> (z) — 6 ) when | z — a | is sufficiently 
small, and so there will be an expansion of the form 


/« =/(<*) + «. {<*> (*) - b) + % [* (z) - &]> + J {</» (*) - 6 )' + .... 

The actual coefficients in the expansion are given by the following 
theorem, which is generally known as Biirmanns theorem . 

Let y/r(z) be a function of z defined by the equation 


yfr(z) = 


z - a 


then an analytic function f(z) can , in a certain domain of values of z, be 
expanded in the form 

/« =/(«)+X £Si [/' («) [f(«)) m ] + *». 


where 


= j_r*r r^(z)-6~|- i / , (Q j>’ (z)dtdz 

n= 2Tri] a } y \jf)(t)-bj <f>(t)-<p(z ) 


and 7 w a contour in tAe t-plane , enclosing the points a and z and such that , ty 
f 6 c any point inside it , tAc equation <f> (t) * <f> (f) Aa$ no roots on or inside the 
contour except * a simple root t = f. 

To prove this, we have 

_ j ■_[' f fjM. rv j*(Oz.. 6 r 

2tti J a J y <f>( t)-b L»-0 1 - 6) 




-*(«}]' 


It is assumed that Buoh a contour can be chosen if | * - a | be sufficiently small; see § 7 81. 
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But, by § 4'3, 

j_ r [ r * - h T f w£(o ^ _ {»<«> - [ /m 

iy (0 ~ <f>(t)-b 2wi(m + 1) J r (0 (f) - &} ,n+1 

. {4>(*) -6) w+1 f f'(t) {+(t)}~*dt _ (4>(*)-6) m+1 ^ r r(a) ( , ]m+ n 

27n(m+l) J r (t — a) m+1 (m +1)! rfo’"^ ’ 

Therefore, writing r/i — 1 for m, 

/(,)./(.) + js* [/' („) (+ („»«] 


, J_ f f [ t(0-b l’” f'(t)+'(Qdtdt 

27TI Jo Jy [ - 6j <f> (t) ~ 

If the last integral tends to zero as n—ra o, we may write the right-hand 
side of this equation as an infinite series. 


Example 1. Prove that 


z = a+ 2 

*=i 


(-)—i C n {z-a)* «»<*■-■*) 


C.=(2«a)->( 2nar -3 ^>-l)(” - |)("-3)(^ 4 ) . 

To obtain this expansion, write 

/W-*i <p(i)-b-=(z-a)e*-<‘\ ifr(z)=e °*-•=, 

in the above expression of Biirmann’s theorem ; we thus have 


z = a+ 2 --( 2 -a)" 

,.=i » ! I*"" 1 


But, putting 2 = a + f, 


l *"- 1 Vc " -1 J.-o 


= 1)! xthe coefficient of J" _1 in the expansion of e ~ ( 2 “ * 

= (n - 1)! x the coefficient of t *" 1 in 2 (_^ n ^2a + t ) r 

r! 

-(»_ i). x V (-r »;(*»)»-v _ 

k ; r =o (n— 1 -r) ! (2r-ti+l) ! 


The highest value of r which gives a term in the summation is r^n— 1. Arranging 
therefore the summation in descending indices r, beginning with r — n- 1, we have 

{S^i S ’ ,(a, "' !l }.„ 0 “ ( ' } ’" 1 { (2na) "'‘" W(w ~y, (,i ~ !t) (2na)*- s +.. j 

C % , 

which gives the required result. 

Example 2. Obtain the expansion 

a . 9 21.. 2.41.- 

^ = siu 2 « + - . -sin 4 2 + —- . -siu fl *+.... 
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Example 3. Let a line p be drawn through the origin in the z-plane, perpendicular to 
the line which joins the origin to any point a. If z be any point on the z-plane which is 
on the same side of the line p as the point a is, shew that 

i i „ * 1 /z-aN*"* 1 

logz-loga + 2 2 -—rr —~ 
m=i 2wi + l \z + a/ 


731. Teixeiraa extended form of Burmanris theorem. 

In the last section we have not investigated closely the conditions of 
convergence of Biirmann’s series, for the reason that a much more general 
form of the theorem will next be stated; this generalisation bears the same 
relation to the theorem just given that Laurent’s theorem bears to Taylors 
theorem: viz., in the last paragraph we were concerned only with the 
expansion of a function in positive powers of another function, whereas we 
shall now discuss the expansion of a function in positive and negative powers 
of the second function. 

The general statement of the theorem is due to Teixeira*, whose exposi¬ 
tion we shall follow in this section. 


Suppose (i) that f{z) is a function of z analytic in a ring-shaped region A , 
bounded by an outer curve C and an inner curve c; (ii) that 6 ( z ) is a function 
analytic on and inside C, and has only one zero a within this contour, the zero 
being a simple one ; (iii) that x is a given point within A ; (iv) that for all 
points z of C we have 

!*(*)!< | *(#)|. 


and for all points z of c we have 

The equation 0(z) — 6 ( x) = 0 

has, in this case, a single root z = x in the interior of C, as is seen from the 
equation \ 


— f 

2 tti J i 


f ff{z)dz 

1 


f *S?L d .+ 1 

j c 0{z)-e{x) 

27TI 

l r \H‘)Y d \ 


if 

0'(z) dz 

Zj/_\ » 



of which the left-hand and right-hand members represent respectively the 
number of roots of the equation considered (§ 6 31) and the number of the 
roots of the equation d (z) = 0 contained within C. 

Cauchy’s theorem therefore gives 

l r i /<» & o) dz _ f /(*> & o ) <iz~\ 

/W = 27Ti Lie ff(z)-0(x) j . 


* Journal filr Math, exxu. (1900), pp. 97-123. See alBO Bateman, Trans. Amcr. Math. Sac. 
xiviii. (1926), pp. 346-366. 

f The expansion in justified by §4*7, since 2 converges uniformly when i iH on C. 

i r (-)J 
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The integrals in this formula can be expanded, as in Laurent’s theorem, 
in powers of 6 (x), by the formulae 

f f(z)6'(z)dz _ £ f f(z)ff(z)dz 

} c e(z)-6(x) ( ic [H')\ n+1 ’ 

& i >*<'»"' r ' 

We thus have the formula 


where 




1 f f(z)ff(z)dz 
'lirxic {0»)» +l ’ 


fit) {9(z))»-'ff(z)dz. 


2nj c {tf(»)}•+* ’ n 27rt y ' 1 ' " v 

Integrating by parts, we get, if n#0, 

'"SS*--K5/.(*<•»•/■(•)*■ 

This gives a development of /(a;) in positive and negative powers of 
valid for all points x within the ring-shaped space A. 

If the zeros and poles of f(z) and 6{z) inside C are known, A n and B n can 
be evaluated by § 5 22 or by § 61. 

Example 1. Shew that, if | x | < 1, then 

,_1 ( 2x \ , 1 / 2x V , 1.3 f 2x \\ 

Xma 2 \l+x*J + 2.4 Vl+xV + 2.4.6 \l+W + ‘"’ 

Shew that, when | x | > 1, the second member represents x~ l . 

Example 2. If denote the sum of all combinations of the numbers 

4*, 6V..(2n-2)*, 


token m at a time, shew that 


I == _L_+ j 1 /_ \ _ ( ) *^g(i»+i) | / & - 

a sin z + n * 0 (2n + 2)\ |2n + 3 2n + l + " + 3 / ' 

the expansion being valid for all values of i represented by points within the oval whose 
equation is | sin z | = 1 and which contains the point z=0. (Teixeira.) 

7 32. Lagrange 8 theorem. 

Suppose now that the function f{z) of § 7 31 is analytic at all points in 
the interior of C, and let 6 ( x ) * (x — a) 6 ^ {x). Then 0 1 (x) is analytic and 
not zero on or inside C and the contour c can be dispensed with; therefore 
the formulae which give A n and B n now become, by § 5'22 and § 6*1, 

J_ f /' (z) dz 1 f /'(a )l 

” 2-Trin J r(z — a) n [#, (z)\ n n ! da n ~ l (0," (a)j 

= _ 1 _ f f{z)ff(z) dz _ 

Af 2irijc $,(z) z-a ■'W* 

£« = 0. 


(« > 1 ), 
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The theorem of the last section accordingly takes the following form, if 
we write 0, (z) = 1 /0 ( z ): 

Let f(z) and 0(z) be functions of z analytic on and viside a contour C 
surrounding a point a, and let the such that the inequality 

I t<f> (z) I < | z - a | 

is satisfied at all points z on the perimeter of C; then the equation 

Z=a + t<f>(0, 

regarded as an equation in has one root in the interior of C; and further 
any function of f analytic on and inside C can be expanded as a power series 
in t by the formula 

/(?)-/(«)+ 5^ <£=;[/' («) 

This result was published by Lagrange* in 1770. 

Example 1. Within the contour surrounding a defined by the inequality | z (z - a) |>| u |, 
where | a | < $ | a |, the equation 


2 - ri — = 0 
z 


has one root the expansion of which is given by Lagiange J s theorem in the form 

f-.+ i tpfrav 

n=\ n ! (?i — 1)! a 2n 1 

Now, from the elementary theory of quadratic equations, we know that the equation 


has 


o 

z 

two roots, namely | |l +^/(land | {l - + **)} ; and our expansion 

represents the former t of these only —an example of the need for care in the discussion of 
these scries. 

Example 2. If y be that one of the roots of the equation 

y«l+zy a 

which tends to 1 when shew that 

, n(n+5)(n + 6)(n + 7) n (n+6) (u+7) (n + 8) (n + 0) ^ , 

+-IT-* + 5! ^ + - 

so long as | z | < J-. 

Example 3. If x be that one of the roots of the equation 

x= 1 +y.r a 

which tends to 1 when y-*»0, shew that 

. 2a-l _ , (3a-1) (3a-2) . , 

logx-y + — y'+ y — -V+-. 


2.3 

the expansion being valid bo long as 

|y|<|(o-l)«-'a-»|. 

* Mim. de TAcad . dt Berlin , rxiv.; Oeuvre*, a. p. 25. 
t The latter is outside the given oontour. 


(McClintock.) 
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74. The expansion of a does of functions in rational fractions *. 

Consider a function f(z), whose only singularities in the finite part 
of the plane are simple poles a,, a,, a,, ..where | <h I ^I ^I ^I I ^ ■ • •: let 
b lf b t , b s , ... be the residues at these poles, and let it be possible to choose a 
sequence of circles C m (the radius of C m being R m ) with centre at 0, not 
passing through any poles, such that \f(z)\ is bounded on C m , (The function 
cosec z may be cited as an example of the class of functions considered, and 
we take R m = (m -h £-) i r.) Suppose further that Rm—tac as m—* ao and that 
the upper boundf of | f(z) | on C m is itself bounded asj m —► « ; so that, for all 
points on the circle C m , | f(z) | < M, where M is independent of m. 

Then, if a? be not a pole of f(z), since the only poles of the integrand are 
the poles of/ (z) and the point z = x, we have, by § 61, 

1 f dz- f(x) + 2 , 

2 7Tt J ^ Z X y 0L r X 

where the summation extends over all poles in the interior of c.. 

But if JVL-i, 

2771 J Cm Z ~ X 27TI J O'* Z ZTTX J ^ Z (Z — X) 

= f( 0) + l^ + —f f(z) - 

if we suppose the function f(z) to be analytic at the origin. 

Now as 77i—► oo , f f^_^ z i 8 q and so tends to zero as m tends 

Jc^z{z-x) 

to infinity. 

Therefore, making m—► oo , we have 

0 - f(x) -/(0) + 2 b n (— - -) - lim f , 

n~i \a n -x aj 2m J z (z - x) 

/(*)-/(0)+ 2 6- 


i.e. 




1 1 } 

-+ — \, 

a? a n a n ) 


which is an expansion of f(x) in rational fractions of x \ and the summation 
extends over all the poles of /(a?). 

If | a„| < | rt n + i | this series converges uniformly throughout the region given by 
|.r|^a, where a is any constant (except near the points a,). For if R m be the radius 
of the circle which encloses the points | a x |, ... | a* |, the modulus of the remainder of the 
terms of the series after the first n is 


x 

2 iri 


f /(«)* 

iJo m z(z- 


f(z) dz 


Ma 


R m -*’ 

by § 4 62; and, given *, we can choose n independent of x such that Maj(R m — a) < «. 


* Mittag-Leffler, Acta Soc. Scient . Fcnnicac, xi. (1880), pp. 278-298. See also Acta Math. rv. 
(1884), pp. 1-79. 

t Whioh is a funotion of in. 

J Of course J2,* need not (and frequently must not) tend to infinity continuously \ e.g. in the 
example taken 22,,= (fh + J) t, where m assumes only integer values. 
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The convergence is obviously still uniform even if | a, | ^| a H+1 1 provided the terma of 
the series are grouped bo as to combine the terms corresponding to poles of equal moduli. 

If, instead of the condition | f(z) | < jV, we have the condition \r~ p f(z)\< M, where M is 
independent of m when z is on (7 m , and p is a positive integer, then we should have to 

expand j ^ ~~ by writing 

1 l_ x + I 

Z-X** Z + 2?+ + l (z-.t) ’ 

and should obtain a similar but somewhat more complicated expansion. 


Example 1. Prove that 


z \z-nn nnj 


the summation extending to all positive and negative values of n . 

To obtain this result, let cosec z - - =f (z). The singularities of this function are at the 

points z = nir t where n is any positive or negative integer. 

The residue of f(z) at the singularity mr is therefore (- ) n , and the reader will easily 
see that | f(z) | is bounded on the circle | z\ = (n +\) tt as . 

Applying now the general theorem 

/(,)=/(0) + Sc .[^ + l], 

where c n is the residue at the singularity we have 


/ W =/(o )+2 (-).{ j -L- + ±}. 


«z _. z — sinz _ 

f (0) = lirn =— *=0. 

J t Bin ? 


Therefore 


which is the required result. 


z =i +2 (-)»r—^+—1, 

z \_z - lirr nnj 


Example 2. If 0 < a < 1, shew that 


e" 1 “ 2 z cos 2nair — 4n7r sin 2narr 

e*— * 2 + 4n a Tr 3 


Example 3. Prove that 


l _I_+ —~ 


2w.r 3 -(co8h x — cos .v) * 2nx* e w — e~ n n* -\-^x* - e-** (2^ + J.T 4 

_ 1 _+ 

e 3 "- e -3 " (Srr^ + iJT 4 

The general term of the Beries on the right ib 

(‘) r r 

- e -rw ) {(r»r) 4 + ’ 

which is the residue at each of the four singularities r, — r, ?'e, - ri of the function 


(wV + J:^) (e**-e- r *) sin nz ' 
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The singularities of this latter function which are not of the type r, - r, ri, - ri are 
at the five points 

0 (±l±0* 

2*r 


At z = 0 the residue is 


2 


at each of the four points ^ v " , the residue is 


(±1±Q X 
2 n 


4 2 


{2wx* (cos x - cosh j:)} -1 . 

_ 1 _ 2 _ 2 _ 

c" —e _rr (rtr) 4 +Jr 4 ttjt 4 tta j (cosh jf - coa x) 


Therefore 

( — l) r r 


1 r _ f rr zdi 

Jo (»rV+J?)(a«-a- 


0 sin irz 9 


where (7 is the circle whose radius is n + -, (n an integer), and whose centre iB the origin. 

z 

But, at points on C , this integrand is 0(\t |~ 3 ); the limit of the integral round C iB there¬ 
fore zero. 

From the last equation the required result is now obvious. 

Example 4. Prove that sec*=4„ *S»“ —) ' 

Example 5. Prove that cosech x=\-lx ~ ■ 

Example 6. Prove that sech x = 4. (-1^ - ...) - 

Example 7. Prove that coth x=\+2x + 9fl ^5+-) ■ 

x ® 1 rr 2 

Example 8. Prove that 2 2 -—=- w a , . , coth na coth nb. 

(Math. Trip. 1899.) 

7'B. The expansion of a class of functions as infinite products. 

The theorem of the last article can be applied to the expansion of a certain 
class of functions as infinite products. 

For let f(z) be a fiinction which has simple zeros at the points* 
a,, a,, a,, where lim | a n | is infinite ; and let f(z) be analytic for all values 

of z. 

f'(z) 

Then f'(z) is analytic for all values of z (§ 5 22), and so J can have 

J\Z) 

singularities only at the points a u a,, a,. 

Consequently, by Taylor's theorem, 

(r - OrY 


f{z)=(z- a r ) /'(a,) + 


f"(a r )+... 


/' (*) = f (®r) + (* - dr) f" (dr) + ■ ■ ■ • 

* These being the only zeros of/( e) ; and a n +0. 


and 
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f'(z) 

It follows immediately that at each of the points , the function -j-p—r 

J\ z ) 

has a simple pole, with residue +1. 

If then we can find a sequence of circles C m of the nature described in 

§ 7‘4, such that J « v * is bounded on C m as m —* 00 , it follows, from the 
J \ z ) 

expansion given in § 7*4, that 


/'(*)_/'(Q), s I -Jl— l!1 

/(*) /(°) ntl V - On a n ' 


Since this series converges uniformly when the terms are suitably grouped 
(§ 7'4), we may integrate term-by-term (§ 4*7). Doing so, and taking the 
exponential of each side, we get 


CW » r / . \ ±') 

5)-} ■ 

where c is independent of z. 

Putting z = 0, we see that /(0) * c, and thus the general result becomes 

/(*)-/(0)e /(#) n [ 1 -/-W. 


This furnishes the expansion, in the form of an infinite product, of any 
function f(z) which fulfils the conditions stated. 

Exam-pit 1. Consider the function /(*)■«—j-, which has simple zeros at the points 
rir, where r is any positive or negative integer. 

In this case we have /(0) = 1, / / (0) = 0, 

and so the theorem gives immediately 




for it is easily seen that the condition concerning the behaviour of 48 I z 1"*“® is 

fulfilled. 

Example 2. Prove that 

K) 1 } h(^)'} ( ,+ (sb)'l hfcy'l M^) 1 ). 


cosh A — cos x 
1 - cos x 


(Trinity, 1899.) 


7'6. The factor theorem of Weierstrass *, 

The theorem of § 7'5 is very similar to a more general theorem in which 
the character of the function f(z), as \z \—>oo , is not so narrowly restricted. 


Berliner Abh. (1876), pp. 11-60; Math. Werke , n. (1896), pp. 77-124. 
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Let f(z) be a function of z with no essential singularities (except at ' the 
point infinity'); and let the zeros and poles of f{z) be at a lt a*, a,,.where 
0<|a 1 |^|a 8 |^ia 3 |.... Let the zero* at a, x be of (integer) order m n . 

If the number of zeros and poles is unlimited, it is necessary that 
j d n |—► oo j as n—► oo ; for, if not, the points a n would have a limit pointf, 
which would be an essential singularity of f ( z ). 

We proceed to shew first of all that it is possible to find polynomials 
g n (z ) such that 


at 

n 


(1 --)«».(•)] 


n=i 

__ 

[\ On) \ 

\ 


converges for all + finite values of z. 

Let K be any constant, and let \z\< K, then, since | cx n | —► oo , we can 
find N such that, when n> N, | a n \ > 2 K. 

The first N factors of the product do not affect its convergence]:; consider 
any value of n greater than N, and let 

v frn ” 1 




5(1.) + - + k^ id,) 


Then 



<Z) 

1 ( 

m \ 

z \ m 

= 

dm* 

m=k n 

-) 
aJ \ 


since | za n ' 
Hence 
where 


K'-s) 


e 9niz) 


! z !*« ® z | 

C j 2* 

I a n | m=0 a n ■ 

< 2 | 1, 


I «n (z) | « 2 | m n (/fa„ -1 )*’ |. 

Now m„ and a n are given, but k„ is at our disposal; since Ka n ~ l < -J, we 
choose k„ to be the smallest number such that 21 m, (Ka n ~ 1 ) k ’' \ < b n , where 

ou 

2 b n is any convergent series § of positive terms. 


Hence 


n [{fl - -) e»n pl = n e u " w , 

-JV+1 l(\ tin' ) J n = N+\ 


where | u n ( z ) | < b n ; and therefore, since b n is independent of z, the product 
converges absolutely and uniformly when | z \ < K , except near the points a 


* We here regard a pole as being a zero of negative order. 

+ From the two-dimensional analogue of § 2*21. 

X Provided that x is not at one of the points a n for whioh m* is negative, 
g E.g. we might take b a = 2~". 
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Then, if f(z) F (z) « (?, (z), G } (z) is an integral function (§ 5 h*4) of z 
and has no zeros. 

It follows that ®i(^) analytic for all finite values of z\ and 

so, by Taylor’s theorem, this function can be expressed as a series X nb n z 1l ~ l 

n "i 

converging everywhere; integrating, it follows that 

Oj (z) = ce° 

GO 

where G(z) = 2 b n z n and c is a constant; this series converges everywhere, 

and so G (z) is an integral function. 

Therefore, finally, 

/ W ./(o).««.>5 .*•}']. 

where G (z) is some integral function such that G (0) = 0. 

[Note. The presence of the arbitrary element O (z) which occurs in this formula for 
/(z) ifl due to the lack of conditions as to the behaviour of f(z) as ) z |-** oo .] 

Corollary. If m* — !, it ifl sufficient to take k n = n, by § 2 36. 


77. The expansion of a class of periodic functions in a series of 
cotangents. 

Let f(z) be a periodic function of z, analytic except at a certain number 
of simple poles; for convenience, let 7 r be the period of f(z) so that 
/(*) =/(*+*■)■ 

Let z*=>x + iy and let f(z)—*l uniformly with respect to a; as y—► + 00 , 
when 0^#^7r; similarly let f(z)—*l' uniformly as — 

Let the poles of f(z) in the strip 0 < x ^ ir be at a lt a?, ... a n ; and let the 
residues at them be c li c,, ... c n . 

Further, let ABCD be a rectangle whose comers are* — ip , ir — ip , 
7r + ip and ip in order. 

Consider Jf (0 cot (* “ z ) dt 

taken round this rectangle ; the residue of the integrand at a r is cv cot ( a r — z), 
and the residue at z is f(z). 

Also the integrals along DA and CB cancel on account of the periodicity 
of the integrand; and as p— ►oo , the integrand on A B tends uniformly to Vi, 
while as p—too the integrand on CD tends uniformly to — li\ therefore 

5 (l' + l) =f(l) + X C r cot (Or ~ z). 

r-1 

* I! any of the poles are on z = r, shift the rectangle slightly to the right; p, p' are to be 
taken so large that a\, a?, ... a* are inside the rectangle. 
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That is to say, we have the expansion 

/W-s(r + 9+ 2 c r cot (z — dr). 

1 r«=l 

Example 1. 

cot (x - Oj) cot (x -a B )... cot (x — a*) =* 2 cot (a r ^a x ) ....... cot (a r —a„) cot (ar —(!,) + (- )l n , 

r»l 

a 

or »= I cot (a, — ajcot (a*- fl w )cot(x —a r ), 

r«l 

according as n is even or odd; the * means that the factor cot (a r — a^) is omitted. 

Example 2. Prove that 

sin (x - 6|) Bin (x- b 2 ) ... sin ( x - 6 H ) sin {a\ — 6Q ... sin (g! — b u ) 

sin (x— e*j) sin (z — a 2 ) ... sin (j:— a„) sin {a x — g*)... sin (aj - a n ) ' 1 

+ cot (,- a,) 

Hin (a?— aj) ... Hin (g 2 - g„) 

+ . 

cos (aj + + ... -1- a n - h — 6j — ... — b H ). 

7'8. Borel’s theorem j\ 

® * 

Let/(z) = £ a n z n be analytic when | z | ^r, so that, by § 5 23, | a^r 11 1 < M , 
»-o 

where if is independent of n. 

® z M 

Hence, if if) (z) =» 2 —- , (z) iB an integral function, and 

* = 0 n ! 

and similarly | <f> {n) (z) | < Me\*\ ,r /r n . 

Now consider /i(z) = I e~ l tf> (zt) dt \ this integral is an analytic function 
J o 

of z when | z \ < r, by § 5 32. 

Also, if we integrate by parts, 

/i ( z ) = <p (^)J Q +z j 0 e ' l< f )f dt 

■ 2 f* e” f d> (m) (zf)l + z n+1 f e' ( (f> iH+1) (zt) dt 

m-o L Jo Jo 

But lim(z£) = a™; and, when \ z\ <r t lim w (zt) = 0. 

f-—o 

Therefore /, (r) — 2 

m -0 


f Legons tur U» tSriet divergentes (1901), p. 94. See also the memoirs there cited. 
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where 


| R n | < |r* +1 1 f e-t.MeWi'r-'-'dt 

Jo 


\zf~*\ n + l M{\ - |-r17- -1 } -1 —►O, as n— too. 


Consequently, when | z \ < r. 


and so 


/iW- 2 a m s m -f(z) ] 

m«0 

/(*)=[ e~ i ^>(zt)dt, 

Jo 


where <f> (z) = 2 ; <f>(z) is called Borel’s function associated with So n z n 

*=o fa! ti=o 


If 2 a n and <£(*)*= 2 and if we can establish the relation (t) dt, 

«-0 n=0 71 • jo 

the series £ is said (§ 8*41) to be 1 summable (By ; so that the theorem just proved 
shews that a Taylor’s series representing an analytic function is Bummable (B). 


7‘01. BoreVs integral and analytic continuation. 

We next obtain Borers result that his integral represents an analytic function in 
a more extended region than the interior of the circle | z \ *r. 



This extended region is obtained as follows: take the singularities a, b,c, of f(z) and 
through each of them draw a line perpendicular to the line joining that singularity to the 
origin. The lines so drawn will divide the plane into regions of which one is a polygon 
with the origin inside it. 

Then BoreVs integral represents an analytic function (which, by § B'5 and § 7‘B, is 
obviously that defined by f(z) and its continuations) throughout the interior of thi* 
P°lygon. The reader will observe that this is the first actual formula obtained for the 
analytic continuation of a function, except the trivial one of § 5’5, example. 

For, take any point P with affix ( inside the polygon; then the circle on OP as 
diameter has no singularity on or inside it*; and consequently we can draw a slightly 


* The reader will see thin from the figure; for if there were such a singularity the correspond¬ 
ing side of the polyguu would pass between O and P ; i.e. P would be outside the polygon. 
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larger conoentric circle* C with no singularity on or inside it. Then, by § 5 4, 

°>- 2 Lf/M*’ 

and 80 * «*>'" 2S Jo Sf / c ^ * : 

but 2 converges uniformly (§ 3 34) on C since f(z) is bounded and | z | > 3 > 0, 

where 8 ib independent of t; therefore, by § 47, 

J o *~'f( z ) e *P (fa -1 )*, 


and so, when f is real, | <p ((C) \ < F(() where /^(f) is bounded in any closed region lying 
wholly inside the polygon and is independent of t ; and A is the greatest value of the 
real part of (jz on C. 


If we draw the circle traced out by the point zj( y we see that the real part of {/z is 
greatest when z is at the extremity of the diameter through (, and so the value of A is 

We can get a similar inequality for <£' ((t) and hence, by § 5-32, J e _l 0(£f) di is 
analytic at ( and is obviously a one-valued function of (. 

This is the result stated above. 


7'82. Expansions in series of inverse factorials . 

A mode of development of functions, which, after being used by Nicolef 
and Stirling}; in the eighteenth century, was systematically investigated by 
Schloroilch§ in 1863, is that of expansion in a series of inverse factorials. 

To obtain such an expansion of a function analytic when | z \ > r, we let 

the function be f(z)= 2 and use the formula f(z) = i ze~ u <f>(i)dt, 

n = 0 Jo 

GO 

where </>(£) = 2 a fl f n /(n!); this result maybe obtained in the same way as 

n=0 

that of § 7‘8. Modify this by writing e~ l = I — £, <p (t) — /*(£); then 

A*)=l l M(l~fr-'F(&dl 

Jo 

Now if t = u + iv and if t be confined to the strip — 7r < v < 7r, £ is a one¬ 
valued function of £ and F(£) is an analytic function of f; and £ is restricted 
so that —7 r < arg (1 — £) < 7 r. Also the interior of the circle | £ | = 1 corresponds 


* The difference of the radii oT the circles being, say, 6. 

t M6m dt VAcad. dea Sci. (PariB, 1717); Bee Tweedie, Proc. Edin. Math. Soc. ixxvi. (1918). 

X Methodue Differential™ (London, 1730). 

g Compendium der hfiheren Analytic. More recent investigations are due to Kluyver, Nielsen 
and Pincherle. See Comptet Rcndus, cxxxm. (1901), cxxxiv. (1902), Annalet de I'jfccoU norm, 
tup. (8), xix., xxii., xxiii., Rendiconti dei Lincei, (5), xi. (1902), and Palermo Rendiconti, xxxrv. 
(1912). Properties of functions defined by series of inverse factorials have been studied in an 
important memoir by Norland, Acta Matjf. xxxvil (1914), pp. 327-387. 
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to the interior of the curve traced out by the point t « — log ^2 cos ^0^ 4- - iff, 
(writing £ exp {i (6 4- tt)]) ; and inside this curve 

as R {t)—¥ oo . 

It follows that, when | £ | < 1, | F{%) | < J/e rUI < M l \e rt \, where M l is in¬ 
dependent of t ; and so F(£) < M l | (1 — £)"* |. 

Now suppose that 0 ^ £ < 1; then, by § 5'23, | F {n) (f) | < M 2 . n\p~ n , where 
M 2 is the upper bound of \F{z)\ on a circle with centre £ and radius 
9 < 1 “ f ■ 


Taking p --(1 — £) and observing that* (1 + n~ l ) n < e we find that 

l'"(BI<■». [‘ - (f + 

< JfxC (n + l) r . n ! (1 — £) _r ~ n . 

Remembering that, by § 4 5, f means lim f , we have, by repeated 

Jo e-*-+0 Jo 

integrations by parts, 

f(z)= lim [-( 1 -£)F^(£)1 1 “ - + r\l -fyf” (£)<*£ 

■-*-40 L Jo 

- [-<* - «™>r* ftt [- ■«* ■- ^ <*>r 




- ft I 1 I 2 II 71 iff 

0 *+l + (* + l)(z + 2r ■* , + (* + l)(s+2)...(* + nr 

where 6 n = lim (1 — £) /+n jF (n) (£)1 

.-►0 L 

- ( 0 ), 

if the real part of z + n — r — n > 0, i.e. if (s) > r ; further 

I I« | (g +1) (a + 2) ■. ■ (z -f ^)| IS £" 1 (1 - ® 11 '« 

_ (n + 2) r . 7i 1 _ 

< | (r 4-1) (z + 2) ... (z 4 n) |. R (z - r) 

_ Mje(n + 2) r .n ! _ __ 

< (r -|-1 + 8) (r -1- 2 + 8) ... (r + n 4 S). 8 ’ 

where S — R (z — r). 

* (l+x _l ) x increaaea with x; for p~ >eV » when y<l, and bo log ^>y. That is to 

My, putting y -1 = l+x, ^ xlog (l + x _1 ) = log (l+x~ l ) - 
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Now 


n j(i +—) 

m-l l\ m J 


+ 8 \ ~ 


tends to a limit (§ 2‘7l) as n—*oo , and so | >0 if (n + 2) r e 

to zero; but 


-(r+ 6) ll/m 


tends 


2 1/m > I — = log (n + 1), 
m = l J i * 


by § 4 43 (il), and (n + Tf (n + l) _r_a —>0 when 8 > 0; therefore i2„—>0 as 
n— k» , and so, when R (z) > r, we have the convergent expansion 


6. 


+ ... + ; 


where 


/(*) 6 » + * + i + (* + l)(* + 2) ir '*™(*+l)(z + 2)...(r+n) 

Example 1. Obtain the same expansion by using the results 

- (■+i)(;+ii 1 ...fr+-n) " b. /.' *■' 

/c^r-/c 

Example 2. Obtain the expansion 

1 A . _ 1 a i 

° g \ */ * *(*+1) x(* + l)(* + 2) .. 

a n = J°t(l-£)(2-t)...(n-l-t)dt, 


+ .... 


and discuss the region in which it converges. 


(Schlomilch.) 


REFERENCES. 

E. Goursat, Court d* Analyse (Paris, 1911), Chs. xv, xvi. 

E. Borbl, Lemons sur let series divergence* (Paris, 1901). 

T. J. Pa. Bromwich* Theory of Infinite Series (1908), Chs. vin, x, xi. 
O. SCHLOMILCH, Compendium der hoheren Analysis, II. (Dresden, 1874). 


Miscellaneous Examples. 

1. If y - x-i\) (y)**0, where 0 is a given function of its argument, obtain the 
expansion 

/M-/M+J_ i <* wr £)•/«, 

where / denotes any analytic function of its argument, and discuss the range of its 
validity. (Levi-CivitA, Rend, dei Lincei , (6), xvi. (1907), p. 3.) 

2. Obtain (from the formula of Darboux or otherwise) the expansion 

/ w -/<«)- .*, {/w w - r * /, ’ ) (o) j ; 

find the remainder after n terms, and discuss the convergence of the series. 

The expan si one considered by Bromwich are obtained by elementary methods, i.e. without 
the use of Cauchy’s theorem. 





THE EXPANSION OF FUNCTIONS IN INFINITE SERIES 


145 


3. Shew that 


/(*+*)-/(*)- j, (-) m -' 1,3 ' 5 (n ;' l )» m " I) £ w" (*+*)-(- ry-> (*» 

+ (-)- A» + * I'" y„ ( 0 />" +1 > (*+*<) <*, 

where 

7. (*)-*£ijr^ £ /* <*-*)■«-* a-.) - 4 *, 

and shew that y H (x) is the coefficient of n ! t* in the expansion of {(1 - tv) (1 + 1 - tx)} ” ^ in 
ascending powers of t. 


4. By taking 


, . 1 d n f(l — r) e* w ] " 


in the formula of Darboui, Bhew that 


/(*+*)-/(.•*)=- J i £ {/«(*+*)-J/w w} 

+ (-)» h« * 1 J' <p (<)/l* +1 l (x + At) dt, 


1 — r u u 2 w 3 

r^=" 1 - a *n +fl **'!- B *r! + -- 


5. Shew that 


/«-/(«)- j/-)™- 


{/!*">-» (a)(z)} 


+ 2 “£- + -‘ | f ‘ +*. (*>/-« {«+* (*-«)} *, 
^ w= nfi[^C^Tr)].. 0 - 


0. Prove that 


/(*l) -/( z l)“^'l (*2 - *l)/' (*l) + C s (*j (*|) - c, (ij - (*2) 

-(*,-*.) 4 /"(O + ■■■ + (-)* f" {j£ («“«ech«)} /«•+»>(•. + <*!-'*.) * i 

in the serieB plus signs and minus signs occur in pairs, and the last term before the 
integral is that involving (z* — z i) B ; also C n is the coefficient of z H in the expansion of 


eot ^ in ascending powers of z. 


(Trinity, 1099.) 


7. If x l and x 2 are integers, and <f> (z) is a function which is analytic and bounded for 
all values of z such that x x ^R ( z ) ^x 2 j shew (by integrating 

[ <fi (z) dz 


round indented rectangles whose comers are x u x i} x 2 ± ® i, ± « i) that 
fa (j?i) + <f> (Xj + 1) + $ (J7| + 2) + ... + <f> ( x 2 - 1) + (x 8 ) 

[ x '<, sj ^ 1 r + + . 


<f>(z)dz +-r 


I r «(*,+»* 

'Jo 


Lienee, by applying the theorem 


jr_:_ d B 

_ 1 ^ * 
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where B\, B it ... are Bernoulli’s numbers, shew that 

4>(l) + 0(2)+... + *(n)-tf+44>(») + j\(*)&+ r l i ( ~-^y^ r &*-'>(*), 

(where C is a constant not involving n), provided that the last series converges. 

(This important formula is due to Plana, Mem. della R. Accad . di Torino, xxv. (1820), 
pp. 403-418; a proof by means of contour integration was published by Kronecker, 
Journal fiir Math. cv. (1889), pp. 345-348. For a detailed history, Bee Lindelttf, Le Calcul 
dee Residue. Some applications of the formula are given in Chapter xh.) 


8. Obtain the expansion 

x . 

for one root of the equation x=a2u + u 2 , and shew that it converges so long as | x j < 1. 


.,1.3 ... (2/i-3) x" 
n ! 2" 


9. If denote the sum of all combinations of the numbers 


taken m at a time, shew that 
cos z 1 


l 2 , 3*, 5 s , ... (2n — l) 2 , 
2*" 


CQ8I_ 1 - (-)» + ' f2=»("-n> ,,, 2* . . , 2«) 

3 sin* ,to(2n + 2) !\2n + 3 »<»+»2n+l 1 ‘ «■+« 3J 


sin*" + 1 x. 
(Teixeira.) 


10. If the function f(z) is analytic in the interior 6f that one of the ovals whose 
equation is | sin z | = C (where (7^1), which includes the origin, shew that f(z ) can, for all 
points z within this oval, be expanded in the form 


/(*)■ 


-/(0)+ * 

n=l 


/'**> ( 0 )+<'/!»’-») ( 0 )+...+.s’£- ,) /" ( 0 ) 


2 n\ 


r /'*• +11 (o)+<’+, /'*"-» (o)+...+-stV. r (o) 

+ «l» (2n + l)! 

where is the sum of all combinations of the numbers 

2 2 , 4 2 , 6 2 , ... (2n — 2) a , 


taken m at a time, and denotes the sum of all combinations of the numbers 

1», 3 a , 5*, ...(2a-l)*, 

taken m at a time. (Teixeira.) 


11. Shew that the two series 


0 2 z 3 2** 

2 ‘ + 3> + B* + - 


and 


2z _2 / 2z \ 3 2.4 / 8» V 

1 -z* 1 . 3 1 \1 -r 8 / "o. 5 8 \1 —zy 


represent the same function in a certain region of the z plane, and can be transformed 
into each other by Biirmann’s theorem. 

(Kapteyn, Nieuw Archief, (2), ill. (1897), p. 225.) 


12. If a function f(z) is periodic, of period 2rr, and is analytic at all points in the 
infinite strip of the plane, included between the two branches of the curve |sinz| = C 
(where C> 1), shew that at all points in the strip it can be expanded in an infinite series 
of the form 


/( z ) = d 0 + d 1 Bin z + ... +A n sin "z +. 

4"cos z (Bi + B % sin z+ ... +B n sin"" 1 «+...); 
and find the coefficients A n and B n . 
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13. If 0 and / are connected by the equation 

♦ W+VW-o, 

of which one root ia or, shew that 

a PF x3 i\*w ( rr) 

0 " (/ 2 ^7 11213 ! 0' 8 : ^ ^ 

r U y 0"' ^y,, ( pjpy 

X m 

the general term being (— ) m rau ^ipbed by a determinant in which 

the elementfl of the first row are 0', (0 a )', (0 3 )', , (0” 1-1 )', (f m F') and each row is the 

differential coefficient of the preceding one with respect to a; and F y f\ F\ ... denote 
F{a)J{a\F{a) . 

(Wronski, Philotophie de la Technie , Section n. p. 381, For proofs of the theorem 
see Cayley, Quarterly Journal , xil. (1873), Transon, Nouv. Ann . de Math. xiu. (1874;, and 
C. Lagrange, Brux. Mfan. Couronnes , 4°, xlvii. (1886), no. 2.) 

14. If the function W (a, 6, x) be defined by the series 


which converges so long as 


M< 




shew that H 7 (it, ft, t)— 1 + (a — ft) W(£i- ft, ft, .r) ; 

and shew that if y- IF (a, 6, x), 

then x— H T (fc, a, y). 


Examples of this function are 


If). Prove that 


H r (l, 0, x) = e*-}, 

IF(0, 1, .r) = log (1 -bar), 

IF (a, 1, = . 


“i “h ^ 1 * I » 

X a,.*» 0 1 ?i “° 

n—0 


where 


2a, 

Oo 

0 

0 

... 0 

4a, 

3a v 

2a 0 

0 

... 0 

6a 3 

5a a 

4a, 

3»o 

... 0 

-2) a n _,. 




.■■•(* -l)«o 

na. 




.“j 


and obtain a similar expression for 


16. Shew that 


(Jezek.) 


£ a r j7’ 
r=0 


(Mangeot, Ann. de VEcole norm, .s up. (3), xiv.) 

r r-u r + 1 da, 
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where S r is the sum of the rth powers of the reciprocals of the roots of the equation 

2 a r j: r - 0 . 

r= o 

(Gambioli, Bologna Memorie, 1892.) 

17. If f n (x) denote the nth derivate of f(z\ and if /_„(z) denote that one of the nth 
integrals of f{z) which has an n-ple zero at 2 = 0 , shew that if the series 

m 

2 /.Wy-.W 

Me — id 

is convergent it represents a function of i + x ; and if the domain of convergence includes 
the origin in the .r-plane, the series is equal to 


2 + 0)- 
n = 0 

Obtain Taylor’s series from this result, by putting g(z) = l. (Guichard.) 

18. Shew that, if x be not an integer, 

2 2 + « 

as y-y-ao , provided that all terms for which m = »i are omitted from the summation. 

(Math. Trip. 1895.) 

19. Sum the series 


i ( _ 1 _+ 1^ 

n=- fl \(-) n x-a-u n/ ’ 


where the valuo n = 0 is omitted, and p ) q are positive integers to be increased without 
limit. 

(Math. Trip. 1896.) 

20 . If /» = Jo I ’ rcot(x ’ r)rfl , shew that 


F(*) = e* 


JIRF 77 ^' 


and that the function thus defined satisfies the relations 

= -*) = 2siu.r»r. 

Z L Z 3 f z dt 

Further, if ^ + + 3 *+ “ ”J 0 log ^ 7’ 


shew that 


21 . Shew that 


| < 1 . 


(Trinity, 1898.’ 


n [1 - 2e-*« cos + + (1 - 2«-*sCoa (x — f) t )+e~ s«v)^ 

’ 2 *“ (W <^j»« e -*“* ' 


, . 2 ?-l . , 2y-l 

a,=kR in—— tt, 0 „*=*coe- 


and 


0 < x < 2*-. 


(Mildner.) 
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22 . If | x | < 1 and a is not a positive integer, shew that 
* & _ 2n-ur a x f 

n-1 t-X 

whore C is a contour in the f-plane enclosing the points 0 , x. 

(Lerch, Casopti, mi. (1892), pp. 06-08.) 


23. If 0 i («), 0 i (s), ... are any polynomials in z, and if F(i) be any integrable 
function, and if {z\ 0 3 (z),... be polynomials defined by the equations 

f'*-*<•). 

j'F(x) * (x) +1%=+*® d X =+,(z), 
f *{*) *> w ♦»(*)... <*>—, (*) dx=+ m (z\ 

J a z x 

f b F(x)dx = f, (?) (?) fo(?) 

y. *-■* <^iw<#>2(*)" r </>i(?)<£>(?)<#>a(?) + . 

+ ?.*.(») + *,(?)«#>*(?)... *■(*) /a ^ *' (X) ^ W ■'" 0m (-t) ^ • 


Bhew that 


24. A system of functions (z), (z), /> 2 (*)»... is defined by the equations 

Pn W = 1> P* + l (2) - (** + “n* + 6 J Pn W, 

where a, and b 9 are given functions of n, which tend respectively to the limits 0 and -1 
as 7i—^ x'. 

Shew that the region of convergence of a series of the form 2e„p n (z), where e lf e i} ... 
are independent of z, is a Cassini’s oval with the foci +1, - 1. 

Shew that every function /(z), which is analytic on and inside the oval, can, for points 
inside the oval, be expanded in a series 

f(z)-2(c n +zc 9 )p n (z), 

where 

c *“swi/(*)/(*)*• 

the integrals being taken round the boundary of the region, and the functions q n (z) being 
defined by the equations 

(Pincherle, Rend, dei Lincer\ (4), v. (1889), p. 8 .) 


25. Let C be a contour enclosing the point n, and let 0 (z) and f(z) be analytic when 
g is on or inside C. Let 1 1 \ be bo small that 

| *0 (z) | < | z - a I 

"when z is on the periphery of C. 


By expanding 


±.f / w _ l -jm.* 

2m J c K z-a — t$(z) 


in ascending powers of l, shew’ that it is equal to 

Hence, by using §§ 6 3, 6*31, obtain Lagrange’s theorem. 




CHAPTER VIII 


ASYMPTOTIC EXPANSIONS AND SUMMABLE SERIES 
8'1. Simple example of an asymptotic expansion. 

Consider the function f(x) = 1 t~' e*' 1 dt, where x is real and positive, 

J x 


and the path of integration is the real axis. 

By repeated integrations by parts, we obtain 

v 1 1 2! (—) fl " 1 (n — 1)! 

f (%) =-+ -T ” +- - - + 

J v XX 1 X* x n 




eF~ l dt 
f "* 1 ■ 


In connexion with the function f{x), we therefore consider the expression 


inl¬ 


and we shall write 


x” 


" 112! (—) n n! 0 x 

U m — n 4 • • • 4* — — $n (x). 


X X* X? 


^pfl+1 


Then we have 1 u m / i( m _j | = mx~ l —> oo as m—» oo . The series £u m is there¬ 
fore divergent for all values of x. In spite of this, however, the series can 
be used for the calculation of/(#); this can be seen in the following way. 

Take any fixed value for the number n, and calculate the value of S n . 
We have 

/■« pX~t 

f(x) - S n (.) - (-)"+■ (» 4- 1)! j ^ -~ + f‘, 
and therefore, since e?~ l ^ 1, 

|/(*)-S«(*)!-(» + l)! J m ^+T <(”+!)!= 

For values of x which are sufficiently large, the right-hand member of this 
equation is very small. Thus, if we take x > 2n, we have 

1 


\f(*)-8 n (m)\< 


2 n+1 n* f 


which for large values of n is very small. It follows therefore that the value 
of the function f{x) can be calculated with great accuracy for large values of x, 
by taking the sum of a suitable number of terms of the series Xu^. 

Taking even fairly small values of x and n 

iS T s (10) = 0-09152, and 0 </(10) - S s (10) < 0-00012, 
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8 - 1 - 8 - 21 ] 


The series is on this account said to be an asymptotic expansion of the 
function /(#). The precise definition of an asymptotic expansion will now 
be given. 


82. Definition of an asymptotic expansion. 
A divergent series 

4 Aj An A n 

A 0 + —' + 

z z x Z n 


in which the sum of the first (n + 1) terms is S n (z), is said to be an asymptotic 
expansion of a function f{z) for a given range of values of ar gz, if the 
expression R n (z) = z n {f{z) — S n (z)} satisfies the condition 

lim Rn(z) =0 (n fixed), 
even though lim [ R n (z)\ = ao (z fixed). 

When this is the case, we can make 

! 2 n 1/(2) - Sn (2)} i < f, 

where e is arbitrarily small, by taking | z j sufficiently large. 

We denote the fact that the series is the asymptotic expansion of f(z) by 
writing 

f ( z ) *** 2 A n z n . 

n = 0 

The definition which has just been given is due to Poincare*. Special 
asymptotic expansions had, however, been discovered and used in the 
eighteenth century by Stirling, ftfaclaurin and Euler. Asymptotic expan¬ 
sions are of great importance in the theory of Linear Differentia! Equations, 
and in Dynamical Astronomy; some applications will be given in subsequent 
chapters of the present work. 

The example discussed in § H I clearly satisfies the definition just 
given : for, when x is positive, | x n [f (x) — 8 n (#)) | < n ! x~ ] —► 0 as x —► 00 . 

For the sake of simplicity, in this chapter we shall for the most, part consider 
asymptotic expansions only in connexion with real positive values of the argument. 
The theory for complex values of the argument may L>e discussed by an extension of the 
analysis. 


8 21. Another example of an asymptotic expansion. 

As a second example, consider the function f(x\ represented by the series 


where x > 0 and 0 < c < 1. 


/(*)« 2 


* -1 


.T + /' ’ 


Acta Mathematica, viii. (1886), pp. 295-344. 
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The ratio of the irth term of this series to the (k~ l)th is less than c, and consequently 
the series converges for all positive values of x. We shall confine our attention to positive 
values of x. We have, when x > k, 

1 


___ 

x+h^ x x* X s x* x* 


1 


If, therefore, it were allowable* to expand each fraction in this way, and to 
rearrange the series for f(x) in descending powers of x } we should obtain the formal series 

—+—+ +-‘+ 


where 




But this procedure is not legitimate, and in fact 2 A n x “ n diverges. We can, however, 

E —1 

shew that it is an asymptotic expansion of f {x). 


For let 

■5.W-^+^’+ 

Then 





so that I f(x )- S„(x) | = j (-*)’ ,+I -~ ! <a-*-* t- c*. 

Now 2 he 1 converges for any given value of n and is equal to C n , say; and hence 
|/(*)-&(*) | 

oC 

Consequently /(^)~ 2 A n x~*. 

n = 1 

Example. If f{x) = j dt ‘ where z is positive and the path of integration is the 

real axis, prove that 

... 1 1 1.3 1 . 3.5 

~ 2.r 2 2 j .“ 1+ 2 V 2 V + ‘"‘ 

[In fact, it was shewn by Stokes in 1857 that 

the iip^ier or lower sign is to be taken according as - <arg x <\n or J»r<arg ,r < $tt.] 


8'3. Multiplication of asymptotic expansions. 

We shall now shew that two asymptotic expansions, valid for a common 
range of values of arg^, can be multiplied together in the same way as 
ordinary series, the result being a new asymptotic expansion. 

For let ^ 0 ( z ) ** ^ 

m=0 w=0 


It is not allowable, since k->x for all terms of the series after some definite term. 
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8-3-8-32] 

and let <S B (z) and T n (z ) be the sums of their first (n + 1) terms; so that, 
n being fixed, 

f(z) - S n (z) = o (z~”), 0 (z) - T n (z) = o (z~ n ). 

Then, if C m = A„B m + A^B,^ + ... + A n B 0 , it is obvious that* 

S n (z)T„(z)= £ C m z~ m + o (z~ n ). 

m = 0 

But f{z) 4 , (z) = {S n (z) + 0 (z-")} [T n (z) + o (*-")) 

= S„ (z) T n (z) + 0 (z~ n ) 

= 1 C m z~ m + 0 (z~ u ). 

m-0 

This result being true for any fixed value of n, we see that 
/(*)</> (z)~ £ c m z~ m . 

m = 0 

8'31. Integration of asymptotic expansions. 

We shall now shew that it is permissible to integrate an asymptotic 
expansion term by term, the resulting series being the asymptotic expansion 
of the integral of the function represented by the original series. 

For let f{x)^ 2 A m x~ m , and let S n (x)= 2 A m x~ m . 

T»-i m=2 

Then, given any positive number e, we can find x 0 such that 
\f(x) — jS„ (j:) j < e | x j~ n when x>x 0l 

and therefore 

| j" f(x) dx - £ S n (x) dx | < £ I /(*) - Sn (a)! fix 

€ 

< (n — 1) j; n ~* * 

mi therefore j’ /<*) <b ~ • 

On the other hand, it is not in general permissible t to differentiate an asymptotic 
expansion ; this may be seen by considering e“- r sin (e*). 

8'32. Uniqueness of an asymptotic expansion. 

A question naturally suggests itself, as to whether a given series can be 

* See § 2*11; we use o (z _ *) to denote any function ^ (z) such that z u f (z) — 0 as i 2 1 -*• x . 
t For a theorem concerning differentiation of asymptotic expansions representing analytic 
functions, Bee Ritt, Bull. American Math, Soc. mv. (1918), pp. 225-227. 
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the asymptotic expansion of several distinct functions. The answer to this 
is in the affirmative. To shew this, we first observe that there are functions 
L (<r) which are represented asymptotically by a series all of whose terms are 
zero, i.e. functions such that lira x n L(x) = 0 for every fixed value of n. The 

X -*■ CE 

function er* is such a function when x is positive. The asymptotic expansion * 
of a function J ( x) is therefore also the asymptotic expansion of 

J (x) + L (x). 

On the other hand, a function cannot be represented by more than one distinct 
asymptotic expansion over the whole of a given range of values of z ; for, if 

/«~ 2 /«~ 2 
tn=o m=o 

then lim z" (a„ + —+... + B 9 - B ~ - ...= 

Z-*-oo \ 2 2 2 ~ J 

which can only be if A Q =B 0 \ A^B^ .... 

Important examples of asymptotic expansions will be discussed later, in connexion 
with the Gamma-function (Chapter xii) and Bessel functions (Chapter xvn). 

8 4. Methods of 1 summing * series. 

We have seen that it is possible to obtain a development of the form 

/(*) = S A m x~ n + R„{x), 

m-0 

IE 

where ^(x) —* oo as n—MX> , and the series 2 AnX - ™ does not converge. 

th = 0 

We now consider what meaning, if any, can be attached to the ‘ sum * of 
a non-convergent series. That is to say, given the numbers aa lt a ..., 
we wish to formulate definite rules by which we can obtain from them a 

OB CE 

number S such that S = 2 a n if 2 a* converges, and such that S exists 
when this series does not converge. 


8 * 41 . BoreVs\ method of summation. 

We have seen (§ 7*81) that 

CE /■* 

2 a n z n = er c (f)(tz)dt t 
»= o J o 


where 4>(tz)= 1 

n = 0 n - 


, the equation certainly being true inside the circle 


00 

of convergence of 2 a n z n . If the integral exists at points z outside thia 
»=o 

00 

circle, we define the 'Borel sum’ of 2 a n z 11 to mean the integral. 

»=o 


* It has been shewn that when the coefficients in the expansion satisfy certain inequalities, 
there is only one analytic function with that asymptotio expansion. See Phil. Tran j. 213, a, 
(1911), pp. 279-813. 

4- Onnsl r <mm mv I.i rkiiljviunff ■ M QA1 V T\H Q7.1 1 R 
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Thus, whenever R{z)< 1, the * Bore) sum ’ of the series £ z n is 

««o 

f e~ c e tz dt — ( 1 — z)~\ 

J 0 

If the ' Borel sum ’ exists we say that the series is ‘ summable (B).' 

8A2. Euler s* method of summation. 

A method, practically due to Euler, is suggested by the theorem of § 3 71; 

X IX) 

the 'sum' of 2 a* may be defined as lim £ a ft x n , when this limit exists. 

n=0 x 1 — 0 n«=0 

Thus the ‘ sum ’ of the series 1 — 1 + 1 — 1 + ... would be 
lim (1 — x + x* — ...) = lim (1 + a)- 1 = 

x 1 -0 x 1 - 0 

8'43. Cesdro’s f method of suuimation. 

Let as+ a, 4- ... + a n ; then if S = lim - (ffj + **+... + * n ) exists, we 

x 

say that £ a n is 'summable (C 1),’ and that its sum (Cl) is S. It is 

n = 1 

X 

necessary to establish the 'condition of consistency J/ namely that S = £ a n 

n= 1 

when this series is convergent. 

x n 

To obtain the required result, let £ a m = s, £ s m = nS n ] then we have 

m ~ 1 in = 1 

to prove that S n —> s. 

Given e, we can choose n such that 
SO | S — S n I ^ €. 

Then, if v > a, we have 
S, 


n+p 

1 a„ 

m-H-r 1 


< e for all values of p , and 


= a 1 + a 5 (l-i) + ... + a n (l- ^) + a n+1 (l -^) + ...+a, (l-~). 

Since 1, 1 — v~\ 1 — 2v~\ ... is a positive decreasing sequence, it follows 
from Abels inequality (§ 2‘301) that 

Therefore 




®l + a l! (i — + ■ ■ • + rt n (i — )} | < ( 1 — y) e " 


* Instit . Calc. Diff. (1755). See Borel, loc. cit. Introduction, 
t Bulletin det Scienceft Math. (2), xiv. (1890), p. 114. 

X See the end of § 8*4. 
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Making v—* oo, we see that, if S be any one of the limit points (§ 2 21) 
of S r , then 


S- X a„ 

n=\ 




Therefore, since 18 - s n j ^ e, we have 


\S-s\%2e. 

This inequality being true for every positive value of e we infer, as in § 2*21, 
that S = s; that is to say S„ has the unique limit 8; this is the theorem which 
had to be proved. 

Example 1. Frame a definition of ‘uniform summability (C 1) of a series of variable 
terms.’ 


Example 2. If v > &n + i, v ^ 0 when n < v, and if^ when n is fixed , lim 1, and 
if 2 a m =>, then liiu j I a n b n< J 

TH = l U = 1 * 


8 431. Ceedro's general method o f summation. 


A series 2 a* is said to be ‘summablc ( Cr)’ if lim I a n b^ v exists, where 

v-»<a n = 0 





V + 1 — 71 ^ ^ V 4- 2 — n)' ^ V — 1 



It follows from 8‘43 example 2 that the ‘condition of consistency’ is satisfied ; in 
fact it can be proved* th»t if a series is Hummable (O') it is also surnmable (O) when 
r > r ■ the condition of consistency is the particular case of this result when r^=0. 


844. The method of summation'of Rieezf, 

A more extended method of ‘ summing ’ a aeries than the preceding is by means of 

lim I (l-^Ya., 

v-9*<x> » = 1 \ ^vj 

in which X n is any real function of n which tends to infinity with n. A series for which 
this limit exists is said to be ‘surnmable ( Rr ) with sum-function X*.’ 


86. Hardy’s} convergence theorem. 

Let So n be a series which is surnmable (0 1). Then if 

n=1 

On = 0(1 In), 

30 

the series X u n converges. 

»-=i 


* Bromwich, Infinite Serie *, § 122. 
f Comptet Rendm, cxlix. (1910), pp. 18-21. 

x Proc. London Math. Soc. (2), viil (1910), pp. 302-304. For the proof here given, we are 
indebted to Mr Littlewood. 
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Let 8 n = & l + 0 ?+ ... + dn ; then since 2 a« is summable (O' 1), we have 

W=1 

8, + « 2 + ... + 8 n = n [s + 0 ( 1 )), 

CD 

where $ is the sum ((71) of 2 a„. 

Let — s = £ m , ( 7 J 1 =1, 2, .., n), 

and let ty + t% +• ... ■+■ £ n = Cn. 

With this notation, it is sufficient to shew that, if | a n | < Kn~\ where K 
is independent of n, and if a n = n. 0 (1), then t n —► 0 as n —► qo . 

Suppose first that Oy, a^, ... are real. Then, if t n does not tend to zero, 
there is some positive number h such that there are an unlimited number of 
the numbers t n which satisfy either (i) t n > h or (ii) t n < —h. We shall shew 
that either of these hypotheses implies a contradiction. Take the former*, 
and choose n so that t n > h. 

Then, when r = 0, 1, 2, .... 

|o n+r | <Kjn. 



Now plot the points P r whose coordinates are (r, t n + r ) in a Cartesian 
diagram. Since tf n4 _ r+ i — f n+r = a n+r+lj the slope of the line P r P r+1 is less 
than 6 = arc tan ( Kjn ). 

Therefore the points P 0) P lt P 2 , ... lie above the line y = h — x tan 0. 
Let P k be the last of the points P 0 , P it ... which lie on the left of x = hco\,0, 
bo that k ^ h cot 6. 

Draw rectangles as shewn in the figure. The area of these rectangles 
exceeds the area of the triangle bounded by y — It — x tan 6 and the axes ; 
that iB to say 

(T n +t — <Tn-i = tn “h fn+i + ■ • ■ + ^n+Jfc 
> cot0 = ih 2 K-'n. 

* The reader will see that tbe latter hypothesis involves a contradiction by using arguments 
of a precisely similar character to those which will be employed in dealing with the former 
hypothesis. 
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But I - a n _ x I c' <r n +k ! + | o-n- 1 1 

= (n + Jc ). o (I) + (n - 1) . o(l) 

= n.o( 1), 

since k < hnK~\ and h, K are independent of n. 

Therefore, for a set of values of n tending to infinity, 

^k 2 K~ l n < n. o (1), 
which is impossible since ^ h a K~ l is not o (1) as 

This is the contradiction obtained on the hypothesis that lim t n ^h >0) 
therefore lim t n $ 0. Similarly, by taking the corresponding case in which 
t n % — h, we arrive at the result lim t n ^ 0. Therefore since lim t n > lim t n , 

we have lim t n = lim t n = 0, 

and so t n —► 0. 

ac 

That is to say s n —► s, and so £ a n is convergent and its sum is s. 

n = l 

If a n be complex, we consider R (a n ) and I (a n ) separately, and find 

on X- 

that £ R(dii) and 2 /( u n ) converge by the theorem just proved, and so 

n-1 n=l 

<X) 

2 a n converges. 

n = l 

The reader will see in Chapter IX that this result is of great importance 
in the modem theory of Fourier series. 

Corollary. If a* (£) be a function of £ such that 2 a n (£) is uniformly summable (C 1) 

ii-i 

throughout a domain of values of £, and if | a n (£) | < A' 71-1 , where K is independent of £, 

aD 

2 a„ (£) converges uniformly throughout the domain. 
n= l 

For, retaining the notation of the preceding section, if f„(£) does not tend to zero 
uniformly, we can find a positive number h independent of n and £ such that an infinite 
sequence of values of n can be found for which t n (£„) ;> h or t n (£ n ) < - h for some point £ n 
of the domain* ; tho value of f„ depends on the value of n under consideration. 

We then find, as in the original theorem, 

\h*K~ x n < n. o ( 1 ) 

for a set of values of n tending to infinity. The contradiction implied in the inequality 
shewst that A does not exist, and so (£)-►() uniformly. 

* It is assumed that a n (£) is real; the extension to complex variables can be made as in the 
former theorem. If no such number h existed, t n (£) would tend to zero uniformly. 

f It is essential to observe that the constants involved in the inequality do not depend on £ H . 
For if, say, K depended on K~ l would really be a function of n and might be o (1) qua funotion 
of n, and the inequality would not imply a contradiction. 
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1 . 


Shew that 


/; 


Miscellaneous Examples. 

e xt , I 2! 4! , , 

at ™ - — —+ — — ... when .v is real and positive. 


2 . Discuss the representation of the function 

r 0 

f(x) = J (p (t) dt 

(where x is supposed real and positive, and (p is a function subject to certain general con¬ 
ditions) by means of the series 

x 

Shew that in certain cases (e.g. (p(t) = e at ) the series is absolutely convergent, and 
represents f(x) for large positive valueH of x', but that in certain other cases the series is 
the asymptotic expansion of/(jr). 


3. Shew that 


e M z~ 


l^a-l (a-i) (a-_2) 

T- J -T ... 


j 1 akr~- + 

Jz z z* 

(Legendre, Exercices de Calc. lnt. (1811), p. 340.) 


for large positive values of z. 

4. Shew that if, when x > 0 , 

/( * )= /„ l' og “ +log (T _ ^)} 


du 

e ~TU - 


then 


, 1 B x 

/( x ) ~ ~ 02~2 + 




2jt 2 2 .t 2 4 s x* 6 2 .t° 


- + 

S_Jl • ■ ■ ■ * 


Shew also that / (x) can be expanded into an absolutely convergent series of the form 
[X)= j, ^+ l)(x + 2) - .. 7^--HE)' (Schliimilch.) 

5. Shew that if the series 1 +0 + 0 - 1 +0+ 1 -h0-h0 — 1 + in which two zeros 

precede each -1 and one zero precedes each +1, be 1 summed 1 by Ceskro’s method, 
its sum U (Euler, Borel.) 

6 . Shew that the aeries 1 - 2!+ 4! - ... cannot be summed by Borel’s method, but the 
series 1 +0— 2! +0 + 4! +... can be ao summed. 


* This paper contains many references to recent developments of the subject. 

+ A bibliography of the literature of summable series will be found on p. 372 of this 
memoir. 



CHAPTER IX 


FOURIER SERIES AND TRIGONOMETRICAL SERIES 


91 . Definition of Fourier series *. 

Series of the type 

+ (tf-! cos x + 6j sin x) + {a 2 cos 2 x + b 2 sin 2 x ) + ... 

CC. 

= J-« 0 + 2 (a n cos nx + b n sin nx), 

n =1 

where a n , b n are independent of x , are of great importance in many investi¬ 
gations. They are called trig ono metrical series. 

If there is a function f(t) such that j f{t) dt exists as a Riemann integral 
or as an improper integral which converges absolutely, and such that 

ira, x - f f(t) cos nt dt, Trb n = f f (t) sin ntdt, 


then the trigonometrical series is called a Fourier series. 

Trigonometrical series first appeared in analysis in connexion with the investigations 
of Daniel Bernoulli on vibrating strings ; d : Aleml>ert had previously solved the equation of 

motion y = a 2 ^|in the form y = \ {f (x+at)+f {x-at)) y where y=f(x) is the initial shape 

of the string starting from rest ; and Bernoulli shewed that a formal solution is 


» , nir.v 

y = £ b n sin —j— cos 

a-1 * 


Hit at 

~T ’ 


the fixed ends of the string being (0, 0) and (l, 0); and he asserted that this was the most 
general solution of the problem. This appeared to d’Alembert and Euler to be impossible, 
since such a series, having period 2^, could not possibly represent such a function ost 
c.v (l— x) when f = 0. A controversy arose between these mathematicians, of which an 
account is given in Hobson’s Functions of a Real Variable. 


Fourier, in his Theorie de la Chaleur , investigated a number of trigonometrical scries 
and shewed that, in a large number of particular cases, a Fourier series actually converged 
to the sum f{x). Poisson attempted a general proof of this theorem, Journal de V&cole 
poly technique, xn. (1823), pp. 404-509. Two proofs were given by Cauchy, Mem. de 
l Acad. R. des ,Sci. vi. (1823, published 1826), pp. 603-612 (Oeuvres, (1), n. pp. 12-19) 
and Exercicts de Math. n. (1827), pp. 341-376 (Oeuvres, (2), vii. pp. 393-430); these proofs, 
which are based on the theory of contour integration, are concerned with rather particular 
classes of functions and one is invalid. The second proof Iias been investigated by 
Harnack, Math. Ann, xxxu. (1888), pp. 175-202. 


* Throughout this chapter (except in § 9-11) it is supposed that all the numbers involved are 
real. 

t This function gives a simple form to the initial Bhape of the Btring. 
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In 1829, Dirichlet gave the first rigorous proof* that, for a general class of functions, 
the Fourier series, defined as above, does converge to the aam/(4 A modification of this 
proof was given later by Bonnet t. 

The result of Dirichlet is thatj if f(t) is defined and bounded in the range ( - n, n) and 
if f(t) has only a finite number of maxima and minima and a finite number of dis¬ 
continuities in this range and, further, if f(t) is defined by the equation 

/(< + 2tt)=/(<) 

outside the range ( — n, n), then, provided that 

rra n = J f(t)coHiltdt y nb n — j f{t)mnUdt, 

the series Ja 0 + 2 (a* cos nx + b n sin nx) converges to the sum J {/(-^+ 0 )+/O r “ 0 )}. 

n=l 

Later, Riemann and Cantor developed the theory of trigonometrical series generally, 
while still more recently Hurwitz, Fej^r and others have investigated properties of Fourier 
series when the series does not necessarily converge. Thus Fej&r has proved the re¬ 
markable theorem that a Fourier series (even if not convergent) is 1 Bummable (Ul)’ 
at all points at which f(x± 0 ) exist, and its sum (Cl) is ^ {/(^ + 0 )+/(^- 0 )}, 

provided that J f (t) dt is an absolutely convergent integral. One of the investigations 

of the convergence of Fourier series which we shall give later (§ 9 42) iB based on this result. 

For a fuller account of investigations subsequent to Riemann, the reader is referred to 
Hobson’s Functions of a Real Variable, and to de la Vallee Poussin’s Cours d? Analyse 
lnfinitesimale . 


9T1. Nature of the region within which a trigonometrical series converges. 

Consider the series 

1 * 

- a b + 2 (tf n cos nz+b n sin nz\ 

2 V -I 

where z may be complex. If we write £“■=£, the series becomes 

2 a « + j | f n + ^(«ll + ' 6 n)r*| ■ 

This Laurent series will converge, if it converges at all, in a region in which a ^ | (| ^6, 
where a , b are positive constants. 

But, if z = x + iy f |f | = e“ K , and so we get, as the region of convergence of the trigono¬ 
metrical series, the strip in the z plane defined by the inequality 

log a ^ - y $ log b. 

The case which is of the greatest importance in practice is that in which a=b = 1, and 
the strip consists of a single line, namely the real axis. 

Example 1. Let 

/ (z) = si n z - i sin 2z -I- ^ sin 3z - - sin \z + ..., 

where z — x-^iy-. 


* Journal Jiir Math, iv. (1829), pp. 157-169. 

f MCmoires des Savants Strangers of the Belgian Academy, xxm. (1848-1850). Bonnet em¬ 
ploys the second mean value theorem directly, while Dirichlet’s original proof makes use of 
arguments precisely similar to those by whioli that theorem is proved. See § 9 48. 

+ The conditions postulated for /(f) are known as Dirichlet's conditions -, as will be seen in 
§§ 0-2, 9 a 42, they are unnecessarily stringent. 
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Writing this in the form 

•••) + v ( e_ “-§ e ~ ,t,+ l e ' 3 “- •■■) 

we notice that the first series converges* only if y ^ 0, and the second only if y ^0. 
Writing ;c in place of z {x being real), we see that by Abel’s theorem (§ 3 71), 

f(x )« lim (r sin x— -r 2 Bin 2x + ^r 3 sin $x — ... ) 
r-*-l \ 2 3 / 

— lim ?: (re** - \ lr2e * i * + \ r 3 ^"- ...^ 

+ ^'( re ^-| r2e ' ib+ ^ e '“ I --)}• 

This is the limit of one of the values of 

- \i log (1 +re“) + £i log (1 + re""), 

and as r-*-l (if -n <x <ir), this tends to \x + kn, where k is some integer. 

® ( — ^ Tl—7 ym 7b.V 

Now 2 -—-- converges uniformly (§ 3‘35 example 1) and is therefore cou- 

71= 1 n 

tinuous in the range — 7r + fl ^ # <7r — fl, where 5 is any positive constant. 

Since $x is continuous, k has the same value wherever x lies in the range; and putting 
r = 0, we see that k — 0. 

Therefore, when — n < x < n, f{x) = J x. 

But, when rr < x < 3w, 

f(x)=f(x- 2 tt) = * (x- 2 tt) = ^. 1 *— tt, 
and generally, if (2n — 1) n < x < (2?i + 1) n, 

f {x) = \x-mr. 

We have thus arrived at an example in which f(x) is not represented by a Bingle 
analytical expression. 

It must be observed that this phenomenon can only occur when the strip in which the 
Fourier series converges is a single line. For if the strip is not of zero breadth, the 
associated Laurent series converges in an annulus of non-zero breadth and represents an 
analytic function of ( in that annulus ; and, since ( is an aualytic function of z, the Fourier 
series represents an analytic function of z ; such a series is given by 
r sin x — sin 5Lr + Jr 3 sin 3x — ..., 

where 0 < r < 1 ; its sum is arc tan - x > the arc tan always representing an angle 
between ±J»r. 

Example 2. When - n ^ x ^ tt, 

*. (— )" _1 cos nx 1 Q 1 g 
H =i 12 4 

The series converges only when x is real; by § 3*34 the convergence is then absolute 
and uniform. 

Since Jjr = sin x-± sin 2 j* + J sin 3 j- ... (— rrd — 6, fl>0), 

and this series converges uniformly, we may integrate term-by-term from 0 to x (§ 4*7), 
pnd consequently 

1 . * (- )" _1 (1 — cos tut) . 

2 2 -Ti-(-ir + d £x ^tr-3). 

* The series do converge if y =0, see g 2 31 example 2. 
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That is to say, when + 

C- i ^“-' COB71J , 

4 fl = l 7l Z 

where C is a constant, at present undetermined. 

But since the series on the right converges uniformly throughout the range - n ^ .r^ir, 
its sum is a continuous function of x in this extended range; and so, proceeding to the 
limit when ±rr, we see that the last equation is still true when x— + w. 

To determine ( 7 , integrate each side of the equation (§ 47) between the limits -ir, ir; 
and we get 

2)rC7-i7r 3 -0. 

o 

n u 1 2 1 9 * (— J" -1 oos nx 

Consequently -ir — -. #*= 2 —- ( — 

La 4 n--! n 

Example 3, By writing ir—2x for x in example 2, shew that 


* sin 2 nx j = $x(n — x) 


■ (=^x (v — x) 

= £ {rr | X | - X*} 


(0 ^^^7r), 

( - 7T ^ j.' ^ 7r). 


9‘12. Values of the coefficients in terms of the sum of a trigonometrical 
series. 

<n 

Let the trigonometrical series fcc 0 + 2 (c n cos nx + d n sin nx) be uniformly 

n=l 

convergent in the range (- ir , ir) and let its sum be / (x). Using the obvious 
results 


i: 


cos mx cos 


nxdx 1= 0 

} =7 r (m = nf0), 


f sin mx sin nxdx ( ^ (m ^ n), / dx = 2ir i 

J -n 1= 7T (m = n^0), J 

00 

we find, on multiplying the equation ^c 0 t- 2 (c„ cos+ c/ n sin n#) = /(a;) 

7t = 1 

by* cos nx or by sinn# and integrating term-by-termf (§ 47), 

7rc n = J f (x) cos nxdx, .ird n = J f(x) sin nxdx . 

Corollary. A trigonometrical series uniformly convergent in the range (-71 -, tt) is a 
Fourier series. 

Note. Lebesgue has given a proof (Series trigonometrique* , p. 124) of a theorem 

X) 

communicated to him by Fatou that the trigonometrical series 2 sin ?i.r/log ti, which con- 

n = 2 

vorges for all real values of x (§ 2*31 example 1), is not a Fourier series. 

9 2 . On Dirichlet’s conditions and Fourier's theorem. 

A theorem, of the type described in § 91, concerning the expansibility of 
a function of a real variable into a trigonometrical series is usually described 


* Multiplying by these factorp does not destroy the uniformity of the convergence, 
t These were given by Euler (with limitu 0 and 2 tt), Nova Acta Acad. Petrop. xi. (1793). 




164 


THE PROCESSES OF ANALYSIS 


[chap. IX 

as Fourier's theorem. On account of the length and difficulty of a formal 
proof of the theorem (even when the function to be expanded is subjected to 
unnecessarily stringent conditions), we defer the proof until §§ 9'42,9'43. It is, 
however, convenient to state here certain sufficient conditions under which 
a function can be expanded into a trigonometrical series. 

Let f(t) be defined arbitrarily when — ir ^ t < ir and defined * for all other 
real values oft by means of the equa tion 

/(* + 2»)=/(<). 

so that f(t) is aperiodic function with period 27t. 

Let f(t) be such that j f{t) dt exists; and if this is an improper integral , 

let it be absolutely convergent. 

Let a nt b n be defined by the equations f 

7 ra n =j f(t) cos ntdty 7rb n =J f(t)$inntdt (71 = 0 , 1 , 2 ,...). 

Then , if x be an interior point of any interval ( a , b) in which f {t) has 
limited total fluctuation , the series 

GD 

-}- 2 (a n cos nx + 6 n sin nx) 

M=1 

is convergent , and its sum J is (/{x + 0) +f(x — 0 )]. If f(t) is continuous 
at t = x, this sum reduces to f{x). 

This theorem will be assumed in §§ ‘J-21-9-32; these sections deal with theorems con¬ 
cerning Fourier series which are of some importance in practical applications. It should 
be stated here that every function which Applied Mathematicians need to expand into 
Fourier series satisfies the conditions just imposed on /(f), so that the analysis given later 
in this chapter establishes the validity of all the expansions into Fourier series which are 
required in physical investigations. 

The reader will observe that in the theorem just stated,/(f) is subject to less stringent 
conditions than those contemplated by Dirichlet, and this decrease of stringency is of 

00 

considerable practical importance. Thus, so simple a series as 2 (- ) M_1 (cos nx)\n is the 

H-l 

expansion of the function § log | 2 cos \x |; and this function does not satisfy Dirichlet’s 
condition of boundedness at ±rr. 

to 

It is convenient to describe the series £a 0 + 2 (a« cos nx + 6 n sin nx) as 

n= 1 

the Fourier series associated with f(t). This description must, however, be 

* This definition frequently results in /(f) not being expressible by a single analytical ex¬ 
pression for all real values of f. Cf. g 911 example 1. 

t The numbers a„, b n are called the Fourier constants of /(f), and the symbols b n will be 
used in this BenBe throughout §§ 9 2-9'5. It may be shewn that the convergence and absolute 
convergence of tho integrals defining the Fourier constants are consequences of the convergence 

and absolute convergence of j /(f) dt. Cf. §§ 2 32, 4-5. 

X The limits f(x± 0) exist, by g 3 64 example 3. 

§ Cf. example 6 at the end of the chapter (p. 190). 
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taken as implying nothing concerning the convergence of the series in 
question. 

921 . The representation of a function by Fourier series for ranges other 
than (— 7 T, 7r). 

Consider a function f(x) with an (absolutely) convergent integral, and 
with limited total fluctuation in the range a^x^b. 

Write x * ^ (a + b) - ^ (a - b) ir~ Y x\ f(x) = F (a/). 

Then it is known (§ 9 2) that 

^[F{a! + 0 ) + F{x'— 0 )} =\a 0 + 2 (a* cos nx + b n sin nx'), 

and so 


\ {/(* + 0 ) +/(* — 0 )} 

1 “ ( mr ( 2 or — a — b) , . mr ( 2 x — a — b)} 

= 2^ f» coa - b ^- +6nSin - b^t - \‘ 

where by an obvious transformation 

1/. f b .. . mr ( 2 x — a — 6) , 

^(b-a)a n = J /(a;)cos--- a®, 

1 ,, Xl [ b r, x ■ raw (2a; — a — b) 

2(6 -a)6 n -J /(a) sin- 


'fir. 


9 22 . Tfa cosine series and the sine series. 

Let f (x) be defined in the range (0, i) and let it have an (absolutely) 
convergent integral and also let it have limited total fluctuation in that range. 
Define f (x) in the range ( 0 , — l) by the equation 

/(- =/(*)■ 

Then 

1 r r / \ /■ / 1 f mrx 1 mrx\ 

a {/(* + 0 ) +f{x - 0)} = j a 0 + 2^ W cos - j- + b„ sin — j- , 

where, by § 9 - 21 , 

lon=j f(t) cos^^ dt =■ 2 j /(<) cos dt, 

- J i /(<) sin -j- dt = 0, 

so that when 

i [f(x + 0) +f(x - 0)] = i 0, + 2 a„ cos ~ ; 
this is called the cosine series. 

If, however, we define f(x) in the range (0, — /) by the equation 

/(-*)»-/(-*>. 
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we get, when — l < u ^ l, 

l f/(* + 0) +/(* - 0)) = b n sin 


K = 2 f /(t) si 
Jo 


this is called the siW series. 


Thus the series 


1 ■ nirx 

n COS . , 

* w = l & 


‘ n7r ^ J, 
SID—y- CM] 


2 b n sin 


where ^ /a n = j f(t) cos ^ ^ Z6 n * J /(£) sin dt, 

have the same sum when O^x ^ l ] but their sums are numerically equal and 
opposite in sign when 0 

The cosine series was given by Clairaut, Hist, de VAcad. R. des Sci. 1754 [published, 
1759], in a memoir dated July 9, 1757; the sine series was obtained between 1762 and 
1765 by Lagrange, Oeuvres , I. p. 553. 

Example 1. Expand J(rr—x)sinx in a cosine series in the range 0^.x^n. 

[We have, by the formula just obtained, 

oc 

i (rr-x) sin x — ^4- 2 OnCosrcx, 


\na n = I J (tr — x) sin x cosnxdx. 

J o 


But, integrating by parts, if n =f= 1, 


j 2 (a-- x) sin x cos 7 ixdx 

■= I (tr —x) {sin (71 +1) x — sin (71 — 1 ) x} dx 
Jo 

_\~ f _\ fCos(?i + l)jr cos (n-l)i']'|’ r f r f c °8 (w+ 1 ) x cos (n — 1 ) x) 

V X n) \ n + 1 JJo'io [n + l n^l ) dx 

( 1 1 -2tt 

W U+1 n ~ l ) (n + l)(w-l)- 
Whereas if 1, we get j 2 (rr- x) sin x cos xdx^far. 

Therefore the required series is 

1 1 1 _ 1 _ 1 

—K - cos x -cos 2x -cos 3x -cos 4x — .. . 

2^4 1.3 2.4 3.5 

It will be observed that it is only for values of x between 0 and tr that the Bum of this 
series is proved to be $ (tr - x) sin x ; thus for instance when x has a value between 0 and 
- »r, the sum of the series is not £ (n - x) sin x, but — J (rr+x) sinx ; when x has a value 
!>etwecn n and 2w, the sum of the series happens to be again £ (*r — x) sin x, but this is a 
mere coincidence arising from the special function considered, and does not follow from 
the general theorem.] 

Example 2. Expand Jyrx(yr — x) in a Bine series, valid when 0 £x^yr. 

r mi ■ ■ • , sin 3x sin 5x , 

[The senes is sin x-\ — 5 =- b —— b ... .] 

3 3 D 3 
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Example 3. Shew that, when 0 ^ x ^ tt, 

1 t q \ / a , n o _j,v , coe 3x cos bx 

^ rr (ir-ar) (w* + 2nx- 2x sl ) = cofla? + —+ —— + .... 

[Denoting the left-hand side byf(x) r we have, on integrating by parts and observing 
that/'(0)-/'(*)=(), 

J f(x) cos nxdx=^^f(x) sin nx^ - ^ j f'(x)B\nnxdx 

« j^/' (ar) cos tixJ ~ ~i j f" Mcos WJ? dx 

= - ^ (a?) Bin J + n*f f " ^ B ' n ^ 

*= - »« (/"' 008 “]' = ^ (1_C0B **)■] 

Example 4. Shew that for values of a? between 0 and »r, e° can be expanded in the 


cosine series 


2s _. / 1 cos cos 4x \ 2s . „ _./oosar cos3x’ \ 

-J e "-V{& + VT4 + 7+T6 + -)-n (-" + 1 )(^+i + 7?9 + -)' 

and draw graphs of the function e* 1 and of the sum of the series. 

Example b. Shew that for values of x between 0 and tt, the function |tt (it — 2x) can 
be expanded in the cosine series 

cos ,lr cos bx 

003* + -^ 

and draw graphs of the function J7r(7r- 2x) and of the sum of the series. 

9 3. The nature of the coefficients in a Fourier series * 

Suppose that (as in the numerical examples which have been discussed) 
■the interval (— tt, tt) can be divided into a finite number of ranges 
(—7 r, &i), ( k u k a ) ... ( k ni 7r) such that throughout each range f(x) and all its 
differential coefficients are continuous with limited total fluctuation and that 
they have limits on the right and on the left (§ 3 2) at the end points of these 
ranges. 

Then 


7ra m = J f(t)co9mtdt+J f(t) 
Integrating by parts we get 


cos mtdt + ... + 


/ 7(0 

J k M 


cos mtdt. 


ra in = j^m -1 /(£) sin sin mt J + ... 4- j^m -, /(£) sin mt 

— m _1 1 f'(t) sin mtdt —m.- 1 [ f (£) sin mtdt — ... - m -1 f f'(t)sinmtdt t 

J -IT J ky J k n 


so that 


_A jn bjf 

a™ m m 


* The analysis of this section and of § 0 81 is contained in Stokes’ great memoir, Camb. Phil. 
Trans, vm. (1649), pp. 538-563 [Math. Papers , i. pp. 286-313]. 
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where 2 sin mk T [f(Jc t — 0) — f{k T + 0)J, 

r-1 


and 6*/ is a Fourier constant of /'(a). 
Similarly b, 

J mm 

where 


7T B m z=— 2 cosmkr [/(kr — 0) — /(& r + 0)} — COS m7T {/(7T — 0) —/(— 7T + 0)}, 
r=l 

and a™' is a Fourier constant of/'(a;). 

Similarly, we get 


A * L // D ( " 

, 21 m Owx i / -Orn % 

dm = —-— . Dm = — + — . 

mm mm 

where a m ", b m " are the Fourier constants of f"(x) and 


7rA m '= 2 sin mk r [f (k T — 0) —/' (k r + 0)), 

r=l 


7 rB m ' = - 2 cos mk r (/' (t r - 0) -/' (A; r + 0)) 


Therefore 


— COS 7717T {/' (7T — 0) —/' (- 7T + 0)). 

_ ilm Bm <bn" , _ , AJ __ 

— a - . D ja — T a a ■ 

™ w 771 771 771 771 


771 771 

Now as 77i—>oo, we see that 


Am' = 0(1), =0(1), 

and, since the integrands involved in a m " and b^ are bounded, it is evident. 
that 

C-0(1), 6." = 0(1). 

Hence if A m = 0, B m = 0, the Fourier series for f(x) converges absolutely 
and uniformly, by § 3 34. 

The necessary and sufficient conditions that A m = B m = 0 for all values of 
m are that 

/(*r-0) =/(*, + <>), /(7r-0)=/(-7T + 0), 
that is to say that*/(z) should be continuous for all values of x. 


9 31. Differentiation of Fourier series. 

The result of differentiating 
1 00 

^ a 0 + 2 (a,* cos mx ■+■ b m sin mx) 
J 1 
w 

term by term is 2 [mb m cos mx — ma m sin mx). 

*ii - i 


Of coarse f (x) is also subject to the conditions stated at the beginning of the section. 
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With the notation of § 9'3, this is the same as 

i aj + 2 (a m ' cos mx + b m * sin mx\ 

* m = l 

provided that A m * B n = 0 and J f , (x)dx = 0; 

these conditions are satisfied if f{x) is continuous for all values of x. 

Consequently sufficient conditions for the legitimacy of differentiating 
a Fourier series term by term are that f{x) should be continuous for all 
values of x and f(x) should have only a finite number of points of discon¬ 
tinuity in the range (— 7 r, tt), both functions having limited total fluctuation 
throughout the range. 

932. Determination of points of discontinuity . 

The expressions for a m and 6 m which have been found in § 9 3 can frequently be applied 
in practical examples to determine the ixriuts at which the Hum of a given FourieT series 
may be discontinuous. Thus, let it be required to determine the places at which the sum 
of the series 

sin x+ $ sin 3x + J sin 5.X+... 

is discontinuous. 

Assuming that the series is a Fourier series and not any trigonometrical series and 
observing that 0 ^* 0 , 6 m = (2m) -1 (1 — coswwr), w r e get on considering the formula found in 
§ 9 3, 

A m = 0, B nx -\ -J cos Witt, = 

Hence if k x , k i} ... are the places at which the analytic character of the sum is broken, 
we have 

0 — nA ^ = [sin mk x {/ (k x - 0) -f(k } + 0)) + sin mk 2 {/ (k 2 - 0) -/ (k 2 + 0)} + ...]. 

Since this is true for all values of m, the numbers k x , k 2 , ... must bo multiples of n ; but 
there is only one even multiple of n in the range — n < x namely zero. So k x ~ 0, 
and k 2} /t 3 , ... do not exist. Substituting k x = 0 in the equation = cos nirr, we have 
n (J - 4 COS 7)1 tt) «** — [cos mn (/(tt — 0)— /( — n +0)}-h/ ( - 0)-/( + 0)]. 

Since this is true for all values of »n, we have 

U=/( + 0)-/(-0), iw-/(ir-0)-/(-IT+0). 

This shews that, if the series is a Fourier series,/(x) has discontinuities at the points 
7 i tt (n any integer), and since a„,' = 6 m ' = 0, we should expect*/(x) to be constant in the 
open range (- tt, 0) and to be another constant in the open range (0, tr). 

94. FejGr’s theorem. 

We now begin the discussion of the theory of Fourier series by proving 
the following theorem, due to Fej£rf, concerning the sunimability of the 
Fourier series associated with an arbitrary function, f(t)\ 

Let f{t) be a function of the real variable t, defined arbitrarily when 
— tt ^ t < 7 r, and defined by the equation 

/(f + 27T)=/(f) 

* In point of fact /(.r)=-Jx (-tcxcO); 

/(j) = ^r (0 <xct). 

t Math. Ann . lviii. (1904), pp. 51-69. 
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for all other real values oft; and let J f(t) dt exist and (if it is an improper 

integral) let it be absolutely convergent 

Then the Fourier aeries associated with the function f(t) is summable * (Cl) 
ai all points x at which the two limits f(x ± 0) exist. 

And its sum (Cl) is 

*{/(* + 0)+/(*-0)}. 

Let a n , b nt (n = 0, 1, 2, ...) denote the Fourier constants (§ 9'2) of f(t) 
and let 

m 

= a n cos nx + b n sin nx = A n (x), X A n (x) = S m (x). 

n =0 

Then we have to prove that 

lira -j- {.4, + S, (x) + S, (x)+... + (S m _,(*)) = \{f(x + 0)+/(«- 0)',, 

provided that the limits on the right exist. 

If we substitute for the Fourier constants their values in the form of 
integrals (§ 9'2), it is easy to verify thatf 

TH-\ 

A 9 + X S n (x) = mA 0 4 (m — 1) A x (a?) 4 (m - 2) A 2 ( x ) 4- .+ A m _ x (x) 


71 = 1 


1 f W 

= - | \m -f (m — 1) cos (x — t) + (m — 2) cos 2 (j; — t) + ... 

n J — n 

4 cos (m — 1) (x — 0) f(t) dt 

1 f r mn 3 bm(x-t) 

27r]. w am*i(x-t) JK ) 


dt 


“27 rj_ n 


sin a ^ nx (x — t) 


f(t) dt, 


-w+x SlD a J t ) 

the last step following from the periodicity of the integrand. 

If now we bisect the path of integration and write x T 20 in place of t in 
the two parts of the path, we get 

a *V 1 a / \ I ! sin a m0 r, . nZhJ /] , 1 f^sin 2 ^^ - / a 
4 + 1 S„(x) = - -r—j- fix + 2 0)d0 + - i( rf(x - 20) dd. 

n = l 7rj 0 Sin a C7 TT J 0 sm'cf 

Consequently it is sufficient to prove that , as ra—* oo , then 
ml o s m /(*+M)d0->i*f(*+O), -J n ^-f(x-20)d6-,inf(x-O). 


* See g 8-4B. 

f It ia obvious that, if we write X for in the aeoood line, then 

m + (m - I) (X 4 X-i) + (m - 2) (X* + X“2) 4 ... 4 (X*"” 1 4 \ l ~ m ) 

= (l_X)“i (X 1-m 4 X a-m 4...4X _1 4l — X-X 8 — ... - X m } 

= (l-\)-* (\‘-"-2X + X m+1 } = (X* m -X"*")’/(X*-X-‘) a . 
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Now, if we integrate the equation 


lain* 77i0 . / -.v «/» 

+ (w- l)coa 20+ ... + coa 2(?n - 1) 0, 


we find that 


(* w am* md , n t 

- ■ - »/) dV = ■j 7T7/1, 

/ o sin 2 0 J 


and bo we have to prove that 

1 ft*sin a 7/i0 


ft* ain 2 r/i0 . /m 

J„ djr» 


as m—* oo, 


where </>(0) stands in turn for each of the two functions 

f(x + 20) —/(x + 0), f(x — 20) —/(x — 0). 

Now, given an arbitrary positive number e, we can choose 6 so that 1 

! 0 ( 0)1 <6 

whenever 0 < 0 ^ \ 8. This choice of 8 is obviously independent of m. 
Then 


|1 ft* sin 2 77i0 
77i J o sin 2 0 


*( t » M <i/.‘ , ^i+wi‘ w + 


1 ft* sin 2 7710 , 


<f> (0) | rf0 


1771 J o sin 2 0 7 | mj o sin 2 0 71 ’ sin 2 0 1 7 ' 

e ft fi sin 2 77i0 1 ft" 

< — —■ a ^ H-r-- -. I 0 (0) (£0 

77 iJo sin a 0 7/7 sin 2 i 8 J ia 1 ^ v 1 

_ e ft^sin 2 77/0 1 ft*' 

^ — ■ ^ 3 “ d 0 H-— I </> ( 0 ) dd 

m Jo sin J 0 m sin 2 £8 J 0 r 7 

= i7re +-— ( in \<t>(e)\d6. 

m sin 2 $0 J o 1 1 

Now the convergence of J \f(t)\dt entails the convergence of 

\ kw \ 4 >{ 0 )\de } 

J 0 

and so, given e (and therefore 8 ), we can make 

^ 7 re 77 i sin 2 £ 8 > [ | $ ( 0 ) | d9 y 

Jo 

by taking m sufficiently large. 

Hence, by taking 771 sufficiently large, we can make 
I 1 f** sin 8 7/10 , 

!mJ. irPF* w<i9 <”■ 

where e is an arbitrary positive number; that is to say, from the definition of 
a limit, 

ljm lrl-sitfm* de _ 0 

sin’ 0 

and bo Fej^r’s theorem is established. 

* On the assumption that f{x±0) exist. 
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Corollary 1 . Let U and L be the upper and lower bounds of f(t) in any interval (a, b) 
whose length does not exceed 2 rr, and let 

Then, if o+i; £x£b - 7 , where 7 is any positive number, we have 

^ 2tww ti -w+x sin s j7 

i{d 0 +V £.(*)} £^+{| f/|+^}/{m8in»i7}. 
m [ *=1 J 


so that 


Similarly 


^ |^ 0 + m 2 <$«(*)! > L-[\L\ + \A)l{me,iTi*\i). 
m l »=i J 


Corollary 2 . Let f(t) be continuous in the interval a^t^b. Since continuity implies 
uniformity of continuity (§ 3 61), the choice of b corresponding to any value of x in (a, b) 
is independent of x, and the upper bound of |/(.r± 0 ) |, i.e. of | f(x) |, i 8 also independent 
of x, bo that 

/*' \<H«)\de~ j* \f(x±26) -f{x± 0 ) I de 


I* ['j/(<)l<* + H/(*±°)l> 


and the upper bound of the last expression is independent of x. 
Hence the choice of m, which makes 

1 [\* sin* m6 


I m Jo 


sin *0 


(f) ( 6 ) dd <»Tf, 


is independent of x, and consequently — |d 0 + 2 S n (x)l tends to the limit f(x ), as 

m \ n=i J 

m x> , uniformly throughout the interval a^,x^b. 

9 ' 41 - The Riemann-Lebesgue lemmas. 

In order to be able to apply Hardy's theorem (§ 8 5) to deduce the con¬ 
vergence of Fourier series from Fej^r's theorem, we need the two following 
lemmas: 

rb 

(I) Let yfr(0)d0 exist and (if it is an improper integral) let it be 

a 

absolutely convergent Then , as X— >qo , 

y/f (0) sin (\0) d0 is o(l). 


/: 


(II) If, further , -\/r (0) has limited total fluctuation in the range (a, b) then , 
as >oo, 


f yjr (0) sin (\0) d6 w 0(l/\). 
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Of these results (I) was stated by W. R. Hamilton* and by Riemannt in the case of 
bounded functions. The truth of (II) seems to have been well known before its importance 
was realised; it is a generalisation of a result established by Dirkseu| and Stokes 
(see § 9'3) in the case of functions with a continuous differential coefficient 

The reader should observe that the analysis of this section remains valid wheu the 
sines are replaced throughout by cosines. 

(I) It is convenient§ to establish this lemma first in the case in which 
yjr (0) is bounded in the range (a, b). In this case, let K be the upper bound 
of | >/r( 0 ) |, and let e be an arbitrary positive number. Divide the range (a, b) 
into n parts by the points x u ... and form the sums S n , 8 n associated 
with the function yfr (0 ) after the manner of § 4*1. Take n so large that 
S n — ff n <€] this is possible since >/r ( 0 ) is integrable. 

In the interval (x r _ lt x r ) write 

y/r (0) = \fr r (, x r _,) + w r (0), 

so that | o> r {d)\%U r -L r , 

where U r and L r are the upper and lower bounds of yfr(0) in the interval 

(^r—1 1 % t )' 

It is then clear that 
If yfr ( 0 ) sin (\ 0 ) d0 

| J a 

= 2 >/r r (# r -i) I 8in(\0)d0 + 2 | tu ; . (0) sin (\0) d0 

r = l J Xr—i 1 = 1 J fr-l 

« 2 | yfr T (* r _,)|. j f sin (\0)d0 + 2 [ \w r (0)\d6 

r = l \Jxt-\ r=l J x r -1 

<nK.(2/\) + (S n -s n ) 

< (2 nK/\) + e. 

By taking \ sufficiently large (n remaining fixed after e has been chosen), 
the last expression may be made less than 2e, so that 

lim [ yfr (0) sin (X.0) d0 = 0, 

J a 

and this is the result stated. 

When yfr(0 ) is unbounded, if it has an absolutely convergent integral, by 
§ 4*5, we may enclose the points at which it is unbounded in a finite|| number 

* Trans. Dublin Acad. xix. (1843), p. 267. 

t Gen. Math. J Verke, p. 241. For Lebesgue's investigation Bee bia Series trigonomctriyues 
(1906), Ch. m. 

t Journal filr Math. iv. (1B29), p. 172. 

§ For this proof we are indebted to Mr Hardy; it seems to be neater thau the proofs given by 
other writerH, e g. de la Vallee Poussin, Cours d'Analyse Injinitdsimale, u. (1912), pp. 140-141. 

|| The Jiniteness of the number of intervals is assumed in the definition of an improper 
integral, g 4 5. 
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of intervals 5,, S„ ... S p such that 

£ f | y/r (0) | dd < e. 
r = l J S r 

If K denote the upper bound of | y/r (0) | for values of 0 outside these 
intervals, and if y lf y a , ... 7 ' p+1 denote the portions of the interval (a, 6 ) which 
do not belong to S lt S 2 , ... 8 P we may prove as before that 

= 1 £ f y/r (0) sin (\0) d6 4 - ^ [ y/r (0) Bin (\0) d0 
I r=l J y r r =lJ &r 

^ I £ [ y/r (0) sin (\0) d0 + 2 [ ly/r(0)sin(\0)l d0 

| r = l J y r T-lJ A r 

< (2nK/\) + 2e. 

Now the choice of e fixes n and K , so that the last expression may be 
made less than 3e by taking \ sufficiently large. That is to say that, even 
if y/r (0) be unbounded, 

lim f y/r(0)sin(\0)d0 = O, 

A-*-oo J a 

provided that i/r ( 0) has an (improper) integral which is absolutely convergent. 
The first lemma is therefore completely proved. 

(II) When y/r (0) has limited total fluctuation in the range (a, b), by § 3'64 
example 2 , we may write 

'k (0) = (0) - W. 

where %i( 0 ), X* ( 0 ) ftre positive increasing bounded functions. 

Then, by the second mean-value theorem (§ 414) a number £ exists such 
that a ^ ^ b and 

J Xi ( 0 ) sin (X 0 ) <£0 = XiWj sin(A. 0 )rf 0 
* 2 Xl ( 6 )/X. 

If we treat x*{0) in a similar manner, it follows that 
| J y/r (0) sin (\0) dS < | J fa (0) sin (\0) d0 1 + | j fa (0) sin (\0) d0 

^ 2 lx* ( 6 ) + x* (&)!/*• 

- 0 ( i/M, 

and the second lemma is established. 

Corollary. If /(f) be Buch that j /(f) exists and is an absolutely convergent 

integral, the Fourier constants a w , 6 , or/(f) are o(l) as w-**® ; and if, further,/(f) has 
limited total fluctuation in the range ( — rr, 7 r), the Fourier constants are 0(l/n). 

[Of course these results are not sufficient to ensure the convergence of the Fourier 
series associated with /(f); for a series, in which the terms are of the order of magnitude 
of the terms in the harmonic BerieB (§ 2‘3), is not necessarily convergent.] 


[ y/r (0) sin (\0) d0 
J a 
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9*42. The proof of Fourier's theorem. 

We shall now prove the theorem enunciated in § 92, namely: 

Let f(t) be a function defined arbitrarily when — tt ^ t < tt, and defined by 
the equation f (t + 27 r) = f (t) for all other real values oft; and let j f(t) dt 
exist and (if it is an improper integral) let it be absolutely convergent . 

Let a n , b n be defined by the equations 

7ra n = J f(i) cos ntdt, nrb n = J f (t) sin ntdt. 

Then , if x be an interior point of any interval (a, 6) unthin which f(t) has 
limited total fluctuation , the series 

ao 

£ a 0 + Z (tt n cos nx + b n sin nx) 

n = l 

is convergent and its sum is £ [f(x + 0) + f(x — 0)). 

It is convenient to give two proofs, one applicable to functions for which 
it is permissible to take the interval (a, b) to be the interval (— tt + x, tt + x)> 
the other applicable to functions for which it is not permissible. 

(I) When the interval ( a , b) may be taken to be (— ir + x, tt + x),.it follows 
from § 9 41 (II) that a n cos nx + b n sin nx is 0 (1 /n) as n—*ao . Now by Fej£r's 
theorem (§9'4) the series under consideration is summable (CM) and its sum 
(Cl) is* £ [f( x + 0) 4- f(x — 0)}. Therefore., by Hardy’s convergence theorem 
(6 8 5), the series under consideration is convergent and its sum (bv 6 8'43) 
is i|/(a; + 0)+/(x-0)]. 

(II) Even if it is not permissible to take the interval (a, b) to be the 
whole interval (— ir + x, ir + x), it is possible, by hypothesis, to choose a 
positive number 6, less than tt, such that/(£) has limited total fluctuation in 
the interval (x — S, x + £). We now define an auxiliary function g (t) } which 
is equal to /(f) when x— 8 $ £ $ # + and which is equal to zero throughout 
the rest of the interval (— 7r + x, tt + x) \ and g (t + 2tt) is to be equal to g (t) 
for all real values of t. 

Then g (t) satisfies the conditions postulated for the functions under 
consideration in (I), namely that it has an integral which is absolutely 
convergent and it has limited total fluctuation in the interval (— tt + x, tt + x)\ 
and so, if a*' 11 , b H [X) denote the Fourier constants of g (t), the arguments used 
in (I) prove that the Fourier series associated with g (t)> namely 

£a t , (,) + Z (a* 111 cos nx + b H (X] sin nx), 

n * 1 

is convergent and has the sum £ [g (x + 0) + g (x — 0)}, and this is equal to 

i[/(* + 0)+/(*-0)J. 

* The limits/(x±0) exist, by § 8*64 example 3. 
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Now let S m (x) and S m {1) (x) denote the sums of the first m + 1 telms of 
the Fourier series associated with f(t) and g (t) respectively. Then it is 
easily Been that 


1 [ w 

&m(x) a — {£ + cos (x — t) + cos 2 (x - t) + ... + cos m (x - £)] f(t) dt 

IT J- w 

_lf' sin(TO + i)(*-0^/^ J. 

~ 2tt J - sin - ±(x- i r f ) 

x Din /tn X lWr _ / 

-7(*)* 


sin ^ (x — t) 

_ 1 f ,r+ * sin (?a -f -J) (x — t) 
2*71-J_,+* Bin £(# — £) 

/* ,r sin(277i +1)0 


-~r 

T* JO 


sin 6 


f(x + 29)d0+- f 

7T J o 


sin(277i + l)0 


sin 6 


f(x-26)d0, 


by steps analogous to those given in § 9'4. 
In like manner 




w-i f 


* r sin (2?n + 1) 0 


sin 0 




1 f*- 

20 ) 00 + - 

7T Jo 


sin (27n + 1)0 
sin 0 


g (x — 20) 00, 


and so, using the definition of g {t) } we have 

s m (*) - SJ"(x) = - f‘'sin (2m + 1) 6 J(x ±% 6 ) do 

7T J Sill (7 


+ - [” sin (2?n + 1)0 <W. 

7T J sm 0 


Since cosec 0 is a continuous function in the range (£8, ^7r), it follows that 
f(x ± 20) cosec 0 are integrable functions with absolutely convergent integrals; 
and so, by the Riemann-Lebesgue lemma of § 9'41 (I), both the integrals on the 
right in the last equation tend to zero as m— > x>. 

That is to say lim [S m (x) — S m (1) (a;)) = 0. 


Hence, since lim S m (l] (x) = ^ [f(x + 0) + f(x — 0)}, 

**-*■*> 

it follows also that 

lim S m (a:) =^(/(x + 0)+/(a;-0)). 

We have therefore proved that the Fourier series associated with f(t\ 
namely |a 0 + 2 (cincos nx + b n sin 77 #), is convergent and its sum is 

iI/(* + 0)+/(*-o». 

9 43. The Dirichlet-Bonnet proof of Fourier s theorem. 

It is of some interest to prove directly the theorem of § 9'42, without 
making use of the theory of summability; accordingly we now give a proof 
which is on the same general lines as the proofs due to Dirichlet and Bonnet. 
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As usual we denote the sum of the first m + 1 terms of the Fourier Beries 
by S m (x) f and then, by the analysis of § 9 42, we have 

1 ft- .in (2m *M /{x+2e>de+ i f (*» + 1 ) t g<)de 

7tJ () sin 0 7 rJ 0 sin0 J ' 

Again, on integrating the equation 
sin ( 2 m + 1 ) 0 


sin 0 


we have 
so that 


= 1+2 cos 20 + 2 cos 40 + ... + 2 cos 2m 0, 
sin ( 2 m + 1)0 


/ 

Jo 


«.(*)-*t/(«+0)+/(*-0)]-I [ 

7 T J o 


sin 6 d0 = ^’ 
1 [* w sin ( 2 m+ 1)0 


sin 0 


{/(* + 20)-/(* + O)] d0 


1 [*'sin( 2 w + 1)0 , , , ml 

+ ^J. —Wr~ (/(»-**)-/(—o)i«w. 

In order to prove that 

lim (*) = J (/(x+ 0 ) +/(*- 0 », 

m 

it is therefore sufficient to prove that 

lim r Sw(2m + 1 ) - % (0)de = O, 

m+aoJ o Sin 0 ^ w 

where </> (0) stands in turn for each of the functions 

f {x + 20 ) — f (x + 0 ), f(x — 20 ) — f(x — 0 ). 

Now, by §3 64 example 4, 0<£ ( 0 ) cosec 0 is a function with limited total 
fluctuation in an interval of which 0 = 0 is an end-point*; and so we may 
write 

0 </> ( 0 ) cosec 0 = Xi ( 0 ) - X* W. 

where ^ ( 0 ), ( 0 ) are bounded positive increasing functions of 0 such that 

Xi (+°) = (+°) = °- 

Hence, given an arbitrary positive number e, we can choose a positive 
number 5 such that 

0 0 e 

whenever 0 ^ 0 ^ 

We now obtain inequalities satisfied by the three integrals on the right 
of the obvious equation 

f* ir 8 in( 2 m + 1)0 


sin 0 

+ 


6 ( 0 ) d0 = [ sin ( 2 m + 1 ) 0 . dd 
^ J u sin 0 


* The other end-poiut is 0 = 4(6-x) or 0 = 4 (x-a), according as 0(0) represents one or 
other of the two functions. 
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The modulus of the first integral can be made less than e by taking 
m sufficiently large; this follows from §9 41 (i) since cosec 0 has an 
integral which converges absolutely in the interval (£S, \tt). 

Next, from the second mean-value theorem, it follows that there is a 
number £ between 0 and 8 such that 


r 

J o 


** sin (2m + 1) 0 


0 


*(0)d8 


** sin (2m + 1) 6 


u I 

Since J dt is convergent, it follows that | j ^2-^ du 
bound* B which is independent of f3, and it is then clear that 
I f** sin (2m +1) 6 

I Jo e 


d0 


has an upper 


X i W dO 


$ 2 B Xl (*fi) < 2 Be. 


On treating the third integral in a similar manner, we see that we can 
make 

f* w sin (2m 4- 1) 0 


| Jo 


sin 0 


<t>(0)d0 <(4E + l)e 


by taking m sufficiently large; and so we have proved that 


lim [ 

J 0 


sin (2m 4- 1) 0 


sin 0 


4 > (0) d0 = 0. 


But it-has been seen that this is a sufficient condition for the limit of S m (x) 
to be i [f{ x + 0) +f(x — 0)); and we have therefore established the con¬ 
vergence of a Fourier series in the circumstances enunciated in § 9'42. 

Note. The reader should observe that in either proof of the convergence of a Fourier 
series the second mean-value theorem is required; but to prove the summability of the 
series, the first mean-value theorem is adequate. It should also be observed that, while 
restrictions are laid upon f(t ) throughout the range ( — 7r, tt) in establishing the summability 
at any point x\ the only additional restriction necessary to ensure convergence is a re¬ 
striction on the behaviour of the function in the immediate neighbourhood of the point x. 
The fact that the convergence depends only on the behaviour of the function in the 
immediate neighbourhood of x (provided that the function has an integral which is 
absolutely convergent) was noticed by Riemann and has been emphasised by Lebesguc, 
SSriea Trigonomdtriques y p. 60. 

It is obvious that the condition t that x should be an interior point of an interval 
in which f(t) has limited total fluctuation is merely a sufficient condition for the con¬ 
vergence of tlhe Fourier Beries; and it may be replaced by any condition which makes 


lim 



sin (2m +1) 8 
sin 8 


4>(8)d8=0 . 


* The reader will find it interesting to prove that B= I du = ^r. 

J o « 

+ Dae to Jordan, Comptes Rendut , xcu. (1881), p. 228. 
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Jordan's condition is, however, a natural modification of the Dirichlet condition that 
the function /(f) should have only a finite number of maxima and minima, and it does 
not increase the difficulty of the proof. 

Another condition with the same effect is due to Dini, Sopra le Serie di Fourier 
(Pisa, 1880), namely that, if 


*W)-{f{x + M)+f{x-M)-f{x+0)-f{x-0))l6 t 

then / # (6) d6 should converge absolutely for some positive value of a. 

Jo 

[If the condition is satisfied, given t we can find b so that 

ftf, 


/: 




and then 


J* «n (fa.+ 1)«JL *(*),« 


<ln 


the proof that | j ^ S * U —- <j> (0) dd | < r for sufficiently large values of m follows 

from the Riemann-Lebesgue lemma.] 

A more stringent condition than Dini’s is due to Lipschitz, Journal fitr Math., LXIII. 
(1864), p. 296, namely | tp (0) | < C0 t } where C and k are positive and independent of 6. 


For other conditions due to Iiebesgue and to de la Valleo Poussin, see the latter’s 
Cours (JAnalyse Infinittsimale , II. (1912), pp. 149-150. It should be noticed that Jordan’s 
condition differs in character from Dini’s condition ; the latter is a condition that the 
series may converge at a point , the former that the aeries may converge throughout an 
interval. 


9 44. The uniformity of the convergence of Fourier aeries. 

Let f{t) satisfy the conditions enunciated in § 9 42, and further let it be continuous 
(in addition to having limited total fluctuation) in an interval (a, b). Then the Fourier 
aeries associated with f If) converges uniformly to the mm fix) at all points x for which 
a + b ^.x ^.b— fl, where b is any positive number. 

Let h ( t ) be an auxiliary function defined to be equal to f(t) when a£t£b and equal 
to zero for other values of t in the range (- rr, 7r), and let a*, j9„ denote the Fourier 
constants of h (f). Also let (x) denote the sum of the first m +1 terms of the Fourier 
series associated with h if). 

Then, by § 94 corollary 2, it follows that ^a 0 + 2 (a H cos nx + fi^ sin nx) is uniformly 

n —1 

summable throughout the interval (a+ 5, b-b) ; and since 

I a n cos nx + Pn sin tlx | ^ (fl„ a + /9 n 2 )*, 


which is independent of x aud which, by § 9'41 (n), is 0(l/«i), it follows from § 8'5 
corollary that 

OD 

£a 0 + 2 (tin cos nx “b/9n sin nx ) 

H — 1 


converges uniformly to the sum h (x), which is equal to / (x). 

Now, as iu § 9 42, 

a.(: ')-s'* (*)='- [* ^ ll 2™+ 1 )« l ft- ^ 

* "■;»(&-*) J n J i(x-a) Bin 8 
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As in § 941 we choose an arbitrary positive number f and then enclose the points at 

which f(t) is unbounded in a set of intervals dj, ... such that 1 I |/(0 | dt<r. 

P-I J &T 

If K be the upper bound of | /(f) | outside these intervals, we then have, as in § 9 41, 

I S m (x) - S™ (x) I < + 2 .) cosec i, 

where the choice of n depends only on a and b and the form of the function/(f)- Hence, 
by a choice of m independent of x we can make 

l au (*)-«?(*) I 

arbitrarily small; so that S m (x) — «S® (x) tends uniformly to zero. Since (x)-*-/(x) 
uniformly, it is then obvious that S m (x)-—f(x) uniformly; and this is the result to be 
proved. 

Note. It must be observed that no general statement can be made about uniformity 
or absoluteness of convergence of Fourier series. Thus the series of § 9*1 1 example 1 
converges uniformly except near .r = ( 2 n + 1 ) ir but converges absolutely only when x = nn, 
whereas the series of § 911 example 2 converges uniformly and absolutely for all real 
values of x. 


Example 1. If 0 ( 0 ) satisfies suitable conditions in the range ( 0 , n), shew that 

sin ( 2 m + 1 ) $ f sin ( 2 m + 1 ) 6 , . 

m^J o ain^ o &ui0 


+ lim 


lim [ 

J < 


I* sin ( 2 m + 1 ) 0 


sin 0 


<f> ( tt — 0) d0 


«i*{*(+ 0 ) + *(ir- 0 )}. 
Example 2 . Prove that, if a > 0 , 


[Shew that 

sin ( 2 n + l) 0 _ 


i. 


sin 0 


r f™ sin (2n+ 1) 0 . 

lim I -t— - e aB d0 = ^tt coth Jkztt. 

u-^tz) J 0 BUI 0 ’ 

(Math. Trip. 1894.) 

.. f *** g i n (2n + 1) 0 

= hm / - —--- -- e~ aB dS 

Tii-»oo J o si r i 0 

-» lim f ^ n ~*~ ^ ^ [e-aii + e-*(*+*)+ ...+e-a (g+w**-)) d0 
m -► t, J 0 Bin 0 

_ f * sin(27i + l)0 c-<* 9 d0 
— Jo sin 0 i_ e -ow' 


d0 


and use example 1 .] 

Example 3. Discuss the uniformity of the convergence of Fourier BerieB by moans of 
the Dirichlet-Bonnet integrals, without making use of the theory of summability. 


9'5. The Huriuitz-Liapounoff* theorem concerning Fourier constants. 

Let f(x) he hounded in the interval (—7r, it) and let J f(x)dx exist , so 

* Math. Ann. lvii. (1903), p. 429. Liapounoff discovered the theorem in 1896 and published 
it in the Proceeding s of the Math. Soc. of the Univ . of Kharko i>. Bee Cnmptc» Rendw, ciivi. 
(1898), p. 1024. 
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that the Fourier constants a nt b n of f (®) exist. Then the series 

^0^+ 2 (a„ 2 + 6 n 8 ) 

H = 1 

1 f w 

is convergent and its mm is* — [f(x)] a dx. 

tt J - w 

It will first be shewn that, with the notation of § 9*4, 

lim f | / (x) — — S S n (.t)1 dx = 0 . 
i - » [ ni n-0 ) 

Divide the interval (- w, rr) into 4r parts, each of length & ; let the upper and lower 
bounds of f(.v) in the interval |( 2 /> — 1 ) 9- w, (2p-h‘3) 9— tr) be U p , L py and let the upper 
bound of | f(x) | in the interval ( - ir, rr) be K. Then, by § 9 4 corollary 1, 


/to" 2 S,(x) 
I ™ „ =0 


< U P -L P + 2K/{m sin 2 $9} 

< 2 K [1 + l/{m sin 2 £&}], 

when x lies between 2 \p9 and (2 p + 2 ) 9. 

Consequently, by the first mean-value theorem, 

r {/(*)-- V + —J-rr-A Ws 1 (V p -L p )+ 4 ^.A . 

J-.Y' m ,«o I l msin J £dj|. p= „ ' ” m Bin J JSj 

Since f(x) satisfies the Riemann condition of integrability (§ 412), it follows that both 
2 ftn( l 2 (^ 2 p+i “ Aj) + i) 040 he made arbitrarily small by giving r a 

p = 0 p—o 

sufficiently large value. When r (and therefore also fl) has been given such a value, we 
may choose m x sq large that r/{wisin 2 Ji) is arbitrarily small. That is to say, wo can 
make the expression on the right of the last inequality arbitrarily small by giving m any 
yalue greater than a determinate value wij. Hence the expression on the left of the 
inequality tends to zero 

But evidently 

fw ( m-l m-l n Vi 

= /(»)-H,(*)+S;il,(*) rf* 

J —w ( n=o u = o rn, ) 

= f (/(*)-"2 1 x.(4*&+[' \ m i l ^A n (x)Vdx 
J —n ( n =» 0 J J — w { n=0 M J 


+ 2 




r jy(®) _ " 2 1 4 n (*)(■ ■ 

J — w n=0 


m-l ) 

2 (a)} 

n—-0 J 


dx 


n— 1 


/(*)- 2 A n (x) 

n = 0 


dx+~ f n 1 (a„ + b n 3 ), 
m M=0 


* ThiB integral exists by § 4-12 example 1. A proof of the theorem has been given by de la 
Valine Poussin, in which the sole restrictions on f(x ) are that the (improper) integrals of f (x) 
and {/( x )} 2 exiflt in the interval (-ir, r). See biB Court d’Analyte InfiniUtiniale, u. (1912), 

pp. 16A-166. 
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since 


I f(x)A r (x)dx-j | 2^ A n (a:)J A T (x)dx 


when r = 0, 1, 2, ... m — 1. 

Since the original integral tends to zero and since it has been proved 
equal to the sura of two positive expressions, it follows that each of these 
expressions tends to zero; that is to say 

J j/(x)- 2^ J 4„(j:)| dx-* 0. 

Now the expression on the left is equal to 


r (m— 1 

2 A n (#)[■ dx 

»r [«-0 


r i/(*)i •d*-*r i/w-ti.wi.ru.w 

J -w J -n l n = 0 ) [» = 0 

=r i/(«)}• dx~r {"2ii.(«) 

J -W J -IT [ « = 0 

= f {/(*)}’d*-7T 00* + ^(a n 1 +b n r 


so that, as m—► oc , 

j [f (#)) 2 dx — 7r j^Oo 1 + f ^ (a,, 3 4- b n r 


> 0 . 


This is the theorem stated. 


Corollary. ParaevaVa theorem* If f (x\ F (x) both satisfy the conditions laid on f(x) 
at the beginning of this section, and if A n , B n be the Fourier constants of F(. r), it follows 
by subtracting the pair of equations which may be combined in the one form 

j[jf(x)±F (*)}* <&■=*[* (o 0 ± A 0 )'+l' ((a. ± A.Y + (6. ± R„) 2 }] 
that fj{x)F(x)dx=n l^a^o + ^S^ + . 

9 6. Riemaims theory of trigonometrical series. 

The theory of Dirichlet concerning Fourier series is devoted to series 
which represent given functions. Important advances in the theory were 
made by Riemann, who considered properties of functions defined by a series 

of the typef -Oo + 2 (a n cos nx + b n sin nx), where it is assumed that 

1 H=1 

lim (a n cos nx + b n sin nx) = 0. We shall give the propositions leading up to 
Riemann’s theorem J that if two trigonometrical series converge and are equal 


* M6m. par divert savant , i. (1005), pp. 639-648. Pareeval, of course, assumed the permissi¬ 
bility of integrating the trigonometrical BerieB term-by-term. 

f Throughont §§ 9-6-9-632 the letterB a m , b n do not necessarily denote Fonrier constants. 

X The proof given is due to O. Cantor, Journal filr Math, lxxii. (1870), pp. 180-142. 
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at all points of the range (— n, i r) with the possible exception of a finite 
number of points, corresponding coefficients in the two series are equal. 

9'61. Riemanns associated function. 

Let the sum of the series 4- 2 (a« cos nx + b n sin nx) = A 0 + 2 A n (x) f 

1 n=l n =1 

at any point x where it converges, be denoted by f{x). 

Let F(x) = \a q x* — 2 n~~*A n (x). 

1 n-l 

Then , if the series defining f(x) converges at all points of any finite interval , 
the series defining F(x) converges for all real values of x. 

To obtain this result we need the following Lemma due to Cantor: 

Cantor's lemma*. If lim A n (x) = 0 for all values of x such that a^.x ^6, then a n -*-0, 

n 

+ 0. 

For take two points x, x4fl of the interval. Then, given t, we can find tIq such thatt, 
when n > ?i 0 

| a n cos nx 4 b n sin nx | < t, | a* cos n (x 4 fl) 4 6„ Bin n (*+«)!<*■ 

Therefore 

| cos nb (a n cos nx + b n ain nx) 4 sin nb (— a n sin nx 4 b n cob nx) \ < r. 

Since j cos nb (a n cob nx 4 h n sin nx) | < e } 

it follows that | ain ?i3 ( - a n sin nx + b H coh nx) | < 2*, 

and it is obvious that | sin nb (a n cos nx 4 b u sin nx) | < 2f. 

Therefore, squaring and adding, 

(a.2 + 6.2)*! sin nb | < 2« J2. 

Now suppose that a ni b n have not the unique limit 0 ; it will be shewn that this 
hypothesis involves a contradiction. For, by this hypothesis, some positive number * 0 
exists such that there is an unending increasing sequence Wj, n 2 , ... of values of n, for 
which 

(«n 2 + &«*)* > 4f 0 - 

Now let the range of values of b be called the interval /, of length L x on the real axis. 

Take n( the smallest of the integers n r such that n{ Z, > 2 n ; then sin n(y goes through 
all its phases in the interval I x ; call / 2 that Bub-interval J of /, in which sin n(y > 1/^/2; 
its length is 7r/(2a 1 ') = X i . Next take n{ the smallest of the integers n r (>a l ') such that 
n« i , Z 2 >2Tr, so that sin n 2 'y goes through all its phases in the interval / 2 ; call / 3 that sub- 
interval | of / 2 in which sin n{y > 1 jj2 ; its length is tr/(27i 2 ')«Z 3 . We thus get a 
sequence of decreasing intervals / 2 , ... each contained in all the previous ones. It is 
obvious from the definition of an irrational number that there is a certain point n which 
is not outside any of these intervals, and sin na ^ 1/^2 when n = n { \ n/, ... (n' r + i > n/). 

For these values of n, (a B a 4 fc n 2 )^ sin na > 2f 0 y/2. But it has been shewn that corresponding 

* Biemann appears to have regarded this result as obvious. The proof here given is a 
modification of Cantor’s proof, Math. Ann. rv. (1871), pp. 189-143, and Journal fllr Math, lxxii. 
(1870), pp. 130-1B8. 

t The value of n 0 depends on x and on 5. 

X If there iB more than one such sub-interval, take that which lies on the left. 
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to given numbers a and c we can find tiq such that when n > n<,, (a* 8 + 6»*) 4 (sin na) < 2* ^2 ; 
sinca some values of n r ' are greater than ?ig, the required contradiction has been obtained, 
because we may take e < r 0 ; therefore a^-^0, &»-*■(). 

Assuming that the series defining f(x) converges at all points of a certain 
interval of the real axis, we have just seen that a n —> 0 , 6 n —* 0 . Then, for all 

real values of x, | a n cos nx + 6 „ sin nx | $ (a n ! + b n ')l-> 0 , and so, by § 3 - 34 , the 
00 

Beries \AqP — 2 n~ i A n (x)=F(x) converges absolutely and uniformly for all 
real values of x ; therefore, (§ 3'32), F (x) is continuous for all real values of x. 
9 ' 62 . Properties of Riemanns associated function ; Riemanns first lemma. 
It is now possible to prove Riemanns first lemma that if 
0{Xfa) = lt ± 2a > + lb - 2 a)- 2 F(x) ^ 

00 

then lim G(x, a)=f(x), provided that 2 A n (x) converges for the value of x 
under considei'ation. 


Since the series defining F(x), F(x± 2a) converge absolutely, we may 
rearrange them; and, observing that 

cos n (x + 2 a) + cos n (a; — 2 a) — 2 cos nx = — 4 sin* na cos nx, 

Bin n (x + 2a) + sin n (x - 2a) - 2 sin nx = - 4 sin* na sin nx, 
it is evident that 

0(x,a) = A,+ 2 (**!£)' An (x). 

»=i \ na / 

It will now be shewn that this senes converges uniformly with regard to 

XI 

a for all values of a, provided that 2 A n (x) converges. The result required 

n=i 

is then an immediate consequence of § 3 32 : for, if / n (a) = ^- in —^ t ( a ^fcO), 

and/ n (0) = 1 , then /„(a) is continuous for all values of a, and so G(x, a) is a 
continuous function of a, and therefore, by § 3 2, G ( x , 0 ) = lim G ( x , a). 

a-M) 

To prove that the series defining G(x , a) converges uniformly, we employ 
the test given in § 3*35 example 2 . The expression corresponding to &> n (x) 
is / n (a), and it is obvious that |/ n (a)| $ 1 ; it is therefore sufficient to shew 

x 

that 2 |/rf+i (a) — f n (a) | < K , where K is independent of a. 

*»* i 


In fact* if * be the integer such that a \ a \ <(« + l) | a |, when a=*=0 we have 

*Z l , / / \ r / \ i 'J 1 / jr , \ * t \\ sin 1 a sin* sa 

1 |/„ +1 (■)-/. (a) | = 2 (/.(a)-/,* i(a))=—- —-. 

n=i »=i a* arar 


• Since .x _1 Bin x decreases as x increases from 0 to r. 
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Also 


* I 

A = l+1 


1 Jsin 8 ?ia / 

1_ > V 

j sin 9 na-sin*(w+1) a 

It -M 

,»* (n + l)*/j 

| + ( 71 +1) 2 a 2 


|sin l na-Biu , (n+l)a| 


• 1/1 1 \ 

p U >_ (iT+T)V + --.+i w 

| sin asin ( 2 /t + 1 ) a | 


®i+i 1 

1 * 

*(. + U , * + —rt-i (» ! + l)*a* 

, 1_ I «in a 1 | 1 

(V+l) > a s+ ,-.+,(» +O’ 

^ 1 I sin c 


i r 

J. (* + !)* 


Therefore 


J_ _1_ _ 

^ + (*+l)M 


i/..,«-/. w i * •%: - (*&■ ► &•)♦ j ,+1 

« 1 + i+V 

rr rr r 

Since this expression is independent of a, the result required has been obtained*. 
Hence, if 2 -4 n (^') converges, the series defining (? (x, a) converges 

n — 0 

uniformly with respect to a for all values of a, and, as stated above, 
lim G (x, a) = 0 (x, 0) = A 0 + 2 A n (x)=f(x). 

o n -i 

Example. If H{x, a, ff) = f'(x + a- V-FA^±0J+Zi x ^ a I $ 8 hew 

that H (x, n, 0)-*-/(;r) when fix ) converges if a, 0-*-O in such a way that ah 3 and 0/a 
remain finite. (Riemann.) 


9 621. Riemanris second lemma. With the notation of §§ 9 * 6 - 9 ' 62 , if 

' (x 

4a 


i a ,/ r F( x + 2a) + F (x — 2a) — 2F(x) - 

a m 6 n —>0, men lim---—---— = 0 for all values of x . 


® qi t-i 2 Yi ft 

For £a _1 ■ ¥ {x + 2a) + F(x - 2a) - 2F(x)} = A 0 a + 2 —— A n (x)\ but 

by § 911 example 3, if a > 0, 1 ~ a = i ( 7 r - a ); and so, since 

... * sin 3 na 

A 0 (x)a+ > A n (x) 

«= 1 "a 

* ( n oml -tr ?flA 

= A,(x)a+ J (7r-a)^i(j.')+ - HO-a)- 2---}^, l+ ,(x)- A n (x)}, 

».=i l »i-i ma J 

it follows from § 3 35 example 2, that this series converges uniformly with 
regard to a for all values of a greater than, or equal to, zerof. 


* This inequality is obviously true when a = 0. 

t If we define g n (a) by the equations g n (a) = £ (it - a) - 2 ‘ , (a*0), and g n (0) = \w, 

IH *-1 

then g n (a) is continuous wlien a ^ 0, and g n+l (a) £ g n (a). 
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But lim Ja -1 + 2a) + F(x — 2a) — 2^(®)) 

*-•- + 0 

- lim \A 0 (x)a + i(ir- a)A 1 (x)+ £ g n (a) {A n+1 (<r)- A n (w)) 

«-*+o L *«i 

and this limit is the value of the function when a = 0, by § 3'32; and this 

value is zero since lim A n (x) = 0. By symmetry we see that lim = lim. 

a -^+0 

9 63. Riemanns theorem * on trigonometrical series. 

Two trigonometrical series which converge and are equal at all points of 
the range (— tt, ir), with the possible exception of a finite number of points, 
must have corresponding coefficients equal. 

An immediate deduction from this theorem is that a function of the type considered 
in § 9 42 cannot be represented by any trigonometrical series in the range (- n, n) other 
than the Fourier series. This fact was first noticed by Du Bois Reymond. 

We observe that it is certainly possible to have other expansions of (say) the form 

□o + 2 (dm cos \mx + fH m sin \mx), 
m=l 

which represent f(x ) between - n and n ; for write J 7 « 2 f, and consider a function 0 (f), 
which is such that 0 (f)=/( 2 f) when — \-n < £ <J»r, and 0 (f) = 17 (f) when - n < f < -Jtt, 
and when Jtt c f < ft, where g( f) is any function satisfying the conditions of § 9 43. 
Then if we expand 0 (f) in a Fourier series of the form 

CD 

Oo+ 2 (a™ COS Wlf +/9 m C0S77lf), 

111=0 

this expansion represents /^) when - rr<a;< 7 r; and clearly by choosing the function g( f) 
in different ways an unlimited number of such expansions can be obtained. 

The question now at issue is, whether other series proceeding in sines and cosines of 
integral multiples of x exist, which differ from Fourier’s expansion and yet represent f (x) 
between — n and n. 

If possible, let there be two trigonometrical series satisfying the given 
conditions, and let their difference be the trigonometrical series 

A„+ £ A„(x) =/(x). 

n-1 

Then f(x) = 0 at all points of the range (— 7 r, 7 r) with a finite number of 
exceptions ; let f,, f 2 be a consecutive pair of these exceptional points, and 
let F (x) be Riemann's associated function. We proceed to establish a 
lemma concerning the value of F(x) when < x< f 2 . 

9*631. Schwartz ’ lemmaf. In the range fi<^<f 2 , F{x ) is a linear function of x, 
if f{x)~ 0 in this range. 

For if 0 = 1 or if 8= - 1 

<t> (*)-»[/■(*) i^(w - *■«.»] - w (* - f.) (& - *) 

is a continuous function of x in the range fi^-z^f*, and 0 (fi) = 0 (fg)* 0 . 

* The proof we give ie due to G. Cantor, Journal filr Math, lxxii. (1870), pp. 139-142. 
t Quoted by G. Cantor, Journal fiir Math, lxxii. (1870). 
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If the first term of 0 (x) is not zero throughout the range* there will be Borne point 
jr—c at which it is not zero. Choose the sign of 6 so that the first term is positive at c, 
and then choose h so small that 0 (c) is still positive. 

Since 0 (j?) is continuous it attains its upper bound (§ 3 62), and this upper bound iB 
positive Bince 0 ( c) > 0. Let 0 (x) attain its upper bound at c } , so that c x =# £ j, c t + £ 3 . 

Then, by Riemann’s first lemma, 

ii m 0 to + <0 + 0 to - <0 — 20 to ) = 

a-M) “ 2 

But 0 (cj + n) ^ 0 (cj), 0 (^ - a) ^ 0 (c,), so this limit must be negative or zero. 

Hence, by supposing that the first term of 0 (a;) is not everywhere zero in the range 
(fn fa)> we have arrived at a contradiction. Therefore it is zero ; and consequently F(x) is 
a linear function of x in the range f, < x < The lemma is therefore proved. 

9 632. Proof of Riemanns Theorem. 

We Bee that, in the circumstances under consideration, the curve y«*F.(x) 
represents a series of segments of straight lines, the beginning and end of 
each line corresponding to an exceptional point; and as F(x), being uniformly 
convergent, is a continuous function of x } these lines must be connected. 

But, by Riemann’s second lemma, even if f be an exceptional point, 

l im i’(f + « ) + J , (g-«)-2J , (f) = 0 

a-M) 0 

Now the fraction involved in this limit is the difference of the slopes of 
the two segments which meet at that point whose abscissa is £; therefore the 
two segments are continuous in direction, so the equation y = F(x) represents 
a single line. If then we write F (x) = cx + c', it follows that c and c ' have 
the same values for all values of x. Thus 


iAo# 2 - cx — c' = 2 n~ 2 A n (x), 

n = 1 

the right-hand side of this equation being periodic, with period 27 t. 

The left-hand side of this equation must therefore be periodic, with period 
27r. Hence 

A q = 0, c — 0, 

IX 

and — c = 2 n^Anix). 

n = l 

Now the right-hand side of this equation converges uniformly, so we can 
multiply by cos nx or by sin nx and integrate. 

This process gives 

7 r n-*a n = — c' [ cos nxdx = 0, 



sin nxdx = 0. 


* If it iB zero throughout the range, F (z) is a linear function of x. 
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Therefore all the coefficients vanish, and therefore the two trigonometrical 

« 

series whose difference is A 0 4- £ A n (x) have corresponding coefficients equal. 

n = l 

This is the result stated in § 9 63. 


97. Fourier's representation of a function by an integral *. 

It follows from § 9'43 that, if f (x) be continuous except at a finite 
number of discontinuities and if it have limited total fluctuation in the 
range (— qo , oc ), then, if x be any internal point of the range (— or, / 9 ), 

lim r 8ln ( 2 ™■ + 1 )ft-g ) dt = Hm e {/(* + 20) + f(x - 20)}. 

m+aoJ -a. (t — X) 0-M) 

Now let X be any real number, and choose the integer m so that 
X = 2 m +1 + 2*7 where 0 ^ 77 < 1. 

Then J (sin X(£ — x) — sin (2m + 1 ) (£ — a;)] (t — x)~ Y f (t) dt 

= J 2 (cos (2m + 1 + 77 ) (£ — #)). (sin rj (t — #)) (< — x)~ l f(t) dt 
->0, 

as m—¥ 00 by § 9 41(h), since (t — x)~ l f(t) sin 77 (t — x) has limited total 
fluctuation. 


Consequently, from the proof of the Riemann-Lebesgue lemma of § 9 41, 

it is obvious that if f \f(t) | dt and [ | f(t) \ dt converge, thenf 

JO J - oo 

Hm r mn f[~ X) /(t) *tt \f{x + 0) +f(x - 0)], 

X-*.® J - OD “ X ) 

and so 

lim [ if cos u (t — x) du\f(t) dt = \ir [f(x + 0) +/(# — 0)). 

A-*-® J -® ( J 0 J 

To obtain Fourier’s result, we must reverse the order of integration in 
this repeated integral. 

For any given value of X and any arbitrary value of e, there exists a 
number £ such that 

r|/(<)|rf<<+/X; 

J 


* La Theorie Aiialytique dt la Chaleur, Gh. iz. For recent work on Fourier’s integral and 
the modern theory of 'Fourier transforms,’ Bee Titchmarsh, Proc. Camb. Phil. Soc. xzi. (1928), 
pp. 463-478 and Proc. London Math. Soc. (2) uni. (1924), pp. 279-289. 

t f® fp 

I means the double limit lim . If this limit exists, it is equal to lim I 

J - BO J - p J -p 
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writing cos u(t- x) ./(<)= <f> ( t , u\ we have* 

| J | J <f>(t, u)du ■ dt— j | J <p (i l f a) dfj du 
* |J | J (£, w) d-itj dt + J | J (J, u) duj 

— J | J <f> (t, u) dtj du — J | J 0 (J, u) dt ■ du 
= |/ jj (f> (t, u) duj dt — J | J <f> (£, u) rftj du | 

</ | J | <f> (t } u) | duj eft + J J \ $ (t, u)\ dtdu 

< 2 \ f"|/(*)|<ft< e. 

J ft 

Since this is true for all values of e, no matter how small, we infer that 

/ / = / / ; Bimilarl - v / / =/ / 

Jo JO ./(Wo JO JO J 0 J 0 

Hence \ir [f( x + 0) +/(# — 0)] = lim f f cos u (t — x)f(t) dtdu 

A-*.ao J 0 J - oo 


cos w(£ —.#)/(£) dtdu. 

This result is known as Fourier's integral theorem f. 

Example. Verify Fourier’s integral theorem directly (i) for the function 

(ii) for the function defined by the equations 

/(■*)->, (-!<*<!); /(*) =0, (|*|>1). (Rayleigh.) 
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Miscellaneous Examples. 

1. Obtain the expansions 

, . 1 -r cosi _ . 0 

(o) r^^- + r-” 1+rco,,,+r,coa2 * + "-’ 

(b) \ log (1 - 2r cosz + H) *■ —r cos z - ^ r 3 ooe 2z-^ r 3 cos 3s —..., 

2 2 3 

, . a rsinr 1 . . „ 1 . . _ . 

(c) arc tan _-— tbid z + ^Hsin 2* + -r 8 ain 3*+.... 

v 1-rooaz 2 3 

... 1 , 2rsinz 1 . . „ 1 . . . 

(a) -arc tan ——-r- — rsinf + -r 3 Bin3* + -r i Bin5z + ..., 

2 1 — t* 3 5 

and shew that, when | r | < 1, they are convergent for all values of * in certain stripe 
parallel to the real axis in the z-plane. 

2. Expand x 5 and x in Fourier sine series valid when — ir<x<w; and hence find 
the value of the sum of the series 


for all values of x. 


sin.r — -^sin Bir + i sin 3x — sin 4x + 
2 a 3 3 4° 


(Jesus, 1902.) 


3. Shew that the function of x represented by 2 n 1 Bin nx sin 1 no, is constant 

H=1 

(0 <x <2a) and zero (2a <x < n), and draw a graph of the function. 

(Pembroke, 1907.) 

4. Find the cosine series representing/( x) where 

/(x) = 8in X + cos x (OCx $£*■), 

f(x) = Bin x -cos x (£7r$tf<7r). (Peterhouse, 1906.) 


5. Shew that 


sin 3trx sin brrx sin Inx 


Oili crIIJ- , oiil 171 * . 1 r ■> 

+—5— + — j— +...=i" w, 


where [x] denotes +1 or — 1 according as the integer next inferior to x is even or uneven, 
and is zero if x is an integer. (Trinity, 1895.) 

6. Shew that the expansions 

log I 2 cob \ x I — cos x -i cos 2x4- ^ cos 3x ... 


log I 2 sin - x | ■= - cos x - - cos 2x - - cos 3x ... 

are valid for all real values of x , except multiples of rr. 

7. Obtain the expansion 

® (-) m cos mx , _ .. /„ 1 \ 1 , . _ . . 

2 /- , ,w —-r7-*(oofl x + cos2x)log I 2 cos s a;) + -=. a; (sin 2a;+sin x)-coax, 

m-o (m +!)(»« + 2) V 2 / 2 

and find the range of values of x for which it iB applicable. (Trinity, 1898.] 

8. Prove that, if 0 < x < 2»r, then 

sin'x t 2 Bin 2x ( 3 sin 3x ( _n sinh a (n - x) 
a 3 + 2* + '^ r +3 r + ’ , "2 Binhair ' 


(Trinity, 1895.) 
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9. Shew that between the values -tt and +*■ of x the following expansions hold ; 


2 . 

sin mx = - sin mn 


cos mx = — si n mi r 
n 


/ sin .z 2sin2x 3sin&r \ 
Vl ! -m a 2* —to* + 3* —m* — 

(± 

\2m 


, m cos x m cos 2x t m cos 3x 
+ 2 1 - TO* + 3 2 -77i a 




e"« + e- 


e"** - e~ 


fJL. 

\2tti 


m cos x x m cos 2x m cos 3x i 
l a + m a + 2 2 + m 8 * ~W+m l + 


•••)■ 


10. Let x be a real variable between 0 and 1, and let n be an odd number ^ 3. 
Shew that 

, i\ a l, 2 “l mrr 

(- !)•«,_ + _ j — tan — cos 2mrr.z, 
n tt wa=1 m n 

if jr is not a multiple of where a is the greatest integer contained in nx; but 

71 

^ 1 2*1 771 TT 

0= - + — 2 — tan — cos 2vmx. 
n TTwtm i m n 

if x is an integer multiple of \/n. (Berger.) 

11. Shew that the sum of the series 

^ + 4ir~ 1 2 m _1 sin Jwittcos StthtX 

m «1 

is 1 when 0<x< J, and when §<^<1, and is - 1 when \ < x< jj. (Trinity, 1901.) 

12. If ae«* = - a* V n (x) 

e°-l n\ 

shew that, when —1 <x < 1, 

cos 4rrx cos 6 t rx 


cos 2 ttj:+- 


2 a » 


3*" 


ojh»- l 

+ -=(-)"-*-0^ V »(*\ 


2n ! 

. _ sin 4 ttx sin Gnx . 2* n 7r*’ 1 + 1 

sin 2nx + — ^ + J + 3^ + 1 +■■■ — ( ) 2n + l! 


13. If m is an integer, shew that, for all real values of a:, 


+1 (■ r )> 

(Math. Trip. 1896.) 


„ 1.3.5 ... (2m- 1) fl m m(m-l) 

8 s "* X — 2 — - — -|-- COS 2x + ;-tv;-—, COS \X 

2.4.6...2m |2 m + 1 (m + l)(m + 2) 


m (m- 1) (m - 2) 

+ — . ,w- ■ ow_ ■ ■ tX C 08 &T+. 


I COS*” 1 " 1 X I — 


4 2.4.6... (2m —2) fl 2m-1 


7r 1.3.6... (2m 


-2) fl 2m- 
-1) |2 2/n + 


(m + 1) (m + 2)(m + 3) 
(2m-1) (2m-3) 


2/n + l C08 2;r+ (2m + l)(2m+3) 


cos 4r + 




14. A point moves in a straight line with a velocity which is initially u, and which 
receives constant increments, each equal to u , at equal intervals r. Prove that the velocity 
at any time t after the beginning of the motion is 


u ut u ■ 1 2mtr* 

- + — 4- - 2 - sin- , 

2 t jr-.iTn r 


and that the distance traversed is 


ut , . ut ur ® 1 2mtrf 


(Trinity, 1894.) 



192 


THE PROCESSES OF ANALYSIS 


[CHAP. IX 


IS. If 


f(x)= Z 1 sin ( 6 n - 3) x - 2 Z — . Bin (2»- I) x 

»=1 2571 — 1 »aii *71 — I 


3 J3 


{ sin 5.i 
81,1 r ~ "Si" 


5.r f ain lx sin llx t 

+—* TT*“ + 




shew that /(+ 0 )—/(n - 0 )— - ^tr, 

and /(J* + 0 ) ~f (i* ” 0 ) - - / (§w + 0 ) -/(jj n - 0 )« \v. 

Observing that the last series is 

6 ® sin J ( 2 n- 1 ) w sin ( 2 n — 1 ) x 

( 2^17 ’ 

draw the graph of f(x). (Math. Trip. 1893.) 

16. Shew that, when 0 < x < 


/«-¥(■ 


l _ _ l fy l „ \ 

COS x — — cos bx + - COS lx — — cos ll.r+..- ) 
5 7 11 / 


= sin + ^ ain 4x + \ sin 8 ;r + \ sin 10 ;r + _-. 
2 4 o 


where 


/ 0 r) = Jir ( 0 <-r<J»r), 

/(*) = <> (Jtt<j:< jfr), 

(J7r<r<7r). 

Find the sum of each series when :r=» 0 , Jtr, $?r, n, and for all other values of x. 

(Trinity, 1908.) 

17. Prove that the locus represented by 

- (-)»-! 

2 --=— sin nx sin ny= 0 

»-i n* 

is two systems of lines at right angles, dividing the coordinate plane into squares of 
area n a . (Math. Trip. 1895.) 

18. Shew that the equation 

“ ( — )" _1 sin ny cos nx 

2 --——-c* U 

n —1 7l 3 

represents the lines y — ±mi r, (m — 0 , 1 , 2 , ...) together with a set of arcs of ellipses whose 
semi-axes are n and tt/V3, the arcs being placed in squares of area 2tt 3 . Draw a diagram 
of the locus. (Trinity, 1903.) 

19. Shew that, if the point (#, y, i) lies inside the octahedron bounded by the planes 
±A ±y±x=»r, then 

■ . . , sin 7ix sin ny sin nr 1 

1 (“) - ST- - 3 5^ 

m -1 * 2 

(Math. Trip. 1904.) 

20. Circles of radius a are drawn having their centres at the alternate angular points 
of a regular hexagon of side a. Shew that the equation of the trefoil formed by the outer 
arcs of the circles can be put in the form 

1 + ^4 ^ ^ w+ rio 008 9tf -- 

the initial line being taken to pass through the centre of one of the circles. 

(Pembroke, 1902.) 
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21 . Draw the graph represented by 


where m is an integer. 


r 2m . n fl * ( - )■ cos nmS) 

a n m, \2 R =i 1 - (wm ) 1 J 


(Jesus, 1908.) 


22 . With each vertex of a regular hexagon of side 2 a as centre the arc of a circle of 
radius 2 a lying within the hexagon is drawn. Shew that the equation of the figure 
formed by the six arcs is 


=r-e-3^+> ; 

4 a v n =i ( 6 n — 1 ) ( 6 n + l) ’ 


the prime vector bisecting a petal. 

23. Shew that, if c > 0 , 


lim J e ex cot x sin ( 2 n + l) x . dx=^- n tanh ^ cir. 
»-►«> Jo 2 2 


24. Shew that 


' sin ( 2 n + l)x dx 1 

--- \ \—— n n coth 1 . 

film 1+i: 2 2 


26. Shew that, when - 1 < x < 1 and a is real, 

[ "" sin ( 2 n+ 1)0 sin (l+x)0 6 


(Trinity, 1906.) 


(Trinity, 1894.) 


(King’s, 1901.) 


f sin ( 2 n+ 1 ) 6 sin (1 +j) 6 6 , 1 mnh cut 

n_^Qo J o Bind a a + d z 2 Binh a 

(Math. Trip. 1905.) 

26. Assuming the possibility of expanding f(x) in a uniformly convergent series of 

the form 2A k sin lex, where k ib a root of the equation k cos ak+ b sin air = 0 and the 
k 

summation is extended to all positive roots of this equation, determine the constants A k . 

(Math. Trip. 1898.) 

27. If f( x ) — \ a o + 2 (a* cos nx + b % s\nnx) 

2 71=1 

is a Fourier series, shew that, if/(jr) satisfies certain general conditions, 

a n =-P [ /(*) cos 7 i* tan ^ b n = — f f{t) sin nt tan ^ t ^ • 

rr J o 2 t n J 0 2 t 


(Beau.) 


28. If S n (x) = 2 2 (-) r_I ——— , prove that the highest maximum ofiS' M (:r) in the 

r=l r 

interval ( 0 , tt) is at x** Un - and prove that, as a-*-® , 

‘■GrnW:^ 

Deduce that, bs n-»x, the shape of the curve y ms -S n (x) in the interval (0, it) tends to 
approximate to the shape of the curve formed by the line y = (0 together with 

the line x= n, (0 £ y ^ (7), where 

0—2 ( W ^ dt . 

Jo * 

[The fact that (?*3 , 704... >w is known as Gibbs’ phenomenon ; see Nature , LXIX. (1899), 
p. 606. The phenomenon, iB characteristic of a Fourier Beries in the neighbourhood of a 
point of ordinary discontinuity of the function which it represents. For a full discussion 
of the phenomenon, which was discovered by Wilbraham, Camb. and Dublin Math. Journal , 
ill. (1848), pp. 198-201, see Carslaw, Fourier’s i Series and Integrals (1921), Ch. ix.] 



CHAPTER X 


LINEAR DIFFERENTIAL EQUATIONS 

101. Linear Differential Equations *. Ordinary points and singular points. 

In some of the later chapters of this work, we shall be concerned with the 
investigation of extensive and important classes of functions which satisfy 
linear differential equations of the second order. Accordingly, it is desirable 
that we should now establish some general results concerning solutions of 
such differential equations. 

The standard form of the linear differential equation of the second order 
will be taken to be 

d? + P^dz +9(z)u = 0 . (A) ’ 

and it will be assumed that there is a domain S in which both p(z), q(z) are 
analytic except at a finite number of poles. 

Any point of S at which p (z) } q (z) are both analytic will be called an 
ordinary point of the equation ; other points of S will be called singular 
points. 

10'2. Solution f of a differential equation valid in the vicinity of an 
ordinary point. 

Let 6 be an ordinary point of the differential equation, and let S b be the 
domain formed by a circle of radius r b , whose centre is 6, and its interior, the 
radius of the circle being such that every point of S b is a point of S , and is 
an ordinary point of the equation. 

Let z be a variable point of S b - 

In the equation write ix = , uexp j— ^ and it becomes 

*^+ J (z) v =0 .(B), 

where J (z) = q (z) - * - j {p (*)]». 

* The analysis contained in thiB chapter is mainly theoretical; it consists, for the most part, 
of existence theorems. It is assumed that the reader has some knowledge of practical methods 
of solving differential equations; these methods are given in works exclusively devoted to the 
subject, Buch as Forsyth, A Treatise on Differential Equal ion 8 (1914). 

f This method iB applicable only to equations of the Becond order. For a method applicable 
to equations of any order, see ForByth, Theory of Differential Equations , iv. (1902), Gh. i. 
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It is easily seeD (§ 5'22) that an ordinary point of equation (A) is also 
an ordinary point of equation (B). 

Now consider the sequence of functions v n (i), analytic in S b , defined by 
the equations 

v e (*) = a 0 + a, (z - 6), 

*»(*)-(" = 1,2,3, ...) 
where a 0 , aj are arbitrary constants. 

Let M, fM be the upper bounds of \J(z)\ and | v 0 (z) | in the domain S b . 
Then at all points of this domain 

| v n ( z ) | ^ pM n \z-b |*"/(n !). 

For this inequality is true when n = 0; if it is true when n = 0,1, ... m — 1, 
we have, by taking the path of integration to be a straight line, 

| J b 

^ ^ ■ 1 1 1 f ~ 6 i ”* -1 ■ l 1 

i rl*-4l 

$ -TV , \z-b\ r -’dt 

(m — 1)! Jo 

< aM m I z-b | 3m . 

m ! 1 

Therefore, by induction, the inequality holds for all values of n. 

aM n r h m s 

Also, since |v n (z)|?$--j— when z is in S b and £ pM n rt m /(nl) con- 

n . n=0 

QO 

verges, it follows (§ 3 34) that v(z)= £ v n (z) is a series of analytic functions 

n = 0 

uniformly convergent in S b ; while, from the definition of v n (z), 

J z v„ (Z) — f'j (0 v «(0 dt (n = 1, 2, 3,...) 
d 2 

fco Vfi ( Z ) = -J ( z ) Vn-1 ( z ) ; 

hence it follows (§ 5 3) that 

fry (z) = dhi Q (z) - d* v n (z) 

dz 2 dz 1 dz % 

= -J(z)v (z). 

Therefore v(z) is a function of z } analytic in S b) which satisfies the 
differential equation 


4 J ( z )v{z) = 0, 
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d 


and, from the valve obtained for ^ v n (e), it is evident that 


v(b) = a 0 , v'(b) = 

where a„, a, are arbitrary. 




10 21. Uniqueness of the solution. 

If there were two analytic solutions of the equation for v t say v x (z) and v 2 (z) 
such that v x (b) = v 2 (b) = a 0 , v x (b) = v 2 (b) = a u then, writing w(z)^v 1 (z)-v 2 (z) 1 
we should have 

d 2 w(z) r . . , v „ 

+ J (*) w (*) = 0 . 

Differentiating this equation n — 2 times and putting z = b, we get 
w (n) (b) + J(b) w in ~ 2) ( b ) + n _ 2 C\J\b) w in ~ 8) (6) + ... 4- «/ ,n “ 3) (6) w (6) = 0. 

Putting n = 2, 3, 4, ... in succession, we see that all the differential coefficients 
of w (z) vanish at b ; and so, by Taylor’s theorem, w (z) = 0; that is to say the 
two solutions v^z), v^iz) are identical. 

Writing u (z) *= v ( z) exp j- \ p (f) ■, 

we infer without difficulty that u{z) is the only analytic solution of (A) such 
that u(b) = A 0} u'(b) = A l} where 

A q = a 0 , Ai = di - ( b ) a 0 . 

Now that we know that a solution of (A) exists which is analytic in S b 
and such that u(b), u (b) have the arbitrary values A 0 , A u the simplest 
method of obtaining the solution in the form of a Taylor's series is to assume 

OO 

u(z)= 2 A n (z — b) n , substitute this series in the differential equation and 

H=0 

equate coefficients of successive powers of z — b to zero (§ 3 73) to determine 
in order the values of A 2) A 3 , ... in terms of A 0 , A x . 

[Note. In practice, in carrying out this process of substitution, the reader will find 
it much moi*e simple to have the equation ‘cleared of fractions’ rather than in the 
canonical form (A) of § 101. Thus the equations in examples 1 and 2 below Bhould 
treated in the form in which they stand ; the factors 1 -z\ (z-2) (z — 3) should not be 
divided out. The same remark applies to the examples of §§ 10'3, 10 32.] 

From the general theory of analytic continuation (§ 55) it follows that 
the solution obtained is analytic at all points of S except at singularities 
of the differential equation. The solution however is not t in general, 
‘ analytic throughout S ’ (§ 5 2 cor. 2, footnote), except at these points, as it 
may not be one-valued; i.e. it may not return to the same value when z 
describes a circuit surrounding one or more singularities of the equation. 
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[The property that the solution of a linear differential equation is analytic 
except at singularities of the coefficients of the equation is common to linear 
equations of all orders.] 

When two particular solutions of an equation of the second order are not 
constant multiples of each other, they are said to form a fundamental system. 

Example 1. Shew that the equation 

(1 - z 1 ) n' - 2zu! + = 0 

has the fundamental system of solutions 

”i = i 

Determine the general coefficient in each series, and shew that the radius of con¬ 
vergence of each series is 1. 

Example 2. Discuss the equation 

(z - 2) (z - 3) u" - (22 - 5) v! + 2u = 0 
in a manner similar to that of example 1. 


10 3. Points which are regular for a differential equation. 

Suppose that a point c of S is such that, although p(z) or q(z) or both 
have poles at c, the poles are of such orders that (z — c)p(z), (z — c) a q(z) are 
analytic at c. Such a point is called a regular point * for the differential 
equation. Any poles of p ( z ) or of q (z) which are not of this nature are called 
ii'regular points. The reason for making the distinction will become apparent 
in the course of this section. 

If c be a regular point, the equation may be writtenf 

(2 - cy j“, + (z - c) . P (z - c) ~ + Q (z - c) u = 0, 

where P (z — c), Q (z — c) are analytic at c ; hence, by Taylor's theorem, 

P (z - c) = p 0 + p, (z - c) + (z - cy + ..., 

Q (z - c) = q n + q x (z - c) + q 2 (z - cf + ..., 

where p 0) p lf q 0 , q u ... are constants; and these series converge in the 
domain S c formed by a circle of radius r (centre c) and its interior, where r is 
so small that c is the only singular point of the equation which is in S c . 

Let us assume as a formal solution of the equation 
u = (z - c) a 1 + 1 a n (z — c) n , 

L 71=1 J 

where o, a l9 c^, ... are constants to be determined. 

* The name 'regular point’ is due to Thom6, Journal ffir Math. lxxv. (1973), p. 266. 
Fuchs had previously used the phrase ‘ point of determinateness/ 
t Frobenius calls this the normal form of the equation. 
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Substituting in the differential equation (assuming that the term-by-term 
differentiations and multiplications of series are legitimate) we get 

(z — c)“ ^ot (at — 1) + £ a n (a + n) (a 4- n - 1) ( z — c)"J 

+ (z — c) A P (z - c) . \ cl + £ a n (a + n) (z — c) n 

L »=i 

+ (2 - c)* Q (-2 - c) j^l + £ a n (z — c)"J = 0. 

Substituting the series for P (z — c), Q (z — c), multiplying out and equating 
to zero the coefficients of successive powers of z — c, we obtain the following 
sequence of equations: 

0,2 + (jPo ~ 1) a + 9o — 0. 

&] {(a + l) 2 + (po — 1) ( a + 1) + 9*1 + «Pi + 
a 2 ((a + 2) 2 + (p 0 - 1) (a + 2) 4- q 0 ] + a, ((a -I- 1) p, + gj + ap fl + ft = 0, 


|(a + n) 2 + (^ 0 - 1) (a + n) + ft] 

n—1 

+ £ a n _ m {(o +M-rn)^ m +g m )-ha/> n -l“9n = 0. 

m=l 

The first of these equations, called the indicial equation *, determines two 
values (which may, however, be equal) for a. The reader will easily convince 
himself that if c had been an irregular point, the indicial equation would have 
been (at most) of the first degree; and he will now appreciate the distinction 
made between regular and irregular singular points. 

Let a = p,, a = p 2 be the roots + of the indicial equation 
F(ct)= a 2 + (/) 0 - l)a + ft = 0; 

then the succeeding equations (when a has been chosen) determine a,, a 2 , 
in order, uniquely, provided that F(a + ri) does not vanish when ?i = l, 2, 3, ; 

that is to say, if a. = p u that p 2 is not one of the numbers p, + 1, p x + 2, ...; 
and, if a = p 2t that p, is not one of the numbers p 2 -f 1, p 2 + 2, .... 

Hence, if the difference of the exponents is not zero, or an integer, it is 
always possible to obtain two distinct series which formally satisfy the 
equation. 


Example. Shew that, if m is not zero or an integer, the equation 

is formally satisfied by two Heries whose leading terms are 

I 1 2 i I 1 ; 


determine the coefficient of the general term in each series, and shew that the series 
converge for all values of z. 


• The name is due to Cayley, Quarterly Journal, xxi. (1866), p. 326. 

t The roots p lt p? of the indicial equation are called the exponents of the differential 
equation at the point c. 




LINEAR DIFFERENTIAL EQUATIONS 


199 


10 - 31 ] 


10 31. Convergence of the expansion o/§ 10’3. 

If the exponents p lt p a are not equal, let p l be that one whose real part is 
not inferior to the real part of the other, and let p Y — p 2 = 8 ; then 

F (p } + n) = n (s 4- n). 

Now, by § 5'23, we can find a positive number M such that 
| p» | < Mr- 71 , \q n \< Mr~ n , j p,p n + q n ! < Mr~ n , 

where M is independent of n ; it is convenient to take 1. 

Taking a = pi, we see that 


i lliP. + gil „ M M 

|a,| "|F(/». + l)r»-|»+l| r’ 

since (8 -f 11 ^ 1. 

If now we assume | a n | < M n r~ n when n * 1, 2, ... m — ], we get 


a in — 


1 <*m-( {(pi + rn - t)p, + 9,) + p,Pm + q n 

t=_ 1_ 

F(p, + m) 

m —1 m-1 

2 | a™., |,[PiPt + qt | +1 PiPm + q m | + S (to - 01 a m _, j |p, | 

f = l 


m | s + m 


mM m r~ m + 


fm-l ) 

- 2 (m — £)[ 
*=1 ) 


ra 8 1 1 + m -1 1 

Since 11 + sm “ J | ^ 1, because ii! (a) is not negative, we get 

. , w + 1 


2m 


in ^ 


and so, by induction, | a n | < Jlf n r _n for all values of n. 

If the values of the coefficients corresponding to the exponent p t be 
of, Oj', ... we should obtain, by a similar induction, 

I On' I < M"* n r-», 

where k is the upper bound of | 1 — 5 | -1 , | 1 - £s| _ \ | 1 - Js | _l , ; this 

bound exists when s is not a positive integer. 

We have thus obtained two formal series 


w 1 (z) = (z- 
w a (z) * (z — 



2 
n = ] 

2 
n = 1 



The first, however, is a uniformly convergent series of analytic functions 
when | z — c | < rM~\ as is also the second when | z — c j < rilf -1 k~\ provided 
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in each case that arg (z — c) is restricted in such a way that the series are 
one-valued; consequently, the formal substitution of these series into the 
left-hand side of the differential equation is justified, and each of the series is 
a solution of the equation; provided always that Pi —p 2 is not a positive 
integer or zero*. 

With this exception, we have therefore obtained a fundamental system of 
solutions valid in the vicinity of a regular singular point. And by the theory 
of analytic continuation, we see that if all the singularities in S of the equation 
are regular points, each member of a pair of fundamental solutions is analytic 
at all points of S except at the singularities of the equation, which are branch¬ 
points of the solution. 


10*32. Derivation of a second solution in the case when the difference 
of the exponents is an integer or zero. 

In the case when p x — p 2 = s is a positive integer or zero, the solution 
w 2 (z) found in § 10 31 may break downf or coincide with w x (z). 

If we write u = w x (z) the equation to determine f is 

- c)a 2 + { 2( *- c > a u'M +( *- c)iJ( "" c) l 2 =o ’ 

of which the general solution is 

t ' i ' + i /‘sW“ p 

“ A+B f sw cxp {-j>• («- o - * 

= A + B J (z — c)~ p °- if>i g (z) dz, 


-r 


z — c 


dz 


. dz 


where A, B are arbitrary constants and g (z) is analytic throughout the 
interior of any circle whose centre is c, which does not contain any singu¬ 
larities of P (z — c ) or singularities or zeros of (z — c)~ Pt w x (z)\ also g (c) = 1. 


<x> 

Let g (z) = 1 + 2 g n . (z - c) n . 

» = 1 

Then, if s ± 0, 


Z=A+b\ jl + 2 g n (z - c) n j (z - c)-*-* dz 

= A + B 1" --(z- c)“* - 2 (z - c) n ~‘ + g, log (z - c) 

L s „=i«-n 


+ 


£ s*-(, 

»=»+! n s 



* If Pi - pa i0 a positive integer, k does not exist; if p l = p it the two solutions are the same, 
t The coefficient a,' may be indeterminate or it may be infinite; in the former case w 2 {z) 
will be a eolation containing two arbitrary constants oq' and aj \ the series of which a/ is a 
factor will be a constant multiple of (z). 
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Therefore the general Bolution of the differential equation, which is 
analytic at all points of C (c excepted), is 

A Wj ( z) + B [g,Wi ( z ) log (z-c) + w (z)l. 


where, by § 2 53, w (z) = (z - c) * | - - + 2 h n (z- c) n |, 

the coefficients h n being constants. 

When s = 0, the corresponding form of the solution is 

A w 1 (z) + B Wj (z) log (z — c) + (z — c)^ 2 h n (z — c) w . 

L n=l J 

The statement made at the end of § 10 31 is now seen to hold in the 
exceptional case when s is zero or a positive integer. 

In the special case when g a = 0, the second solution does not involve 
a logarithm. 

The solutions obtained, which are valid in the vicinity of a regular point 
of the equation, are called regular integrals. 

Integrals of an equation valid near a regular point c may be obtained 
practically by first obtaining w, ( z ), and then determining the coefficients in 

do 

a function Wy (z) =2 b n (z — c)^ +n , by substituting tv l ( z ) log (z — c) + ii\ (z) in 

n = 0 

the left-hand side of the equation and equating to zero the coefficients of the 
various powers of z — c in the resulting expression. An alternative method 
due to Frobenius* is given by Forsyth, Treatise on Differential Equations, 
pp. 243-258. 

Example 1. Shew that integrals of the equation 


dhi \ du 

, a + - j— mhi = 0 
dz * z dz 

regular near z — 0 are 

* z tn 

“ l W 

d Wl (z)log 2 - I 2-- +- 

W b »=i 2** (n !)* \1 % / 

Verify that these series converge for all values of z. 
Example 2. Shew that integrals of the equation 

,(,-i)g +(2z -i)J + i K = o 


regular near z=0 are 


, . . , " /1.3 ... 2n- IN* . 

* lW " 1+ i,(Tor) 2 

d „ l( z)lo g z + 4i _I\. 

6 „-i \ 2 . 4 ... 2a ) Vl 2^3 2 n) 

Verify that these Beries converge when | z | < 1 and obtain integrals regular near z«=l. 
• Journal fiir Math, lxxvi. (1874), pp. 214-224. 



202 


THE PROCESSES OF ANALYSIS 


[CHAP. X 


Example 3. Shew that the hypergeometric equation 

d ~ + {c-(a + b + \)z)^- abu = 0 

is satisfied by the hypergeometric aeries of § 2 - 38. 

Obtain the complete solution of the equation when 1. 


104. Solutions valid for large values of \z\. 

Let z = l/z 1 ; then a solution of the differential equation is said to be 
valid for ‘large values of \z |’ if it is valid for sufficiently small values of | z x j; 
and it is said that ‘the point at infinity is an ordinary (or regular or irregular) 
point of the equation’ when the point z l = 0 is an ordinary (or regular or 
irregular) point of the equation when it has been transformed so that 2 , is 
the independent variable. 

Since 


cP u 


du 


_ +p(z) - +qiz)u 








u, 


we see that the conditions that the point z = oo should be (i) an ordinary 
point, (ii) a regular point, are (i) that 2z — z 2 p(z), z 4 q(z) should be analytic 
at infinity (§ 5’62) and (ii) that zp (z), z 3 q (z) should be analytic at infinity. 


Example 1. Shew that every point (including infinity) is either an ordinary point or 
a regular point for each of the equations 


z(\ -z) + {c — (a + b + l)z} ( ^-abu = 0, 


k dhi 


du 


(l - z2) 5?- 2z rf 2 +n(n+1) ““ 0 ’ 


where a, 6, c, n are constants. 

Example 2. Shew that every point except infinity is either an ordinary point or a 
regular point for the equation 


where n is a constant. 


za S +2 £ +(z2_H2) u=o ’ 


Example 3. Shew that the equation 


(i ' 2S) S _2 *S +6 “ =o 

has the two solutions 

. 1 1 3 • 4 1 3:4.5.61 

3’ z a “'"2.7^ 2.4.7.9^ 7 ’ 


the latter converging when | z \ > 1. 


10 6. Irregular singularities and confluence. 

Near a point which is not a regular point, an equation of the second order 
cannot have two regular integrals, for the indicial equation is at most of 
the first degree; there may be one regular integral or there may be none. 
We shall see later (e.g. § 163) what is the nature of the solution near 
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such points in some simple cases. A general investigation of such solutions* * * § 
is beyond the scope of this book. 

It frequently happens that a differential equation may be derived from 
another differential equation by making two or more singularities of the 
latter tend to coincidence. Such a limiting process is called confluence ; 
and the former equation is called a confluent form of the latter. It will be 
seen in § 10'6 that the singularities of the former equation may be of a more 
complicated nature than those of the latter. 


10 6. The differential equations of mathematical physics. 

The most general differential equation of the second order which has 
every point except a lf a,, a,, a 4 and oo as an ordinary point, these five points 
being regular points with exponents a r , @ r at a r (r — 1, 2, 3, 4) and exponents 
fa, fa at oo ( may be verified f to be 

d*u 


dz 1 


Or-ftr ) du + | £ Orfir + At* + 2Bz + C ) y Q 

-a r \dz UAz-a r y " * J 


1 - a r — 0 r ) du 

r = 1 % 


where A is such that* fa and fa are the roots of 




2 (or,- + ft T ) — 3 

r- 1 


+ a v /5,■ + A — 0, 

7—1 


and B, C are constants. 

The remarkable theorem has been proved by Klein§ and Bocher|| that 
all the linear differential equations which occur in certain branches of 
Mathematical Physics are confluent forms of the special equation of this 
type in which the difference of the two exponents at each singularity is 
a brief investigation of these foriris will now be given. 

If we put + (r = l, 2, 3, 4) and write f in place of z, the last 

written eauation becomes 


d 2 u 

d? + 


i ^11 + 

r = l f-OrJ <H 


* «,(*+*) A?+m+c 

r= I (f-a r y + 


4 4u = 0, 

n (f-a r ) J 


* Some elementary investigations are given in Forsyth’s Differential Equations (1914). 
Complete investigations are given in his Theory of Differential Equations, iv. (1902). 

t The coefficients of ^ and u must be rational or they would have an essential singularity 
az 

I 4 

at Borne point; the denominators of p(z), q {z) must be II («-a r ), II (z-a,.) 2 respectively; 

r-l r-l 

putting p (z) and q(z) into partial fractions and remembering that p(z) = 0(z -1 ), g(z) = 0(r -2 ) 
aB | z | -»* ac , we obtain the required result without difficulty. 

X It will be observed that Hi &re connected by the relation /m + M 2 + E (a r + ^ r ) = 8. 

r-l 

§ Ueber Xineare Differentialgleichungen der zweiter Ordnung (1894), p. 40; see also Vurletung 
fiber Lami’ichcn Funktionen. 

|| Ueber die ReihenentwickelungeJi der Potentialtheorie (1894), p. 193. 
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where (on account of the condition — fi, = •$■) 

4 = (Sa r j S« r + A- 

\ r =l / r = 1 r=l 

This differential equation is called the generalised Lamd equation. 

It is evident, on writing a,=■a* throughout the equation, that the 
confluence of the two singularities a u a 2 yields a singularity at which the 
exponents a, ft are given by the equations 

g + £ — 2 (cij + a 2 ), aft = a x (a A + £) 4- a 2 (a 2 + i) + A 
where D = (Aa x * -I- 2.0a! + C)j[{a x — a 3 ) (a A — a 4 )]. 

Therefore the exponent-difference at the confluent singularity is not 
but it may have any assigned value by suitable choice of B and C. In like 
manner, by the confluence of three or more singularities, we can obtain 
one irregular singularity. 

By suitable confluences of the five singularities at our disposal, we can 
obtain six types of equations, which may be classified according to (a) the 
number of their singularities with exponent-difference (6) the number of 
their other regular singularities, (c) the number of their irregular singu¬ 
larities, by means of the following scheme, which is easily seen to be 
exhaustive*: 



(«> 

W 

(c) 


(I) 

3 

l 

0 

Larne 

(II) 

2 

0 

1 

Mathieu 

(III) 

1 

2 

0 

Legeftdre 

(IV) 

0 

1 

1 

Be&sel 

(V) 

1 

0 

1 

Weber, Hcrmite 

(VI) 

0 

0 

1 

Stokes + 


These equations are usually known by the names of the mathematicians 
in the last column. Speaking generally, the later an equation comes in 
this scheme, the more simple are the properties of its solution. The 
solutions of (II)-(VI) are discussed in Chapters xv-xix of this work, and}: 
of (I) in Chapter xxili. The derivation of the standard forms of the equations 
from the generalised Lam£ equation is indicated by the following examples : 


* For instance the arrangement (a) 3, (6) 0, (c) 1 is inadmissible aB it would necessitate six 
initial singularities. 

f The equation of thiB type was considered by Stokes in his researches on Diffraction, 
Camb. Phil. Trans, ix. (1656), pp. 166-162; it is, however, easily transformed into a particular 
case of Bessel's equation (example 6, below). 

£ For properties of equations of type (I), see the works of Klein and Forsyth cited at the 
end of this chapter; also Todhunter, The Functions of Laplace, Lami and Bessel (1675). 
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Example 1. Obtain Lamp’s equation 

<**» . f i 4 } du (n + 1) 

-P + Utf-*)U‘ ^'C-a,) ' 

r=l 

(where h and n are constants) by baking 

°i" a a * a 3 = a 4 = Oj 8 fl = n (n + 1 ) a 4 , 4C=ka it 

and making a 4 -^ gd . 

Example 2. Obtain the equation 

d*u _J_\ du _ (a-16g + 32gf)u 

\c t-v dc 4f (f—i) 

(where a and q are constants) by taking aj — 0 , 0 ^ = 1 , and making ajca^ao. Derive 
Mathieu’s equation (§ 191) 

dhi 

^- + (a+16y cos 2z)u — 0 

by the substitution (= cos 2 z. 

Example 3. Obtain the equation 

dhi , (i , 1 1 du , j fn( 7 i + l) m 2 ) w 

d? + tc f c-ijf(f-i)”’ 

by taking 

aj = = 1, a 3 “ — 0, a i = a i: ^ f, 3 = 0, a 4 = ^. 

Derive Legendre’s equation (§§ 1513, 15 5) 

/, os d*U n du [ _ v 77 l 2 1 

(i- ^d? - 2 z * + r (n+i)_ w)“ =o 

by the substitution f—z -2 . 

Example 4. By taking t/,=<T^ = 0, — a 2 = a 3 = a 4 = 0, and making a ;< = a 4 -#-ao, obtain 

the equation 

f 2 sr» +ir ^ +i(f_ " 2) “ =0 - 

Derive Bessel’s equation (§ 17'll) 

„ d 2 u du 

by the substitution £=r 2 . 

Example 5. By taking ttj= 0 , aj = a 2 = a 3 — a 4 = 0 , and making a t = a 3 = , obtain 

the equation 

Derive Weber’s equation (§ 16 5) 

^a+(’ l +4-4 2 *)“-° 

by the substitution (— z a . 

Example 6 . By taking a r » 0 , and making a r -+- ac (r = l, 2 , 3, 4), obtain the equation 


By taking 
shew that 


2p + (*iC+C.)«-o. 

u=(B l C+C,)lv, ftf+CWi*!*)*. 
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Example 7. Shew that the general form of the generalised Lamd equation is un¬ 
altered (i) by any homographic change of independent variable such that ® is ft singular 
point of the transformed equation, (ii) by any change of dependent variable of the type 

u — (z-a r ) A v. 

Example 8 . Deduce from example 7 that the various confluent forms of the 
generalised Lamd equation may always be reduced to the forms given in examples 1 - 6 . 

[Note that a suitable homographic change of variable will transform any three distinct 
points into the points 0 , 1, x> .] 

10 7. Linear differential equations with three singularities. 

T d*u , K du . x 

Let d? + P^Tz +q(t)u = 0 


have three, and only three singularities*, a, 6 , c; let these points be regular 
points, the exponents thereat being a , a'; 0, 0 '; 7 , 7 '. 

Then p (z) is a rational function with simple poles at a, b, c, its residues at 
these poles being 1 — a — a, 1 — 0 — 0\ 1 - 7 — 7 '; and as z — 00 , p (z) — 2z~ l 
is 0(z~*). Therefore 


p{z) = 


1 - a - a' 
z — a 


, i - fi-ff , 1-7-7 

z — b z — c 


andf a + a + 0 + 0* + 7 + 7 ' *■ 1 . 

In a similar manner 




gq (a — b) (a — c ) (6 - c) (6 - a) 77 ' (c — a) (c — &)) 


z - a 


z — b 


z - c 

1 


and hence the differential equation is 


- a) (* - b) (z — c) ’ 


d*u 

d.? + 


+ 


1 — a — o' 1 — 0 — 0' 1—7 — 7 '! du 


+-l- b 

z — a £ — 0 £ 


7 — 7 'j du 
— c ) dz 


da'(a—b) (a — c) 00'(b — c)(b - a) 77 (c — a) (c — 6 )| 
z - a z-b z-c J 


X (z — a)(z — b)(z - c) 

This equation was first given by PapperitzJ. 

To express the fact that u satisfies an equation of this type (which will be 
called Riemann’s P-equation), Riemann§ wrote 

I a be 

a 0 7 z 

*' ff y 


* The point at infinity is to be an ordinary point, 
t This relation moat be satisfied by the exponents. 

X Math. Ann. xxv. (1885), p. 213. 

§ Ahh. d. k. Ges. d. Wise. su Gottingen, vii. (1857). It will be seen from this memoir that, 
although Riemann did not apparently construct the equation, he must have inferred its existence 
from the hypergeometric equation. 
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The singular points of the equation are placed in the first row with the 
corresponding exponents directly beneath them, and the independent variable 
is placed in the fourth column. 


Example. Shew that the hypergeometric equation 

*(! — *) g + { C -(a + & + l)z}g- a & W =0 


is defined by the scheme 


/ ' 0 ac 1 
/MO a 0 
[l -c b c-a-b 


10*71. Transformations of Riemanns P-equation. 

The two transformations which are typified by the equations 


® (S)*(S)'4,2 

la £ 


c 

7 

i 


( a b c 

« 0 7 

a ft' 7 


z\ = p\a+k ft — k — l 7 + l 

j [a' + k ft' — k — l 7 '+ l 



(where z lf a^, b u c x are derived from z, a, b , c by the same homographic 
transformation) are of great importance. They may be derived by direct 
transformation of the differential equation of Papperitz and Riemann by 
suitable changes in the dependent and independent variables respectively; 
but the truth of the results of the transformations may be seen intuitively 
when we consider that Riemanns P-equation is determined uniquely by a 
knowledge of the three singularities and their exponents, and (I) that if 

( a b c \ 
a ft 7 z 1, 
a ft’ 7' j 

then ^ ^ u satisfies a differential equation of the second 

order with the same three singular points and exponents a + k, a + k ; 
ft — k — l, ft' — k — l\ 7 + l, y + l ; and that the sum of the exponents is 1. 


Also (II) if we write z = » the equation in z x is a linear equation 

of the second order with singularities at the points derived from a, b, c by this 
homographic transformation, and exponents a, a ; ft, ft 7 , 7 ' thereat. 
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- ( z ~ a V ( Z ~ C Y 

\z - b) \z — b) 


where 


10'72. The connexion of Riemanns P-equation with the hypergeometric 
equation . 

By means of the results of § 1071 it follows that 

} *) 

V® — ® / 8 +a + 7 7-7 J 
0 00 1 1 

0 £ + a + 7 0 x\, 

[a'- a # + 0 + 7 7 '- 7 J 

(z - g) (c - 6 ) 

(z — b) (c — a) ' 

Hence, by § 10 7 example, the solution of Riemann's P-equation can 
always be obtained in terms of the solution of the hypergeometric equation 

whose elements a, b, c, x are a + + 7 , a + ft + 7 , 1 + a - a , ^ —— x 

(z - b) (c - a) 

respectively. 

10'8. Linear differential equations with two singularities. 

If, in § 107, we make the point c an ordinary point, we must have 

, / ^ ^ j aa(a-b)(a-c) , (b - c) (b - o) A ^ 

1 - 7 - 7 = 0 , 77 = 0 and —^-—-+ c — -^-- must be 

z — a z — 0 

divisible by z — c, in order that p (z) and q ( z) may be analytic at c. 

Hence a + a + /3 + ■* 0 , aa' = /3&\ and the equation is 

d?u fl - a — a' 1 + a + a'| du aa (a — b) 2 u _ 

dz* z — a z — b J dz + (z — a)* (z — b) 2 ’ 

of which the solution is 




that is to say, the solution involves elementary functions only. 
When a = a', the solution is 
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Miscellaneous Examples. 

1. Shew that two solutions of the equation 


d 3 u 

dz* 


+ zu = 0 


are 2 —^ 2 * + ..., 1 — Jz 3 -h..., and investigate the region of convergence of these series. 
2. Obtain integrals of the equation 




regular near 2 = 0, in the form 


“I = * i { 1+ re + i44 + "-}- 


U 2 = Uy log 2 - 


3. Shew that the equation 


has the solutions 


dhi 

dz*' 


(n + I-I* , )u = ° 


. 2n + l _ 47i 2 + 4n + 3 , 

4 2 + -*•—- 

. 2n-H 4m a + 4n + 7 

12 480 * 

and that these series converge for all values of z. 

4. Shew that the equation 

£ + {i *4, + 5-4.1..0, 

dz L ( r= i z — a T ) dz \ r=x {z-a r )* rmX z-a r j 

where 

2 (c r + /9 r ) = 71- 2, 2 D r = 0, 2 (OrDr + arPr)- 0, 2 (a r *D r + 2a r fl r fr) = 0, 

r=l r—1 r=l r=l 

is the most general equation for which all points (including od ), except Oj, a% } ... a n} are 
ordinary points, and the points a r are regular points with exponents a r , /9 r respectively. 

(Klein.) 

5. Shew that, if /9 + y + & + y = J, then 


(Riemann.) 


ro od 

1 

) 



1 ) 

0 

y 

,2 l _ 

1 “ 

p\ y 

2/9 

y 4 

U & 

y 

J 

1 i 

2/ff 

y' 1 

[The differential equation in each case is 




d % u 2* (1 — 
dz* + z*- 

y-y 

-l 

') du 
' dz + 

{&+- 

ft) 

Au 

?~~l = 


6. Shew that, if y + y'«* J and if u, are the complex cube roots of unity, then 

f \ M Al® 


( 0 =c 1 

0 0 y 

i i y 


O) Q) 

y y z\. 

J ly y y 


(Riemann.) 


[The differential equation in each case is 

d*u 2 z* du 9 yy'zu , 
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7. Shew that the equation 


(i ^- (2a + i) z ^+n (n + 2a)«-° 


is defined by the scheme 


f 1 * - 1 1 

jo -71 0 

- a + 2a £ - a J 


and that the equation 
may be obtained from it by taking a—1 and changing the independent variable. 


d' L u 

( 1+ n ! ^ +n (” +2) “ =0 


6. Discuss the solutions of the equation 
d*u 


d*u . , du / 1 \ 

5? + (*+l+«.) 5i + (*+l + 2» l )* = 0 

valid near z = 0 and those valid near z=ao . 

9 . Discuss the solutions of the equation 

dhi 2u du du . , 

rf? + T S - a * S +2(,, "'‘ ) *“ 0 

valid near z = 0 and those valid near z = ®. 

Consider the following special cases : 

(i) (ii) p = 4 , (hi) /a + v = 3 . 

10. Prove that the equation 

,, . (f a a 1 . did/ , ,. 

2 0 — ■=) ^2 +2(1-2*) g + («+&)*=o 


(Halm.) 


(Cunningham.) 


(Curzon.) 


has two particular integrals the product of which iB a single-valued transcendental 
function. Under what circumstances are these two particular integrals coincident? 
If their product be F{z\ prove that the particular integrals are 

«,-{#■(«)}*. «xp -,)) }» 

where C is a determinate constant. (Lindemann ; see § 19'6.) 


11. Prove that the general linear differential equation of the third order, whose 
singularities are 0, 1, ®, which has all its integrals regular near each singularity (the 
exponents at each singularity being 1, 1, — 1), is 

dhi 12 2 1 dhi [1 3 1 \du 

dz* + \z + z -\J dz 2 [z* z(z-l) (z-l) z J dz 

f 1 3 cos 2 a 3 sin 2 a 11 

+ \? _ Z 3 (i-l) _ *(z-l) 2+ (*-l) 3 J ’ 

where a may have any constant value. 


(Math. Trip. 1912.) 



CHAPTER XI 


INTEGRAL EQUATIONS 

in. Definition of an integral equation. 

An integral equation is one which involves an unknown function under 
the sign of integration ; and the process of determining the unknown function 
is called solving the equation*. 

The introduction of integral equations into analysis is due to Laplace 
(1782) who considered the equations 

f {x) =Je xl <f>(t)dt, ff(x) = Jt z ~ l 

(where in each case 0 represents the unknown function), in connexion with 
the solution of differential equations. The first integral equation of which 
a solution was obtained, was Fourier’s equation 

/(%)=[ cos (xt) <f> (t) dt, 

J - <x> 

of which, in certain circumstances, a solution isf 

<t> (*)= \ 

7T 

f(x) being an even function of x , since cos (xt) is an even function. 

Later, Abel J was led to an integral equation in connexion with a mechanical 
problem and obtained two solutions of it; after this, Liouville investigated an 
integral equation which arose in the course of his researches on differential 
equations and discovered an important method for solving integral equations 
which will be discussed in § 11 4. 

In recent years, the subject of integral equations has become of some 
importance in various branches of Mathematics; sum equations (in physical 
problems) frequently involve repeated integrals and the investigation of them 
naturally presents greater difficulties than do those elementary equations 
which will be treated in this chapter. 

To render the analysis as easy as possible, we shall suppose throughout 
that the constants a, 6 and the variables x , y, £ are real and further that 

* Except in the case of Fourier’s integral (§ 9'7) we practically always need continuous 
solutions of integral equations, 

f If this value of 0 be substituted in the equation we obtain a result which is, effectively, that 
of 5 9-7. 

t Solution de quelquet problemes h Vaide d'inttgralcs denies (1823). See Oeuvres , i. pp. 11, 97. 

§ The numerical computation of solutions of integrjl equations has been investigated by 
Whittaker, Proc. Roy. Soc. xciv. (A), (1918), pp. 367-383. 


I cos (ux) f(u) du, 

J o 
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a^x, V> f $ 6 ; also that the given function* K ( x t y ), which occurs under the 
integral sign in the majority of equations considered, is a real function of 
x and y and either (i) it is a continuous function of both variables in the 
range (a^x^.b } a^y^b), or (ii) it is a continuous function of both variables 
in the range a ^y ^ x ^ b and K {x, y) = 0 when y>x \ in the latter case 
K(x , y) has its discontinuities regularly distributed, and in either case it is 

easily proved that, if f(y) is continuous when a ^ y % b, f f(y)K(x, y) dy is a 

J a 

continuous function of x when a ^x^b. 


11 a ll. An algebraical lemma. 

The algebraical result which will now be obtained is of great importance in Fredholm’s 
theory of integral equations. 

Let (j7j, y,, Tj), (x 2 , y 2 , (x 31 y 3 , z 3 ) be three points at unit distance from the origin. 

The greatest (numerical) value of the volume of the parallelepiped, of which the lines 
joining the origin to these points are conterminous edges, is +1, the edges then being 
perpendicular. Therefore, if x T ' 2 +y r 2 + z T 2 = 1 (r=l, 2, 3 ), the upper and lower bounds of 
the determinant 

yi 

x 2. ya ^ 

x 3 y3 Z 3 

are ±1. 


A lemma due to Hadamardf generalises this result. 


Let 


a iit a i2i 
®21i “S2i 


Oln 

<Hn 




u n2) 


= A 


where o mr is real and 2 a* mr = l (m=l, 2, ... n) ; let A mr be the cofactor of a mr in D and 
let A be the determinant whose elements are A mr , so that, by a well-known theorem J, 

A = 

Since D is a continuous function of its elements, and is obviously bounded, the 
ordinary theory of maxima and minima is applicable, and if we consider variations in 

« 3 D 

a \r (r=l, 2, ... 7i) only, D is stationary for such variations if 2 5 — 3a lr =0, where 8a lrj ... 

r= 1 da, r 

are variations subject to the sole condition 2 a lr 8a lr = 0 ; therefore § 

r — 1 

, 0 D 

A ' T ~d^~ Xa '" 

n 

but 2 a Xr A u = D, and so A2tt B lr = D ; therefore A lr = Da Xr . 

r= 1 


* Bdcher in his important work on integral equations (Camb. Math. Tracts , No. 10), always 
considers the more general case in which K (x, y ) has discontinuities regularly distributed , 
i.e. the discontinuities are of the nature described in Chapter iv, example 11. The reader will 
see from that example that the results of this chapter can almost all be generalised in this 
way. To make thiB chapter more Bimple we shall not consider such generalisations, 
t Bulletin des Sci. Math. (2), xvii. (1898), p. 240. 

X Burnside and Panton, Theory of Equations, n. p. 40. 

§ By the ordinary theory of undetermined multipliers. 
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Considering variations in the other elements of Z), we see that D is stationary for 
variations in all elements when A fW . = Z>a mr (m=l, 2, ... n ; r=l, 2, ... n). Consequently 
A = Z> H . D, and bo D n + l = D*~ l . Hence the maiimum and minimum values of D are ±1. 

Corollary . If a mr be real and subject only to the condition | a mr | < since 

i {«*/(«» 

we easily see that the maiimum value of | D j is (/i^ M) H =*n V*. 


11'2. Fredholm s* equation and its tentative solution. 

An important integral equation of a general type ia 

<t>(x)=f(x)+\ [ K(x, 

J a 

where f{x) is a given continuous function, X is a parameter (in general 
complex) and K (x, f) is subject to the conditions! laid down in § 11 1. 
K (x, f) is called the nucleus J of the equation. 

This integral equation is known as Fredholm's equation or the integral 
equation of the second kind (see § 113). It was observed by Voltemi that an 
equation of this type could be regarded as a limiting form of a system 
of linear equations. Fredholm’s investigation involved the tentative carrying 
out of a similar limiting process, and justifying it by the reasoning given 
below in § 1121. Hilbert (Guttinger Nach. 1904, pp. 49--91) justified the 
limiting process directly. 

We now proceed to write down the system of linear equations in question, 
and shall then investigate Fredholm’s method of justifying the passage to 
the limit. 

The integral equation is the limiting form (when S-*-0) of the equation 

n 

(f) (x) = f (x) + X 2 K (.r, .v q ) $ 

‘i=i 

where x q - x q _ i = d, x 0 = a, x n = Ik 

Since this equation is to be true when a^x^b, it is true when x takes the values 
Xy , x-j, . . . x n ; and so 

-\S 2 K(x in (*,,)=■■/(■ q ( ) (/?=1| 2, ■■■ u). 

q =i 

* Fredholm's first paper on the subject appeared in the Ofvernigt af K. Vetenskapt-Akiul. 
Frirhnndlingar (Stockholm), lvii. (1900), pp. 39-46. His researches are also given in Acta Math. 
xxvn, (1903), pp. 365-390. 

f The reader will observe that if A” (x, £) = 0 (£>x), the equation may be written 

0(-r) =/(.T) + X £)0(f)dt. 

Thin is called an equation with variable upper limit. 

X Another term is kernel\ French noyau, German Kern. 
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This system of equations for 0 (x p ), (p= 1, 2, ...n) has a unique solution if the 
determinant formed by the coefficients of 0 (x p ) does not vanish. This determinant iB 

D„( X) = | l-XBA^x,, x,) - X3A'(x lf x.,) ... -X3 A(x,, x n ) 

X3 K (X2, X|) 1 — X3 A (Xg, ■■■ X3A (Xj , ) 

— X3 A(x BJ Xj) -\&K{.r ni x 2 ) ... 1 -X3A(x H ,x n ) 

= 1 - X s 8 A (x p , x p ) + S a* I J j- 1 '"’ ,Tp ) J j x ” 

* P 2 Ip,,., I A (i tl .tp) A(x,,: t,) 

K (x p , x p ) K (.r„, x,) K(x„, x T ) 

A (Xg, Xp) A (Xq , Xg) A (x gf x r ) 

A (x r , Xp) A (x ri x g ) A (x r , x r ) 

on expanding* in ^lowers of X. 

Making 3-*-0, and writing the summations as integrations, we are thus led to 

consider the series 

, m , ,_ x r A w, M. Vf‘f I *(&,&) A(£,,£ 2 ) I _ 

Further, if Z) n (x M , x„) is the cofactor of the term in /^(X) which involves A (x„, x M ), 
the .solution of the system of linear equations is 


i»=i 
X a 
3! 


I 3 3 

y, r=I 


+ ... 


♦ W 1 


/(X|) /)„ (x„, x,)+/(xo) Z). (Xp, x 2 ) +... +/(*„) A, (x M , X,) 

= ' A(x) 


Now it is easily seen that the appropriate limiting form to be considered in association 
with D„ (.r M , x M ) is D (X) ; also that, if g + 


/^n I >^u i (/) — X3 


K (.r MI ^v)-X5 2 
1 


A'(x m , x„) A(.r M , x v ) 
A (x p , x,,) A (xp , Xp) 


+ 2 -! XV 


^ (^M) AT(x^, -tp) A (x^, Xg) 

p. q— 1 1 A (Xp, .r„) A (Xp , Xp) A (Xp , x a ) 

A (Xg y J- y) A (x g , Xp) A (Xq , Xg) 

So that the limiting form for 3 _1 D (x M , .r») to l>e considered t iB 
fb I K(x„x ¥ ) A(x M ,f,) 


/>(.i' M , x„; X)-XA(■>>, x„)- X 1 j 


**»'/ " SI/ 

A(£, , x„) A (£,,£,) 41 


+ T, 


r r 

A' (*„, x.) 

A (x„, £,) 

A (x M , 

£2) 

J a J a 

A (f,, xj 

A (£, , £,) 

A(£,, 

(2) 


K (fj, x.) 

A (£ 2 , £1) 

A (£2, 

£2) 


rfflrffc.---- 


Consequently wc are led to consider the possibility of the equation 

<#> (*)=/(*) + J* D (*, £; A)/(f) rf£ 

giving the solution of the integral equation. 


* The factorials appear because each determinant of s rowB and columns occurs s ! times as 
p, q, ... take all the values 1, 2, ... n, whereas it appears only once in the original determinant 
for J> n (X). 

t The law of formation of successive terms is obvious from those written down. 
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Example 1. Shew that, in the case of the equation 

<t>(x)=x + \ I ^ .vi/<f>(j/)dy, 

D(x,y, \)m\xtj 
3j- 
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we have 

and a solution is 


<#>(*) = 


3 - X ' 


we have 


Example 2. Shew that, in the case of the equation 

<fi(x) = x+\j (xy+i/ 2 ) 0 {y)dy, 

2)(X)=l-fX-^X*, 

D{x } y ; X) = X (xy +y 2 )+X 2 (Ixy 1 - \xy- iv' 2 + ±y), 
and obtain a solution of the equation. 

11 * 21 . Investigation of FredJwlms solution. 

So far the construction of the solution has been purely tentative; we now 
start ab initio and verify that we actually do get a solution of the equation ; 
to do this we consider the two functions D (X), D ( x , y ; X.) arrived at in § 112. 

We write the series, by which D (X) was defined in § 11 2, in the form 
a n \ n 


1 + S so that 

n = l n\ 






,. 6 ) 


rffi , 


since K (x, y) is continuous and therefore bounded, we have | K (x } y) j < M , 
where M is independent of x and y; since K (x, y) is real, we may employ 
Hadamard’s lemma (§ 11*11) and we see at once that 

\a n \<n± n M 1l .(b-a) n . 

Write n^ n M n (b — a) n = n ! b n ] then 


since 




lira (6„+,/6 n ) = liin 

(n + 1 ) 5 


1 +-)" 


= o. 


The Beries £ b n \ n is therefore absolutely convergent for all values of X; 
11 = 1 

and so (§ 2'34) the series 1+2 —j- converges for all values of X and there- 

n = l n - 

fore (§ 5*64) represents an integral function of X. 

* Tfi y) X n+1 

Now write the series for D(x } y; X) in the form 2 ——-. 
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Then, by Hadamard’s lemma (§ 1111), 

i («, y) | < n ill M n (6 - a)" -1 , 


and hence 


v n( x , y) 


< c n , where c n is independent of x and y and 2 c n X n+1 is 


absolutely convergent. 

Therefore D(x t y\\) is an integral function of X and the series for 
( x > V \ *■) - (#, 2/) ia a uniformly convergent (§ 334) series of continuous* 

functions of x and y when a^x ^b, a^y^b. 

Now pick out the coefficient of K ( x , y) in I) ( x , y ;X); and we get 


£ (*, y; X) - XD (X) /T (*, y) + £ (-)"X"+> , 


where 


Q,(x,).rr fi °* JT(*, f n ) 

}J ° ] °\K&,y). *(&,£). «....*■(&, f„) 

*(f-.y). A. r (fn.f,), 




Expanding in minors of the first column, we get Q n (#, y) equal to the 
integral of the sum of n determinants; writing f lf f Bl ... f, f mi ... f n l 
in place of f 2 , ... £ n in the rath of them, we see that the integrals of all 
the determinants f are equal and so 


where 


Q n (tf. y) = -nf f •■■( K(Z, y) TVfrlf, ...d£ B _i, 

J ft J a J a 


Pn = 


K ( x , f). 


K (*, f,). 


*(*, f„_.) 

A r (£,£™-,) 


| A'(f„_„ f), A'f,), ... | 

It follows at once that 

Z)(x, y.\) = \D{\)K{x, y) + \ \D(x, f; X) Kfr y)df. 

J n 

Now take the equation 

*(f)-/(f)+xf *(f,y)*(y)d|y. 

./ a 


multiply by D (x, f; X) and integrate, and we get 

J a 

= f </* (f) D ( x < £; A) df - X I f D(x, f ;X) K ((■, y) $ (y)dyd^, 

* « J aJ a 

the integrations in the repeated integral being in either order. 


It ia eaBy to verify that every term (except possibly the first) of the series for D (x, y ; \) 

is a continuous function under either hypothesis (i) or hypothesis ^ii) of \ 11 1. 

+ The order of integration is immaterial (jj 4*3). 
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That is to say 
[ £ ;X)df 

J a 

= [ f ;X)df-f {-D(*, y,\)-\D(\)K(x, y)) tf>(y)dy 

J a J a 

= \D (\) f if (x, y) <f> (y) dy 

J a 

= D(A){</> (<r) -/(*)}, 
in virtue of the given equation. 

Therefore if D(\) 4= 0 and if Fredholm’s equation has a solution it can be 
none other than 

t (*) -/(«) + /7(f) df; 

and, by actual substitution of this value of 0 (#) in the integral equation, 
we see that it actually is a solution. 

This is, therefore, the unique continuous solution of the equation if 

D (X) =(= 0. 

Corollary. If we put /(ijsO, the ‘homogeneous’ equation 

*(*)-* J* A'(x,()<f>(()d( 

has no continuous solution except (f> (x)=0 unless 7>(X) = 0. 

Example 1. By expanding the determinant involved in Q n (x, y) iu minors of its first 
row, shew that 

D{x,y, \) = \D{k)K{x,y) + \ [ K (x, f) D (f, y; \)d(. 

J a 

Example 2. By using the formulae 

/>(*) = !+ X “f', D(x,y, X) = kD (X) K (x, y) + I ( - } • 

shew that / D (f , £; X) cl£ = - X ; . 

Example 3. If A” (jt, y) = 1 (y $ .r), A' (.r, y) ==0 (y > J?), 

shew that />(X) = cxp [- XJ. 

Example 4. Shew that, if K (x, y) =/i (x)./ 2 (y), and if 

then 

D(X)-1-,1X, D(*,y; X)-X/,(*)/,(y) p 

and the solution of the corresponding integral equation is 

<t> w=/(*)+J4xx f/ m {() d( ' 
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Example 5. Shew that, if 

K (■»•', y) =/i (•*) 9\ (y) +/s (*) 9i (y), 

then Z)(X) and D(x, y- X) are quadratic in X ; and, more generally, if 

K(x,y)= 2 f m (x)g m (y), 

TH=l 

then Z>(X) and E(x, y, X) are polynomials of degree n in X. 

11*22. Volterra’s reciprocal functions . 

Two functions K {x, y), k(x, y;\) are said to be reciprocal if they are 
bounded in the ranges a ^ x, y ^ b, if any discontinuities they may have are 
regularly distributed (§ 11 1, footnote), and if 

K{x, y)+k(x, y\\) = \ [ k (x, f; X) K (f, y) <ff. 

J a 

We olwerve that, since the right-hand side is continuous*, the sum of two reciprocal 
functions is continuous. 

Also, a function K (x, y) can only have one reciprocal if D (X) 0; for if there were two, 

their difference 1c l (, x , y) would be a continuous solution of the homogeneous equation 

t,(x, y ; \) = \ j i, (x, £ ; X) K (f, y) rff, 

(where v is to be regarded as a parameter), and by § 11 ’21 corollary, the only continuous 
solution of this equation is zero. 

By the use of reciprocal functions,^ Volterra has obtained an elegant 
reciprocal relation between pairs of equations of Fredholm’s type. 

We first observe, from the relation 

n {x, y ,\) = \D (X) K (x, y) + X I D (x, £; X) K (£, y) df, 

J a 

proved in § 1121, that the value of k(x , y ; A) is 

and from § 1121 example 1, the equation 

k (x, y ; X) + K (x, y) = X f K (x, () k (f, y ; X) 

- a 

is evidently true. 

Then, if we take the integral equation 

(f>(x)=f(x) + \ f K (x, f) <f> (f) df, 

J rt 

when a^x^b, we have, on multiplying the equation 

J a 

* By example 11 at the end of Chapter iv. 
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by k (x, f; \) and integrating, 
f A(*.f;A)*(f)df 

J a 

= [ i k( x ,(;\)f(£)d? + \[ 6 [*k (x, f; X) K (f, {,) * (f,) df, df. 

Reversing the order of integration* in the repeated integral and making 
use of the relation defining reciprocal functions, we get 

f A k(x,E:\)4>(E)dE 

J a 

= f k(x, f; A)/(f) df + f' V (X, f,) + & (*, f,; A)} <t> (f,) df,. 
and 80 k(x, £;\)f(()dl; = -\ [ K(x, f,) <f> (f,) df, 

J a J a 

= - <#> 0 ) +/(*)• 

Hence /(*) = d> (*) + A f fc(<r, f; A)/(f)df; 

J o 

similarly, from this equation we can derive the equation 

<t> (a 1 ) =/(*) + A f K(x, f) <#> (f) (if, 

J a 

so that either of these equations with reciprocal nuclei may be regarded as 
the solution of the other. 


11'23. Homogeneous integral equations. 

The equation 0 (#) = X f K (x, f) </> (f) df is called a homogeneous integral 

J a 

equation. We have seen (§ 1121 corollary) that the only continuous solution 
of the homogeneous equation, when 2)(X)-£ 0, is 0(^) = O. 

The roots of the equation D (X) = 0 are therefore of considerable 
importance in the theory of the integral equation. They are called the 
characteristic numbers f of the nucleus. 

It will now be shewn that, when I) (X) = 0, a solution which is not 
identically zero can be obtained. 

Let J X = X 0 be a root m times repeated of the equation D (X) = 0. 

Since D(X) is an integral function, we may expand it into the convergent 
series 

D (X) = c m (X - \) m -I- c m+1 (X - X,) m+J + ... (m > 0, c m =1= 0). 

* The reader will have no difficulty in extending the result of § 4*3 to the integral under 
consideration. 

+ French valeiin caracteristiques , German Eipenwerthe. 

x It will be proved in § 11 -.51 that, if K (r, y)sK (y, x) } the equation Z? (X) = 0 has at least one 
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Similarly, since D ( x , y ; X) is an integral function of X, there exists 
a Taylor series of the form 

D(x,y,\) = (X- X o y + ^ X ’yr (*- +■■■ (l>0, g^O); 

by § 3 34 it is easily verified that the series defining g n (x, y), (n = l,l + 1, . ..) 
converges absolutely and uniformly when a^x^b, a^y^b, and thence that 
the series for D ( x , y ; X) converges absolutely and uniformly in the same 
domain of values of x and y. 

But, by § 1121 example 2, 

now the right-hand side has a zero of order m — 1 at \ 0 , while the left-hand 
side has a zero of order at least l, and so we have m — 1 ^ l. 

Substituting the series just given for D (X) and D (x, y ; X) in the result of 
§ 11 '*21 example 1, viz. 

D(x,y,\) = \D (X) K (x, y) + X [ K (,x , f) D (f, y ; X) rff, 

J a 

dividing by (X — X„y and making X — X,, we get 

9i (*, y)=\f K ( x , £)y, (f, y) df. 

J a 

Hence if y have any constant value, g t (x, y) satisfies the homogeneous 
integral equation, and any linear combination of such solutions, obtained by 
giving y various values, is a solution. 

Corollary. The equation 

<t> (x) =/(*) + A„ j* K(x, {) </, (i) d{ 

has no solution or an infinite number. For, if <p (x) is a solution, so is </> (x) + 2c y gi (x, y), 



(j)(x) = \ J COH” (x-()</>(£) ef( 

are <p (.r) = cos (71 - 2r) x, and (f> (x) = a\n (it -2r).r ; whore r assumes all positive integral 
values (zero included) not exceeding 

Example 2. Shew that 

J cos n (x+()(t>(()d( 

has the same solutions os those given in example 1, and shew that the corresponding 
values of X give all the roots of I) (X) = 0. 
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11-3. Integral equations of the first and second kinds. 

Fredholm b equation is sometimes called an integral equation of the second 
kind ; while the equation 

J a 

is called the integral equation of the first kind. 

In the case when K (x, f) = 0 if f > x, we may write the equations of the 
first and second kinds in the respective forms 

f(x) = \l X K(x t 

J a 

<P ( x ) =f( x ) + f K (x, f) <f> (f) df. 

J a 

These are described as equations with variable upper limits. 

1131. Volterras equation. 

The equation of the first kind with variable upper limit is frequently 
known as Volterras equation. The problem of solving it has been reduced 
by that writer to the solution of Fredholm’s equation. 

Assuming that K ( x , f) is a continuous function of both variables when 
f ^ x, we have 

J a 

The right-hand side has a differentia] coefficient (§ 42 example 1) h 

exists and is continuous, and so 
dx 

f (*) = \K(x, x) <f>(x) + \ j' ~ $ (f) dl 

This is an equation of Fredholms type. If we denote its solution b] 
<f>(x), we get on integrating from a to x } 

f(x)-f(a) = \\ X K(x, f)0(f) dl 

J a 

and so the solution of the Fredholm equation gives a solution of Volterra’i 
equation if f(a) = 0. 

The solution of the equation of the first kind with constant upper limi 
can frequently be obtained in the form of a series *. 

11'4. The Liouville-Neumann method of successive substitutions f. 

A method of solving the equation 

4> (*) =/(■*) + X f K(x, f) <p (f) df, 

J a 

which is of historical importance, is due to Liouville. 

* See example 7, p. 231; a solution valid under fewer restrictions is given by Bdcher. 
t Journal de Math. n. (1837), in. (1838). K. Neumann’s investigations were later (1870) 
Bee his Unter sue hung en fiber da* logarithmieche und Newton'iche Potential. 



222 


THE PROCESSES OF ANALYSIS 


[CHAP. XI 

It consists in continually substituting the value of 0(a) given by the 
right-hand side in the expression 0 (£) which occurs on the right-hand side. 

This procedure gives the series 

S(x)=f(x) + \ f K (a, £)/(£)<*£ + £ X- f K{x , ft) f JT(£ lf £.) 

Ja m=2 Ja Ja 

... f /f(f M ,£»)/(£■„)<*f. 

/ a 

Since | K (a, y) | and |/(a) | are bounded, let their upper bounds be M t M'. 
Then the modulus of the general term of the series does not exceed 
| X \ m M m M' (b — a) m . 

The series for S ( x ) therefore converges uniformly when 

| A. | < M~ l (b - a) -1 ; 

and, by actual substitution, it satisfies the integral equation. 

If K(x f y) = 0 when y>x f we find by induction that the modulus of the general 
term in the series for S (.r) does not exceed 

| X | m M m M (.»: - a) m l(m !) ^ | X | m M m M’ (b - a) m /rn !, 

and so the series converges uniformly for all values of X ; and we infer that in this case 
Fredholm’s solution is an integral function of X. 

It is obvious from the form of the solution that when | X | < M~* (6 — a)~\ 
the reciprocal function k (a, £; \) may be written in the form 

k{x, f;X) —JT(« f f)- I X—> f K(x, f) f K(£ u f.) 

m = 2 J a J a, 

J a 

for with this definition of k (a, £ ; \), we see that 

S{x)=f(x)-\\ h k(x, f ;X)/(f) dt 
J a 

so that k (x, £;\) is a reciprocal function, and by § 1122 there is only one 
reciprocal function if D (\) ± 0. 

Write 

K (x, f) = Kj (x, f), f K {x, f) K n (f, f) df = K n+l (x, f), 

J a 

and then we have 

-*(*, f ;X) = £ £), 

m = 0 

while f (*, ft K n (f, f) <££' = AT m+ » (*, t ), 

J a 

as may be seen at once on writing each side as an (m + n — l)-tuple integral. 
The functions K m (a, f) are called iterated functions. 
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ll'B. Symmetric nuclei. 

Let K t (x, y) = K 1 {y, x) \ then the nucleus K (x, y) is said to be symmetric. 
The iterated functions of such a nucleus are also symmetric, i.e. 
K n (x, y) = K n (y, x) for all values of n ; for, if K n ( x , y) is symmetric, then 

*«+i (x, y) = f K\ (x, f) K n (f, y) d£ = f K x (£, x) K n (y, f) d£ 

J a J a 

= f K n (y, £)#,(£, x) d£ = K n+1 (y, x), 
J a 

and the required result follows by induction. 

Also, none of the iterated functions are identically zero; for, if possible, let 
K P (#, y) = 0; let n be chosen so that 2 n_1 < p ^ 2 U , and, since K p (x, y) = 0, it 
follows that K n (x } y) = 0, from the recurrence formula. 

But then 0 = K tn (x, x) = f (x, f) K t „_ t (f, x) d£ 

J a 

= f [K, n _,(x, 

J a 

and so K %n ^ (x, f) = 0; continuing this argument, we find ultimately that 
K x (x, y) = 0, and the integral equation is trivial. 


11-51. Schmidt's* theorem that , if the nucleus is symmetric , the equation 
D (\) = 0 has at least one root . 

To prove this theorem, let 

ri 

u „= K n (x,x)dx:, 

J a 

so that, when | X | < M~ l (b — a)~ l , we have, by § 1121 example 2 and § 11*4, 

_ JL 

1 >(A) dX. 

Now since f [ \yK n+1 (x, f) + ( x } £)) 2 d%dx ^ 0 

j aJ a 

for all real values of y, we have 

yP 2 “1" 2/ir 4- Uzn—2 ^ 
and SO ^an+a^an —2 ^ ^ 171*1 ^ 

Therefore f7 2 , [f 4 , ... are all positive, and if UJU. 2 = v, it follows, by in¬ 
duction from the inequality tT^n+jj ^ tZ-m 3 * that U. 2n+2 /U 2n ^ v u . 

Therefore when iVl^v -1 , the terms of 2 f7 n X n_1 do not tend to zero ; 

T» = l 

and so, by § 5 4, the function yr * dD (\) ^ ag a 9 j n g U l ar ity inside or on the 

1) \ \) CLh 

* The proof given is doe to Kneaer, Palermo Rendiconti, xxn. (1906), p. 236. 



THE PROCESSES OF ANALYSIS 


224 


[chap. XI 


circle = but since D(\) is an integral function, the only possible 
singularities of are zer0fl (^)j therefore D (\) has a zero 

inside or on the circle I \ I = v ~ i. 


[Note. By §11 '21, D(\) is either an integral function or else a mere polynomial ; in 
the latter case, it has a zero by § 6 31 example 1 ; the point of the theorem is that in 
the former case D(X) cannot be such a function as e k% , which has no zeros.] 


11'6. Orthogonal functions. 

The real continuous functions <f>i(x), fa(x), ... are said to be orthogonal 
and normal* for the range (a, b) if 

b 

<f>m (*) <f>n O) dx 
a 

If we are given n real continuous linearly independent functions 
Uj ( x), Vq (x), ... u n (x), we can form n linear combinations of them which 
are orthogonal. 



For suppose we can construct m — 1 orthogonal functions fa, ... </>„*_! such 
that fa is a linear combination of u 1 , u^, ... u p (where p = 1, 2, ... ra — 1); 
we shall now shew how to construct the function <f> m such that fa, fa, ... fa n 
are all normal and orthogonal. 


bfit i<t>m ( x ) — m fa (x) 4" C 2 Tn <f) 2 (^r) + • ■ • + C ln _j (fi-m—i (X ) + ( a? )i 

bo that is a function of u l9 u a , ... u m . 

Then, multiplying by fa and integrating, 

f 1 0m (*) fa (^) dx = c Pi m + [ u m (x) (f) p (x ) dx (p< m). 

J a J a 

J l<pm 0 ) (ftp {x)dx = 0 

Cp,m=-f Mm O) <f>p (x) dx ; 

J a 


Hence 


if 


a function ,^> m (z), orthogonal to fa (x), fa (z), ... (x), is therefore con¬ 

structed. 

Now choose a so that or / (z)} 2 dx = 1 ; 

J a 

= « (*)■ 

l a ** (fl;) ^ |= 1 (pt m).' 

We can thus obtain the functions fa, fa, ... in order. 


and take 
Then 


* They are said to be orthogonal if the first equation only is satisfied ; the systematic study 
of Buch functions is due to Murphy, Camb. Phil. Trans, rv. (1833), pp. 353-408, and v. (1835), 
pp. 113-148, 915-394. 
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The members of a finite set of orthogonal functions are linearly inde¬ 
pendent. For, if 

*101 (s) 4- *2 0S (*) + ■ ■ • + a.i0n (^) = 0, 

we should get, on multiplying by 0 P (<r) and integrating, dp = 0; therefore all 
the coefficients a,, vanish and the relation is nugatory. 

It iB obvious that tr “ ^ cos mx } w “ ^ ain mx form a set of normal orthogonal functions 
for the range (- tr, ir). 

Example 1. From the functions 1, x r j*, ... construct the following set of functions 
which are orthogonal (but not normal) for the range (-1,1): 

1, x t jJ-J, ^-^4^, .... 

Example S. From the functions 1, r, r*, ... construct a set of functions 

/•(*). /iW. /«(*). - 

which are orthogonal (but not normal) for the range (a, 6); where 

/»(*) - ^ u* - «)■ (* - &)■). 

[A similar investigation is given in § 1514.] 

11-61. The connexion of orthogonal functions urith homogeneous integral 
equations. 

Consider the homogeneous equation 

0 (x) = Xo | 0 (£) K (x, f) <2£, 

■ a 

where X 0 is a real 9 characteristic number for K (.t, £); we have already seen how 
solutions of it may be constructed; let n linearly independent solutions be taken 
and construct from them n orthogonal and normal functions 0,, 0*,... 0„. 

Then, since the functions 0 ?n are orthogonal and normal, 

[ [ 2 [ K(x,{)<f> m (l;)dz\ dy= 2 | f K (x, f) <M£) dfl dy, 

J a L.7H «1 J a J w = l Ja L J a J 

and it is easily seen that the expression on the right may be written in the 

form 

on performing the integration with regard to y ; and this is the same as 

2 f K{x,y)4> m (y)dyf' K{x,t)+„{Z)dl 
m=*lJ a j a 

Therefore, if we write K for K ( x , y) and A for 

£ 4> m (y) f K(x t f)0 m (f)df l 

m« 1 d a 

* It will be seen immediately that the characteristic numbers of a symmetric nucleus are all 
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we have 

and so 

Therefore 


and so 


j A a cfy = j KAdy , 
j A’dy^j K'dy-J {K-Afdy. 

/* */* (*(*. y)N* 

x r’ 2 (0m (*))’ < f (^ (*. J/)) 2 dy. 
tj » = 1 J a 


Integrating, we get 

n^Xjj j [K (x, y)}*dydx. 

This formula gives an upper limit to the number, n, of orthogonal functions 
corresponding to any characteristic number X^. 

These n orthogonal functions are called characteristic functions (or auto- 
functions) corresponding to \ 0 . 

Now let <£ (0) (a), (pw (x) be characteristic functions corresponding to 
different characteristic numbers Xo, X^ 

Then 0<« (x) 0< l > (x) = A, f * K (x f f) 0<°> (a;) 0W (£) rff, 

J a 

and so 

I* <p t °i(x)<f><"(x)dx = \J I* K(x, (x)<f><" (E)d£dx ...(1), 

J a J a J a 


and similarly 

[ <p {0} (x) 4> ii} (x)dx = X 0 f j K ( x , f) 0 (o) (f) (a;) df ckr 

J a J a J a 

=\»n* k( f, ...(2), 

J a J a 

on interchanging x and £. 

We infer from (1) and (2) that if =p \ 0 and if K (x, £) = K (£, x) t 
[ <P (0) (x) (x) dx = 0, 

J a 

and so the functions <f> i0} (x), (x) are mutually orthogonal. 

If therefore the nucleus be symmetric and if, corresponding to each 
characteristic number, we construct the complete system of orthogonal 
functions, all the functions so obtained will be orthogonal. 

Further, if the nucleus be symmetric all the characteristic numbers are 
real ; for if A 0 , X l be conjugate complex roots and if* u 0 (x) = v (x) + iw {x) be 


v (x) and w (x) being real. 
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a solution for the characteristic number A*, then (a?) = v (x) — iiv (x) is 
a solution for the characteristic number X,; replacing ( x ), 0 (l) ( x ) in the 

equation 

[ (x) (x) dx = 0 

J a 

by v(x) + iw(x), v (x) — iw (x), (which is obviously permissible), we get 

J [|v (ar)}’ + [w (a?)}"] dx = 0, 

which implies v (x) = w ( x ) = 0, so that the integral equation has no solution 
except zero corresponding to the characteristic numbers A*, A^; this is 
contrary to § 11 23; hence, if the nucleus be symmetric, the characteristic 
numbers are real. 


11 7. The development * of a symmetmc nucleus. 

Let </>i (#), <f>z(x), ■■■ be a complete set of orthogonal functions 

satisfying the homogeneous integral equation with symmetric nucleus 

<f>( x ) = \f b K(x,£) 4,(1;) d£, 

the corresponding characteristic numbers beingf A,, A. a , X 3 , .... 

Now suppose J that the series 1 — ^ ^ is uniformly convergent 

when a ^ x % b, a ^.y % b. Then it will he shewn that 

K(z,y). I 

n = 1 

For consider the symmetric nucleus 

H (x, y) = K (x, y) - £ . 

n = 1 

If this nucleus is not identically zero, it will possess (§ 1151) at least one 
characteristic number p. 

Let yfr{x) be any solution of the equation 

'l r ( x ) = M ( U (x, f) \fr (?) d?, 

J a 

which does not vanish identically. 

Multiply by <f> n (x) and integrate and we get 

[" * (x) </>„ (x) dx = fl f f j IC (X, f) - £ (?) 4 >n (X) dxd?; 

J a J a J n y w = l J 

* This investigation is due to Schmidt, the result to Hilbert. 

t These numbers are not all different if there is more than one orthogonal function to each 
characteristic number. 

X The supposition is, of course, a matter for verification with any particular equation. 
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since the series converges uniformly, we may integrate term by term and get 

/! * (*) *» (*)**“£ f* 4> n (£) + (f)df 

= 0 . 

Therefore ifr (#) is orthogonal to fa (a;), 0 b (x), ...; and so taking the 
equation 

+ (*)-/» f a f (*, f) - n i *" ( *^ -} t (f) df, 

we have fa(x) = pj K (x, f) 0- (f) cif. 


Therefore p, is a characteristic number of K ( x , y), and so *0 (a?) must be 
a linear combination of the (finite number of) functions fa ( x ) corresponding 
to this number; let 

fa(x) = 2 a m fa n (x). 


Multiply by fa(x) and integrate; then since fa ( x) iB orthogonal to all the 
functions fa ( x) } we see that a** = 0, so, contrary to hypothesis, fa ( x ) = 0. 

The contradiction implies that the nucleus H ( x , y ) must be identically 
zero; that is to say, K ( x t y) can be expanded in the given series, if it is 
uniformly convergent. 

Example. Shew that, if X<, be a characteristic number, the equation 

<*>(*)=/(*)+A, jf(x, ()t(()d( 

certainly has no solution when the nucleus is symmetric, unless f(x) is orthogonal to all 
the characteristic functions corresponding to . 

H'71. The solution of Fredholms equation by a series. 

Retaining the notation of § 11 7, consider the integral equation 

<t»W=/(x)+Afz(,, f)*(f )dl 

J a 

where K (x , f) is symmetric. 

If we assume that <!>(£) can be expanded into a uniformly convergent 

QD 

series 2 a n0 n (£)» we have 

»=i 

2 a n <f> n (x)=f(x) + 2 a n <f>n (x), 

n = 1 n = l 

so that f(x) can be expanded in the series 

»=1 "-n 

Hence if the function f {x) can be expanded into the convergent series 

CD * 6 n A 7l 

2 b n fa(x), then the series 2 —-0 n (a), if it converges uniformly in 

* = 1 “ A. 

the range (a, 6), is the solution of Fredholms equation. 
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To determine the coefficients b n we observe that 2 b„ <p n (®) converges uni- 

n-1 

forraly by § 3 35*; then, multiplying by <f> n (sc) and integrating, we get 

b n ’“I (x)f{x)dx. 

11 ' 8 . Solution of AbeTs integral equation. 

This equation is of the form 

(0<><1, a£x$,b), 

where f'(x) is continuous and /(a) = 0; we proceed to find a continuous solution «(*)■ 

Let <f> (x) = J u (f)ci£, and take the formula t 

7r f • dx 

sin fin = ] i (z - x) 1 “M ( x - £>* ’ 

multiply by u (£) and integrate, and we get, on using Dirichlet’s formula (§ 4‘51 corollary), 

Ja J, 

S' f (*)<** 

“JA*-*)'-*' 

Since the original expression has a continuous derivate, so has the final one; therefore the 
continuous solution, if it exist, can be none other than 

W TT dlJ m (z-Xy-*’ 

and it can be verified by substitution { that this function actually is a solution. 

11*81. SchltimiLch! s § integral equation. 

Let f(x) have a continuous differential coefficient when - n ^ n. Then the equation 
f(x)=- f* <f>(x sin 0)d0 

* J o 

has one solution with a continuous differential coefficient when -it ^x^ it, namely 
<f> (x) = / (0) + x J* f'(xsiu0)d0. 

From § 4 2 it follows that 

f'(x) = - f * sin 0(f>' (x sin 0) d0 

n J o 

(so that we have 0(O)=/(O), <f>' (0) = «$rr/' (0)). 


* Since the numbers X, are all real we may arrange them in two Beta, one negative the 
other positive, the members in eaoh set being in order of magnitude; then, when I X„ 1 > X, it ia 
evident that X^fX^-X) is a mono tonic sequence in the case of either set. 

t This follows from § 6 24 example 1, by writing (z - x)J[x - £) in place of x. 

X For the details we refer to Btaher's tract. 

| Zeitschrift fiir Math, und Phy». ii . (1857). The reader will easily see that this is reducible 
to a case of Volterra’s equation with a discontinuous nucleus. 
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Write jrain yfr for x f and we have on multiplying by x and integrating 

' (x sin sin Sift' (x sin 0 sin dsj <ty. 

Change the order of integration in the repeated integral (§ 4'3) and take a new variable x 
in place of defined by the equation sin x = ain 6 sin ifr. 

Tb„, :#“«* }« 

Changing the order of integration again (§ 4*51), 

fl w „ , 2x [\* ( fk" 0' (jrsin v)coa v Bin 6 , 

x f'(x*in+)d+-— { —— * r d0\ d x . 

Jo jo Ux */(sm 2 0-sin a x) J * 


But 

and bo 


/: 


sin 6 dS 


v/fcos* x - 0085 


f ■ /cosd\“|^ . 

— = - arc sin - ~Att, 

6) L V^X/J* 5 


[k* fbr 

P | /' (jrjsin VO difr=x I <£' (x sin *) cos 

= ♦(*)-*(0). 


Since </> (0)— /(0), we must have 

<#>(■*) =/(°)+*J* /'(*®in; 

and it can be verified by substitution that this function actually is a solution. 
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Miscellaneous Examples. 

1. Shew that if the time of descent of a particle down a smooth curve to its lowest 
point iB independent of the starting-point (the particle starting from rest) the curve is a 
cycloid. (Abel.) 

* The reader will find a more complete bibliography in this Report then it iB possible to give 


here. 
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2. Shew that, if/(.r) is continuous, tho solution of 


(f> + X f cos ( 2 j’s) <f> (») ds 

J o 

f(x ) + X f /(«) cos (2xs) ds 

A. _ 


assuming the legitimacy of a certain change of order of integration. 
3. Shew that the Weber-Hermite functions 

Av (*) -(-)" e** 2 ^ (e ~ b 1 ’) 


<M*)=X j <f> (>) d* 


for the characteristic values of X. 


(A. Milne.) 


4. Shew that even periodic solutions (with period 2 n) of the differential equation 

_L ^2 I 2.2 A. t _ A 


- (a 2 -I- k 2 cos 2 .i’) </>(.*) = 0 


satisfy the integral equation 


e * coa xco ® 1 (f) (a) da. (Whittaker; see § 1921.) 


5. Shew that the characteristic functions of the equation 




0 (.r) = cos mx } sin mx, 


where X = m 2 and m is any integer. 


6. Shew that 


0W= f f*“ f </>({) 

J o 


has the discontinuous solution 0 (.r) = kx *~h 

7. Shew that a solution of the integral equation with a symmetric nucleus 


(Bocher.; 


£)*({) d£ 


<t>(x)= 2 r), 


provided that this series converges uniformly, where X„, <j> n (x) are the characteristic 
numbers and functions of K (, x , () and 2 a H <f> n (x) is the expansion of f(x). 

n= 1 

8. Shew that, if | h | < 1, the characteristic functions of the equation 

, , X [' 1 - A 2 

* (i ' )- 2 nj , w 1-2A cos (f-*) + A 2 * (f) ** 

are 1, cos mx> sin mx, the corresponding characteristic numbers being 1, 1/A ,n , 1/A 1 ", where 
m takes all positive integral values. 
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THE GAMMA FUNCTION 


121. Definitions of the Gamma function. The Weierstrassian product. 

Historically, the Gamma-function * T (z) was first defined by Euler as the 
limit of a product (§ 1211) from which can be derived the infinite integral 

I t z ~ l e~ l dt \ but in developing the theory of the function, it is more con- 

J o 

venient to define it by means of an infinite product of Weierstrass' canonical 
form. 

Consider the product ze* z II j^l + ^ e n ■, 


where 


7 = lim 


11 1 , 

i + i + - + «" logTO 


= 0-5772157.... 


[The constant y is known as Euler’s or Mascheroni’s constant ; to prove that it 
exists we observe that, if 

t , 1 . n + 1 

n~ l ° B n ’ 


u_ is positive and less than / -= = -5 ; therefore 2 u* converges, and 

n r J 0 n* n* ,*1 

( 11 1 1 ( w x 
12 m j . lm=i m > «=i 

The value of y has been calculated by J. C. Adams to 260 places of decimals.] 

The product under consideration represents an analytic function of z, for 
all values of z j for, if N be an integer such that | z | $ i-iV, ve have-f, if w > iV, 



If! I - 

2 ?i a + 3 71 s 



1 N' 

§ 4n« 


1 + 


1 ^ 
2 + 2 » 



$ 


1 N> 
5 n'- 


Since the series 2 (JV , /(2n a )| converges, it follows that, when | z | $ J N, 

B-JV+l 


* The notation T (z) was introduced by Legendre in 1014. 
f Taking the principal value of log (1 + r/«). 
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2 jlog ^ + is aa absolutely and uniformly convergent Beriea 

of analytic functions, and so it is an analytic function (§ 53); con¬ 
sequently its exponential IT |^1 + ^j e is an analytic function, and 

so te* fi |(l + ij«“ «J is an analytic function when \z\ ^ where N is 
any integer; that is to say, the product is analytic for all finite values of z. 
The Gamma-function was defined by Weierstrass* bj r the equation 


r(f) zeV \^i 




from this equation it is apparent that T (z) is analytic except at the points 
z = 0, — 1, — 2, ..., where it has simple poles. 

Proofs have been published by Holder +, Moore J, and Barnes § of a theorem known to 
Weierstrass that the Gamma-function does not satisfy any differential equation with 
rational coefficients. 


r(i)-t, r'(i)=- y , 


Example 1. Prove that 

where y is Euler’s constant. 

[Justify differentiating logarithmically the equation 

by § 4‘7, and put z<= 1 after the differentiations have been performed.] 
Example 2. Shew that 

and hence that Euler’s constant y is given by|| 


Example 3. Shew that 


«il\ *+*) ) r (i-*+!)• 


* Journal filr Math. u. (1856). Thil formula for T (z) had been obtained from Euler 1 ! formula 
(§ 13-11) in 1848 by F. W. Newman, Cambridge and Dublin Math. Journal , m. (1848), p. 60- 
f Math. Xmi. xxvin. (1887), pp. 1-19. 

+ Math. Awn. xlvui. (1897), pp. 70-74. 

§ Mettenger of Math. xxix. (1900), pp. 122-128. 

|| The reader will see later (| 12*2 example 4) that this limit may be written 


/: 


0-0 ? 


f ■ e~‘dt 

J i * ’ 
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1211. Euler 8 formula for the Gamma-function. 
By the definition of an infinite product we have 


= S lim r e ( 1 + 2 + ” + m" l0gm )* n |(l + -)c""ll 

»— L »-i lv n J ) J 

-z lim \m~ l n (l +-)] 

=z lim PnVi + t'pn (i+-)l 

m-»® L^“l ' 71/ *“1 \ 71/ J 


Hence 


rw_ ij,{( i+ »/( i+ »rt- 


This formula is due to Euler*; it is valid except when z = 0, — 1, — 2, .... 
Example. Prove that 

r(z)« lim 1- 2 „ . (n-1) (Euler.) 

W ..(r+n-1) 

1212. The difference equation satisfied by the Gamma-function. 

We shall now shew that the function T (z) satisfies the difference equation 

r (z + 1) .= zT ( z). 

For, by Euler’s formula, if z is not a negative integer, 

( 1+ ;) 'l fi, *( l+ sf 


ru + i)/rw = 


z + l 


lim IT 

n = l 


1 + 


Z + 1 


- lim IT 

Z n = l 


1 + - 
n 


jYl + 1 ') (z+n) 

= ~ lim n - — -= — ' 

z + 1 m-*.® n=i l z + n + 1 

.. m - 1-1 

= z lim -— = z. 

m-*-» z + m + 1 

This is one of the most important properties of the Gamma-function. 
Since T (1) = 1, it follows that, if z is a positive integer, T (z) = (z — 1) !. 

* Ik was given in 1729 in a letter to Goldbaoh, printed in Fubb’ Corretp. Math. 
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Example. Prove that 

—L_ + — + 1—+ e —|1 _± -L+Ii- l 

r(*+i) r(*+2) T r(z+3) r(«)\z i!*+i 2!*+2 •/' 


[Consider the expression 


1 


1 1 

* + *(*+l) + *(* + l)(* + 2) 


+ ...+ 


1 


z{z + 1)... (*+m) 


It can be expressed in partial fractions in the form 2 ——, where 

“* I 1 + r . + h + - + (^7y:} - tt {•- r=m ! n+ . ■ 

*1 e « ( - 

Noting that 2 — ; < , prove that 2 -— f -■( 2 —v^O 

r=m-ft+ir ! (fn-w + 1)! 1 *= 0 n 1 z + n l r = m _ n+1 r !J 

wi-^do when z is not a negative integer.] 


12*13. The evaluation of a general class of infinite products. 

By means of the Gamma-function, it is possible to evaluate the general 
class of infinite products of the form 


n u n 

n -1 


where u n is any rational function of the index n. 

For, resolving u n into its factors, we can write the product in the form 
(A (n - <Q (n - a. 2 ) ... (n - a*)| 


n 

n = l 


(n-b,) ... (n-b { ) 


and it is supposed that no factor in the denominator vanishes. 


In order that this product may converge, the number of factors in the 
numerator must clearly be the same as the number of factors in the 
denominator, and also A = I ; for, otherwise, the general factor of the product 
would not tend to the value unity as n tends to infinity. 


We have therefore Jc = l, and, denoting the product by P, we may write 


DO 

P= II 

7 *= 1 


(n - a,) ■. 

■ (n- a k ) 

.(» - *>i) ■■ 

• ( n - b k). 


The general term in this product can be written 

a-! + a, + ... + a k - - . 


= 1 - 




"I - A n3 


where A n is 0 (n -2 ) when n is large. 

In order that the infinite product may be absolutely convergent, it is 
therefore necessary further (§ 2 7) that 

CL\ ... + a± — bi — ... — 6 * = 0 . 
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We can therefore introduce the factor 

exp [ 71 ” 1 (dj + ... 4- a k — 6, - ... - 6*)j 

into the general factor of the product, without altering its value; and thus 
we have 


p= n 




But it is obvious from the Weierstrassian definition of the Gamma- 
function that 




and so p _ b,r(-b l )b t T(-b,)...b k T( -b t )_ * rp-M . 
r (— o,)... a* r (— a*) 

a formula which expresses the general infinite product P in terms of the 
Gamma-function. 


Example 1. Prove that 


+ r (a +1) r (b -f-1) 


„=i(a-M)(&-M) r(a + 6 + l) 

Example 2. Shew that, if a* cos (2n/n) + 1 sin (2fr/ft), then 

*( 1- 5)( 1 -£) , "“ {_r( “*’ ,r(_ar * ) ‘" r( 


— a* ” 1 )} ~ *. 


1214. Connexion between the Gamma-function and the circular functions. 

We now proceed to establish another most important property of the 
Gamma-function, expressed by the equation 

r<»r(i-2) = ^^. 

7 sin TTZ 

We have, by the definition of Weierstrass (§ 121), 

rwr^.)— 


by § 7'5 example 1. Since, by § 1212, 

T(l-z) = -zT(-z) 


we have the result stated. 
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Corollary 1. If we assign to 2 the value this formula givee {r ($)}"— w ; since, by 
the formula of Weierstraas, r ($) is positive, we have 

Corollary 2. If ^ (z) = T' (z)/T (z), then ^ (1 - z) - (z) ■■ n cot m. 

1215. The multiplication-theorem of Gauss 9 and Legendre. 

We shall next obtain the result 


r (*) r (* +1) r (* + !)... r (* + - (2 tt)* (»- l > r {nz). 

»«r(*)rf* + l')...rf* + —) 

For let ♦(.)- „f( M) -— • 

Then we have, by Euler’s formula (§ 1211 example), 

««*n lim - i- 2 - (w —i ) m —-- 

... "—{’*3(‘ + ; + 1 )-{‘ + l + ’‘- 1 ) 

* * .. 1.2 ...(??m-l).(nm) ,u 


n lim — y —“-~r-7——- '—r. 

17 ,-^uo n* (nz + 1) ... (nz + nm — 1) 


lim 


K ™ i \'i n — ^ + 1 ( n _ 1) mn 

m — m 8 n 


(nm - 1) ’.(am) 112 

= lim --7- 1 --. 

(nm - 1) ! 

It is evident from this last equation that <f> (z) is independent of z . 


Thus 0 (*) is equal to the value which it has when z = - ; and so 

... 1\ 


Therefore 


+<'>- r (;) r ©- r ( 1 ^)- 
(♦Wl'-’n |rg) r (i-^)J 


7T 27T - (n — 1) 7T n 

sin - sm — ... sin --— 

n n n 


Thus, since 0 (n _1 ) is positive, 

0(z) = (2w) i( "- 1) «- i , 

i. e . r ( e ) r (z + ... r (z + ’Lzi) = «*-’“ (*»)* ( " _ x) r {nz). 


Corollary . Taking n = 2, we have 

a 1 *-' r (2) r ( s +i)=r ( 2 *). 
This is called the duplication formula. 


Werke, m. p. 149. The case in whioh it = 2 was given by Legendre. 
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Example. If 
shew that 


Blp, g) , r j£) r (g), 

{p ' H> r(^+ ? )’ 


B(p, 9 )b( P + ' [ -, 9 ) ... b(p + ?—±, q\ 
B(np,nq)-n "« -g——^ — — 

1216. Expansion* for the logarithmic derivates of the Gamma-function. 

We have {r (* + l)}- 1 *^' n j^l + ^ e“*j . 

Differentiating logarithmically (§ 4 - 7), thiH gives 

d logr (z + l)_ z t z t z 

* y + l (j + 1) + 2(*+2) + 3(7+3) 

Therefore, since log r (z +1) = log z + log F ( 2 ), we have 


+ .... 


1 


1 


~r log T (z)= -y--+£ 2 ———- . 
dz z i?=\n(z + ri) 


d L d [ z z ) 

Differentiating again, ^ log r (2 + 1)+ • • •} 


j "1" ”h • ■ * ■ 


(£+ 1 ) 2 ^ (2 + 2) 2 

These eipansions are occasionally used in applications of the theory. 


12'2. Euler s expression of T (z) as an infinite integral. 

The infinite integral I e~ l t z ~'dt represents an analytic function of z when* 

J 0 

the real part of z is positive (§ 5'32); it is called the Eulerian Integral of the 
Second Kind\. It will now be shewn that, when R(z)> 0, the integral is 
equal to T (z). Denoting the real part of z by x, we have x > 0. Now, if J 

we have II (z, n) = n z I (1 — T) n 7 z ~ l dr t 

J u 

if we write t = nr; it is easily shewn by repeated integrations by parts that, 
when x > 0 and n is a positive integer, 

f 0 < 1 ~ T ) n ^~' dT - [} T "( 1 - T )"] o + j/ 0 0 - T)"-VdT 


and bo 


II (z, n) = 


_— 1 Ll". 1 - n-id T 

z(z + 1) ... (z + n - l)j 0 

1 . 2 ... n 


nr. 


z (z + 1) ... (z + n) 

Hence, by the example of § 12*11, II (z, n) T (z) as n -*- oo. 


# If the real part of z is not positive the integral does not converge on account of the singu¬ 
larity of the integrand at t = 0. 

t The name was given by Legendre; Bee § 12 4 for the Eulerian Integral of the First Kind. 

X The man) r -valued function l”' 1 is made preoiBe by the equation = log r being 

purely real. 
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Consequently T (z) = lim f f 1 — - J t z ~'dt. 

*-*»« J 0 \ n ' 


And so, if 
we have 


I\ (z) = [ e-tt^dt, 

J o 

r l( z>- r W =iim [/’{*"- (i -^)”}<‘-‘rfe+/ n e-^dt'j. 


Now 


since 


I converges. 

Jo 


lira f e mmi t z ~ 1 dt = 0, 
n-^xi J n 


To shew that zero is the limit of the first of the two integrals in the 
formula for (z) — T ( z ) we observe that 


0 « e~‘ - ^ 1 - ^j n < n-'t'e- 


[To establish these inequalities, we proceed as follows : when 0 ^y < 1, 

1+y <« r <(l-y) _1 , 

from the series for e* and (1 — y)~ l . Writing t\n for y, we have 


and j 


Kr^KT' 

0**-‘-(l--Y 

-‘-HK)'} 


Now, if 0$a$l, (1 — a)" ^ 1 — na by induction when na < 1 and obviously when 
na > 1 ; and, writing f 2 /n a for a, we get 

1> 


\ n l ) n 

and so* 0^e -e -^l-^ 

which is the required result.] 

From the inequalities, it follows at once that 

| J" je- ( - (1 ~ ’ tl ~' dt | * j"n-'e-'F+'dt 

< ft” 1 [ e~ t t x+1 dt 0, 

Jo 

as 7 i oo , since the last integral converges. 

* This analysis is a modification of that given by Schlomiloh, Compendium der hoheren 
Analytii, ii. p. 243. K simple method of obtaining a less precise inequality (which is sufficient 
for the object required) is given by Bromwich, Infinite Serie *, p. 459. 
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Consequently T, (*) = T (z) when the integral, by which I\ (z) is defined, 
converges; that is to say that, when the real part of z is positive, 

r 0)«f 

J a 

And so, when the real part of z is positive, T (z) may be defined either by 
this integral or by the Weierstrassian product. 

Example 1. Prove that, when R (z) is positive, 

rW./^iogl)' l dz. 

Example 2. Prove that, if R ( 2 ) > 0 and R. (s) > 0, 

f~ dx=^. 

J 0 Z M 


Example 3. 


Example 4. 


Prove that, if R ( 2 ) > 0 and R (g) > 1, 

111 1 f*e-* a x‘- 1 dx 

(z + l)* + (z + 2) l + (3-|-3)* + , "“f"0s) Jo 

From § 12*1 example 2, by using the inequality 


deduce that 


y= U -7- 


7»> 


12*21. Extension of the infinite integral to the case in which the argument of the 
Oamnia-function is negative . 

The formula of the last article is no longer applicable when the real part of z is 
negative. Cauchy* and Saalschiitzt have shewn, however, that, for negative arguments, 
an analogous theorem exists. This cau be obtained in the following way. 

Consider the function 

c-t («-«-!+*- J + ...+(-)*♦> £)*, 

where k is the integer so chosen that -£>#>-£ -1, x being the real part of z. 

By partial integration we have, when z < — 1, 

The integrated part tends to zero at each limit, since x+!c is negative and a + /f- + l is 
positive : so we have 

r s (z)=*r 2 (z+l). 


The same proof applies when x lies between 0 and —1, and leads to the result 

Y (z+\) = zY 2 {z) (0>x>-\). 

The last equation shews that, between the values 0 and — 1 of x, 

Yi W = T (z). 


* Exercices de Math . 11 . (1827), pp. f)l-92. 
t Zeitschrift fur Math, und Phys. xxm. (1887), xxxiii. (1888), 
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The preceding equation then shews that r s (r) is the same as r(i) for all negative 
values of R (z) less than —1. Thus, for all negative values of R(i\ we have the result of 
Cauchy and Saalschiitz 

where k is the integer next less than - R (z). 

Example . If a function P (p) be Buch that for positive values of p we have 

P (p)= ( £*~ l e~ K dx y 
J o 

and if for negative values of p we define P x (p) by the equation 

Pi W-f V-«(«—-l+*-... + (-) i + 1 £)<**, 

where k is the integer next less than - p, shew that 

A(M)-^(M)-^ + n ^ ) -... + (-)‘-> i T^ r) . (Saalschiitz.) 

12 22. HankeVs expression of T (z) as a contour integral. 

The integrals obtained for T(z) in §§ 12 2, 12 21 are members of a large 
class of definite integrals by which the Gamma-function can be defined. 
The most general integral of the class in question is due to Hankel*; this 
integral will now be investigated. 

Let D be a contour which starts from a point p on the real axis, encircles 
the origin once counter-clockwise and returns to p. 

Consider I (— t) z ~ l e~ l dt y when the real part of z is positive and z is not 
J i) 

an integer. 

The many-valued function (— if- 1 is to be made definite by the convention 
that (— if-' = e ( *" 1,los (“ f) and log (— t) is purely real when t is on the negative 
part of the real axis, so that, on 2), — it $ arg (—0 $ 7r. 

The integrand is not analytic inside D , but, by § 5'2 corollary 1, the path 
of integration may be deformed (without affecting the value of the integral) 
into the path of integration which starts from p, proceeds along the real axis 
to S, describes a circle of radius S counter-clockwise round the origin and 
returns to p along the real axis. 

On the real axis in the first part of this new path we have arg (— t) = — ir, 
so that (—ty~ l = e~ in {z ~ l) t z ~ l (where log t is purely real); and on the last 
part of the new path (— £) z_1 = (z_1) t z ~ l . 

On the circle we write — t = Se 1 *; then we get 

J (- ty-'e-'dt = J‘e- iw <*- 1 H z - 1 e- t dt+J r 

+ JV'l'-Up-ie-'df 

= - 2 i sin (nz) j't'-'e-'dt + i£* j" e *‘*»+*(e«#+«.in 
* ZtiUchrift filr Math, und Phyt. ix. (1864), p. 7. 
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12 - 22 ] 

This is true for all positive values of 8 ^ p ; now make 8-^0; then 8* 0 

and J e i*M{00*0+1^9140 + j e 'z*dff since the integrand tends to its limit 
uniformly. 

We consequently infer that 

J (— t) z ~ x e~ l dt =* — 2 i sin ( irz ) j tf-'e^dt. 

This is true for all positive values of p\ make p~* oo, and let C be the 
limit of the contour D. 


Then 

Therefore 





Now, since the contour C does not pass through the point £ = 0, there 
is no need longer to stipulate that the real part of z is positive; and 

I (—tY~ l e~ l dt is a one-valued analytic function of ' z for all values of z. 

J c 

Hence , by § 5*5, the equation , just proved when the real part of z is positive, 
persists for all values of z with the exception of the values 0, ±1, + 2. 

Consequently, for all except integer values of z , 

1 


r (*)--; 


;f (-ty 

’ J c 


It. 


2i sin 7 rz J c 

This is Hankel's formula; if we write 1 — z for z and make use of § 1214, 
we get the further result that 

[(V + ) [ 

We shall write I for , meaning thereby that the path of inte- 
J OD “ C 

gration starts at ‘infinity 1 on the real axis, encircles the origin in the positive 
direction and returns to the starting point. 

Example 1. Shew that, if the real part of z be positive and if a be any positive 
constant, — e~ l dl tends to zero as p-*-oo, when the path of integration is either of 

the quadrants of circles of radius p + a with centres at -a, the end points of one quadrant 
being p and — a + i(p+a) } and of the other p and -a-i(p + a). 
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Deduce that lim I ^ e~ l dt= lira I ( — t)~ a e- l dt, 

p-»x J — U+ip J C 


and hence, by writing t— -a-iu, shew that 


fvr^j^^ iu{a+iu) ' !du - 


[This formula was given by Laplace, Theorie Analytique des Probability (1812), p. 134, 
and it is substantially equivalent to Hankel’s formula involving a contour integral.] 

Example 2. By taking o= 1, and putting t= — 1 +i tan 9 in example 1, shew that 


1 e fl 
—— = — / cos (tan 9 - z9) cos' “ 2 9dS. 

?(*) * Jo 

Example 3. By taking as contour of integration a parabola whose focus is the origin, 
shew that, if a > 0, then 

2 a* f ® 

r(z) = -- / e -af2 (1 +t 2 ) 2 ~* cos {2a£ + (2z — 1) arc tan t) dt. 

sin irz J q 

(Bourguet, Acta Math. I.) 

Example 4. Investigate the values of x for which the integral 

2 f* 

- I t x ~ ] sin t dt 

* J o 

converges; for such values of x express it in terms of Gamma-functions, and thence shew 
that it is equal to 


■", ((’ - Si) -”} /i, {(’ + s^n) 


(St John’s, 1902.) 

Example 5. Prove that f (log J) w dt converges when wi>0, and, by means 
J o t 


of example 4, evaluate it when 1 and when 7n*2. 


(St John’s, 1902.) 


123. Gauss expression for the logarithmic derivate of the Gamma-function 
as an infinite integral *. 

We shall now express the function ~ log T ( z ) = ^ ^ as an infinite 

az X i^j 

integral when the real part of z is positive; the function in question is 
frequently written yfr (z). We first need a new formula for y. 

Take the formula (§ 12 2 example 4) 

where A = 1 — e~ B , since / — = log-. as <5-*-0. 

J a t 1 -e~* 

Writing f-*l - e~ * in the first of these integrals and then replacing u by t we have 

fZ {/«* tS-'T *} = jo Ir^F- -)} 

This is the formula for y which was required. 


Wtrke , ni. p. 159. 
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To get Gauss’ formula, take the equation (§ 12 - 16) 

fT^“- 7 --+ lim 2 (!-—), 

"W Z * — «*m = lW Z + m) 


and write 


— = [ e-‘<* +m Ut ; 
+ m J o 


this is permissible when m — 0 , 1 , 2 , ... if the real part of z is positive. 
It follows that 

F'M r® r® n 

p t = - 7 — I e~ zt dt -f lim I 2 (e~ mt - e~^ in+ ^ t )dt 
^ \ z ) Jo n-*-oD Jo m = 1 

f® e -t _ _ g -(n+i)f g-(r+u+i)f 


= -7 + 


p e -(_ g -r( _ e -(n+i)« +e -(t+n+ 

f lim ---—- 

71 -•» ® J 0 \ € 

<r e \ , .. r l-e-« 

--i-- df - lim - -— e~ 

t 1-erV n ♦ n io l-e _t 


Now, when 0< ^ 1, 
and when t ^ 1, 


l-e-'M . 


(»+i)i dt. 


a bounded function of t whose limit as *-►() is finite ; 


l-e~* l+j e~ ti \ 2 
1 —e- f < 1 - e“ 1 l-e~ l ' 


Therefore we can find a number K independent of t such that, on the path of integration, 


1 -c-* 
\-e-' 


and so If -— e —^ t + d t \< K [ e~( H * dt — K (?i+1) _, -^0 as . 

I J o J — € I Jo 

We have thus proved the formula 

*w-s'ogr w-/; (r-r^)*’ 

which is Gauss’ expression of >/r(z) as an infinite integral. It may be 
remarked that this is the first integral which we have encountered connected 
with the Gamma-function in which the integrand is a single-valued function. 

Writing f*=log(l+:r) in Gauss’ result, we get, if A = c fl - 1, 

r(0 J-O jc I t l-e-'J 

6-^iU« 1 J a (1 + ■*■•) ] 

= lim | ( - - dt— f . 1 > 

U a * J a -v(l +-r) j 

r a g -1 r ^ ^ g® — j 

since 0<l —dt < j — = log—r-►O as 

Jit 1st 6 

Hence lie, [' {.--.-jJJ 

eo that r' W-rW / o f-'- (Ti y - x . 

an equation due to Dirichlet*. 


i. p. 275. 
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Example 1. Prove that, if the real part of z is positive, 
Example^. Shew that y —J f(l + f) _1 - e~ f ] t~ l 


tit. 


(Gauss.) 

(Dirichlet.) 


12 31. Binet's first expression for log F ( z ) in terms of an infinite integral. 

Binet* has given two expressions for log T (z) which are of great 
importance as shewing the way in which log T ( z) behaves as | * | -► *>. To 
obtain the first of these expressions, we observe that, when the real part of 
z is positive, 

Hi±2> .f| e -- e —\dt 

r(z + i> Jo |< c* — ij at> 
writing z + 1 for z in § 12 3. 

Now, by § 6 222 example 6 , we have 

. f 30 e“ f - e~ tl 

ios *-j. t 

r® i 

and so, since ( 2 z ) _1 = ~ e~ u dt, 

Jo 2 


dt, 


we have 


as r <«+1 > - a+<•* * - /.' Is * 


The integrand in the last integral is continuous as 0 ; and since 

^ —^ + is bounded as t -► oo, it follows without difficulty that the 

2 t e l — 1 

integral converges uniformly when the real part of z is positive; we may 
consequently integrate from 1 to z under the sign of integration (§ 4'44) and 
we getf 

. IX / 1 \, , r (1 1 1 ) 

iogr(z + i)=(z + -jiogz-z + i + j () {2-<+ c m}- 


-dt. 


Since 


we have 


1 1 


1 ) 1 . 


- — - + -—- is continuous as t -*■ 0 by § 7 2 , and since 
log r (z+ 1 ) = log z + log F ( z ), 


/ 1 \ /■” ( 111 
log r (*) = ( z — g j log 2 — z+l+j^ { 2-7 + ^—! 

r*n_i _i |r ! 
Jo (2 t + e 1 — lj < 




* Journal </e Poly technique, xvi. (1839), pp. 123-143. 

+ Logr(j + l) means the Bum of llie principal valueB of the logarithms in the factors of 
the Weierstrassian product. 
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To evaluate the Becond of these integrals, let* 

bo that, taking z —£ in the last expression for logr(z), we get 

^ log n = £ + J - /. 

AK g - 1 *-J-) *- -a, W, have 

1 \ dt 
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And ao 


f" 1 \ dt 

Jo V « ^-lj « ' 

-L—«—J. + *y. —i—■* 

-i+Jlogi- 

1 = 1 — A log ( 2 7T), 


Consequently 

We therefore have Binet's result that, when the real part of z is positive, 
log r(,) = (, -1) log z-z + \ log<2») + / # g - 1 + ? ~ f ) X *■ 

It r = x + iy, we see that, if the upper bound of | ^~ — ^ + ^ * | for real 

values of t is K, then 

log r (z) - ( 2 - ^ logz + *-* log(2ir) < K J" e~ tx dt 

= Kx~\ 

so that, when x is large, the terms ^ logz - z + ^ log (27 t) furnish an 
approximate expression for logr(z). 

Example 1. Prove that, when rt(z)>(), 

logr(z) = J yjzrp^t +( z ” 1 ) e "' t } 7 - (Malmstcn.) 

Example 2 . Prove that, when R ( j ) >0, 

lo g r(,)-/;f(,-i),-. + <l±| i ^ip^}f (FtoA) 


This artifice ia due to Priagsbeim, Math. Ann. xxxi. (1888), p. 473. 
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Example, 3. From the formula of § 1214, shew that, if 0 < x < 1, 

oww-N i _ L i„„ =;_r /8inh(W)t 


2 log r {x )~log ir+log sin nx = j 


sinh \t 


Zx '> e ~‘}j- 


(Kummer.) 

Example 4. By expanding sinh(J — x)t and l-2x in Fourier sine series, shew from 
example 3 that, if 0 < x < 1, 

log T (.r) = ^log n log sin ttx+2 1 a n sin 2nnXj 

n=I 


w:t 


2 ntr e ~ l \ d * 

t i + 47i 2 n 2 2mr) t 


Deduce from example 2 of § 12 3 that 

“* = 2mi :(r + l0g2,r + l0B 

(Kummer, Journal fiir Math. xxxv. (1847), p. 1.) 

12 32. Binet’s second expression for log T (z) in terms of an infinite 
integral. 

Consider the application of example 7 of Chapter vil (p. 145) to the 
equation (§ 1216) 

hr- 

The conditions there stated as sufficient for the transformation of a 
series into integrals are obviously satisfied by the function <f> (£) = , 

if the real part of z be positive; and we have 

£l»grwlim /_ 

where 2iq (0 = 7 -—-r-r.. 

* v} (z + ity (z — ity 

Since \q(t, z + n)\ is easily seen to be less than K x tjn , where K x is inde¬ 
pendent of t and n y it follows that the limit of the last integral is zero. 

it <t 2 i ^, x 1 1 * tz dt 

jpiogrw-jp+j+J, 

2 z 

Since ——- does not exceed K (where K depends only on 5) when the 
z -}■ t 

real part of z exceeds S, the integral converges uniformly and we may 
integrate under the integral sign (§ 4 44) from 1 to z . 

We get 

^ log r M — 1+ log ,+c-2 j'- ( — ■ 

where 0 is a constant. Integrating again, 

] °g r (r) = ^ ^ log t + (C - 1) z + C’ + 2 dt, 

where C" is a constant. 


2iq ( t ) 
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Now, if z is real, 0 $ arc tan t/z $ t/e, 

and so 

logr<»-^-^ logz-(C'-l)*-C"j<^ jiCZ\ 
But it has been shewn in § 12 31 that 


dt. 


log r (*) - ^ ^ log z + z - ^ log (2 tt) 


■o, 


a sz — xi through real values. Comparing these results w T e see that C = 0, 
C'= 1 2log(2w). 

Hence for all values of z whose real part is positive, 
log r 00 = (z - ^ log z - * + | log (27r) + 2 

where arc tan u is defined by the equation 

. [* dt 

arc tan u = / --- , 

Jo 1 + t 2 ' 

in which the path of integration is a straight line. 

This is Binet's second expression for log T (z). 

Example . Justify differentiating with regard to z under the sign of integration, so as 
to get the equation 


r (z) 

r «' 


■lo gz 


-i- 2 /, 


tdt 


o (t* + z 2 )(e 2 nt -l)' 


12-33. The asymptotic expansion of the logarithm of the Gamma- 
function (Stirling’s series). 

We can now obtain an expansion which represents the function log T (z) 
asymptotically (§ 8'2) for large values of \z\, and which is used in the 
calculation of the Gamma-function. 

Let us assume that, if z = x 4- iy, then x ^ 8 > 0 ; and we have, by Binet's 
second formula, 

log r (*) = {z - log z - z + ^ log (2 tt) + <f> (z), 

, w x n f* arc tan (t/z) . 

where <Hz) = 2j # — dt. 

. ... . t 1< S 1«* (-)-» t"'-i , (-)" [‘ u m du 

; tan (t/z) = ^ 3^+5 - -- + 2n - 1 z m ~' + z n ~' J 0 «’ + z‘ ‘ 


Now 
arc 1 


Substituting and remembering (§ 7 2) that 

r F'-'dt B n 
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where B lt B t , ... are Bernoulli’s numbers, we have 


*<*)' 


- (-)*-'B r , 2 (—)" f 

— i-s / r» 1 \ I 


A 2r (2r — 1) 


-)" f® ( f* a™ da 

1-1 Jo [Jo u a +* a 


d£ 


Let the upper bound* of 
Then 


w 1 + 


6^ - 1 ‘ 
for positive values of u be K z . 


re 


i * 71 da 

+7 2 


d£ 


e 2 " 1 -1 


K t B n+l 




dit 


di 


e»«_ 1 


Hence 


’ 4 (n + 1) (2n + 1) | z | 2 ’ 


—) n r m f r e u m du 

" J * (Jo wMT? 


1*1-)" /" 
j z“ 


di 


e" 1 - 1 


K Z B 


'»» + ! 


2(n + l)(2n + l)|*| 


and it is obvious that this tends to zero uniformly as | z | -► oo if | arg z j $ \ tt — A, 
where ^7r > A > 0, so that K z ^ cosec 2 A. 

Also it is clear that if | arg z | ^ \ir (so that K z = 1) the error in taking the 
first n terms of the series 

5 (-Y- l Br 1 

r ti 2r (2r - 1) ^* r—1 

as an approximation to </> (z) is numerically less than the (a 4 - l)th term. 
Since, if | arg z | < \ir — A, 

-^n+i I _ |— 2 


n rev- 1 b 

* W “ r ?L 27(27^1) 


< cosec 2 2A . — ~ vwo , V \ I 
| 2 (?i + 1) (2n + 1) 


>0, 


as z oo , it is clear that 


B\ 


B* 


B a 


1.2 .z 3.4. z 3 5.6. z 8 " 
is the asymptotic expansion f (§ 8 2) of <j>(z). 

We see therefore that the series 

(z - 1) log x - *+1 log (2w) + r i 
is the asymptotic expansion of log T ( z) when | arg z ; $ \tt — A. 

* if," 2 is the lower bound of -- v - — ; ' -— and is consequently equal to 


4ar*^ a 


I/ 8 ) 2 

or 1 as i 2 < y- or x 2 ^y 2 


(x 2 + y 2 ) 2 

t The development is asymptotic; for if it converged when | z | by § 2-6 we could And K , 

m ( _ f 8 * 

suoh that B w <(2n-l)2nA"p* Tl ; and then the aeries Z 2 — ^2n) ~r— would define an integral 
function ; this is contrary to § 7 '2. 
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This is generally known as Stirling's series. In § 13 6 it will be estab¬ 
lished over the extended range | arg* | ^ tt — A. 

In particular when z is positive (= #), we have 

0 < 2 ["if 1 — l — <_ ^ n+1 _ 

Jo UoM 1 + ^)e s "-l 2(n + l)(2n + l)* 4 ' 

Hence , when # > 0, the value of <f> (x) always lies between the sum of 
n terms and the sum of n + 1 terms of the series for all values of n. 

B 6 

In particular 0 < <f> (x) < j—^ > so that 0 (x) = where 0 < 6 < 1. 


Hence 


T(x) = x x ^ e 1 (27 rf e 


*H I**) 


Also, taking the exponential of Stirlings series, we get 

A L . 1 . 1 139 571 


r (x) = e x 


l(2 ’ ,l { 1+ IS + 28« I ’ 


51840® 3 2488320^ 


o®} 


This is an asymptotic formula for the Gamma-function. In conjunction 
with the formula r(#+ l) = #r(#), it is very useful for the purpose of com¬ 
puting the numerical value of the function for real values of x. 

Tables of the function log 10 r (a:), correct to 12 decimal placea, for values of x between 
1 ar;d 2 , were constructed in this way by Legendre, and published in his Exercices de 
Calcul Integral , II. p. 85, in 1817, and his Traite des fonctiom elliptiques (1826), p. 489. 

It may be observed that r (.r) has one minimum for positive values of x, when 
x= 1 4616321..., the value of log H) r (x) then being 1*9472391.... 

Example . Obtain the expansion, convergent when R (z)> 0 , 

log. r (z) = (z - 4) log. * - 2 + i log. (2fr) + J [z), 

where 

{ 2 "+l + 2]7+lJ(I+2) + 3(*+l'Mr+2T(>73) + ■ ■ ■} ’ 

in which 

Cl=i, Cj = i «4=W. 

and generally 

c n « J (x + 1) (# + 2 ) ... (j: + n- 1 ) ( 2 jc- 1) xdx. (Binet.) 


12‘4. The Eulerian Integral of the First Kind. 

The name Eulerian Integral of the First Kind was given by Legendr.e to 
the integral 

B ( p , q) = f x p ~ l (1 — a)? -1 dx , 

J o 

which was first studied by Euler and Legendre*. In this integral, the real 
parts of p and q are supposed to be positive; and x p ~ l , (1 — x) q ~' are to be 
understood to mean those values of and e^ -1 ) 10 * 0 - *) which correspond 

to the real determinations of the logarithms. 


* Euler, Nov. Comm . Petrop. xvi. (1772) ; Legendre, Exeicicea, i. p. 221. 
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With these stipulations, it is easily seen that £ ( p , q) exists, as a (possibly 
improper) integral (§ 4 5 example 2). 

We have, on writing (1 — x) for x, 

B (p, q) = B (q, p). 

Also, integrating by parts, 

(1 - x)i dx = \ ^ P Qy - 1 j l x p (1 - x)*-' dx, 


so that B (p, q + 1) * B (p + 1, q). 

Example 1 . Shew that 

B {p, q)=B(p +1 , q) + B(p, g + 1). 

Example 2. Deduce from example 1 that 

B{p, 9 + 1)-^-' B{p, q). 
Example 3. Prove that if n is a positive iuteger, 


Example 4. 
Example 5. 


B(p,n+1) 


1.2 ...71 


Prove that 

Prove that 


p(p + l)...(p + »)’ 

r (z)= lim n M B (z, n ). 


12 41. Expression of the Eulerian Integral of the First Kind in terms of 
the Gamma-function. 


We shall now establish the important theorem that 


B ( m , n) = 


r ( m) r (») 

r (m + n) 


First let the real parts of m and n exceed \ ; then 

r® r 00 

r (m) r (n) — I e~ x x m ~ l dx x I e~ y y n_1 dy . 

Jo Jo 

On writing a? for and y* for y, this gives 

fit rii 

r (m) r (n) = 4 lim I e”* 1 da? x I e -v * y 271-1 dy 
Rm J 0 Jo 

rR rR 

« 4 lim I I x m ~ 1 y * n ~ 1 dxdy. 

J o ] o 

Now, for the values of m and n under consideration, the integrand is 
continuous over the range of integration, and so the integral may be con¬ 
sidered as a double integral taken over a square Sr. Calling the integrand 
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f(x, y), and calling Q B the quadrant with centre at the origin and radius R, 
we have, if T B be the part of S B outside Q B , 

\ll a f(*.y)d*dy-jj Q f {x, y) dxdy 

“ II /(*. y)dxdy\ 

I J J Tr I 

$ff T I/(*, y)\ dxdy 

G ff \f( x ,y)\ dxdy-fj \/(x,y)dxdy\ 

J J Sn J J iSj R 

0 as R — qo , 

jj | f(x, y) | dxdy converges to a limit, namely 

2 [ | 1 dx x 2 f e -1 ' I y 171-1 1 dy. 

Jo Jo 

Therefore 

lim I/ /(x, y) ctady = lim If /(a;, y) dxdy. 

K + 'vJJSf R—*JJQn 

Changing to polar* coordinates (x = r cos 6 } y = r sin 0), we have 
jj f(x, y) dxdy = j j e -rJ (r cos 0) srm_1 (r sin 0) 2,l_1 rdrdd. 


since 


Hence 


r® 

r (m) r (n) = 4 | e“ rl/ r 2 ( m+fl )“i dr | cos 2171-1 0 sin 271-1 0 d0 

Jo Jo 

[h* 

= 2T (?n 4- w) / cos 2 ” 1-1 0 sin 271-1 0d0. 

Jo 

Writing cos 2 0 = u we at once get 

r (7>i) r (n) = r (m + n) . B (w, n). 

This has only been proved when the real parts of m and n exceed J; but 
it can obviously be deduced when these are less than £ by § 12 4 example 2. 

This result, discovered by Euler, connects the Eulerian Integral of the 
First Kind with the Gamma-function. 

Example 1. Shew that 

f_ t ( l +*) p - 1 (1 — ^) ,_1 ( ir = 2 " + « —1 


* It is easily proved by the methods of § 4*11 that the areas A nu M of § 4-3 need not be rect- 
anglefl provided only that their greatest diameters oan be made arbitrarily small by taking the 
namber of areaB sufficiently large ; so the areas may be taken to be the regions bounded 
by radii vectores and circular arcs. 
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Example 2. Shew that, if 

t, x V ),l_ v J_ + yCy-D _L _. y(y-^)<y-») _L + . 

j'■*'*> X y x+\ + 2! .r + 2 3! j: + 3 + ’ 

then 

/(*. y)“/(y+ 1 » *“!)» 

where .r ami y have such values that the series are convergent. (JesuB, 1901.) 

Example 3. Prove that 

/! /VfcsO( 1 V(1 -y)- 1 //« (1 -*r + '-'*■ 

(Math. Trip. 1894.) 


12*42. Evaluation of trigonometrical integrals in terms of the Gamma- 
function. 

f* T 

We can now evaluate the integral / cos m 1 x &\n n ~ l xdx, where in and n 

J o 

are not restricted to be integers, but have their real parts positive. 

For, writing cos 2 a; = t, we have, as in § 12 41, 



cos” 1-1 x sin n ~ l xdx = ■ 


r (jm) r (in) 
r (Jm + Jw) 


The well-known elementary formulae for the cases in which m and n are 
integers can be at once derived from this result. 

Example . Prove that, when | k | < 1 , 

ft" cue fn 0 Bin" 0d0 ^ r ( jm + t) T (pi + b) ft" co a' n + "6d0 

Jo (1 — i: Bin 2 0)1 = r(Jwi + in+i)^7r J 0 (1 _ k sin 2 0)*" + *' 

(Trinity, 1898.) 

12'43. Pochhammer’s* extension of the Eulerian Integral of the First 
Kind. 

We have seen in § 12*22 that it is possible to replace the second Eulerian 
integral for T {z) by a contour integral which converges for all values of z. 
A similar process has been carried out by Pochhammer for Eulerian integrals 
of the first kind. 

Let P be any point on the real axis between 0 and 1 ; consider the 
integral 

r (i+, o+, 1-, o-) 

e -wi(*+p) Jt® -1 (1 — ty~'dt = e (cr, /3). 

The notation employed is that introduced at the end of § 12*22 and 
means that the path of integration starts from P, encircles the point 1 in the 
positive (counter-clockwise) direction and returns to P, then encircles the 
origin in the positive direction and returns to P, and so on. 


* Math. Ann. xxxv. (1890), p. 495. The use of the double circuit iDLegrnlB of tbiB section 
Bee ms to be due to Jordan, Court d’ Analyte, m. (1887). 
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At the starting-point the arguments of t and 1 — t are both zero; after 
the circuit (1 +) they are 0 and 2tt ; after the circuit (0 +) they are 2tt and 
27r; after the circuit (1 -) they are 2ir and 0 and after the circuit (0 —) they 
are both zero, so that the final value of the integrand is the same as the 
initial value. 

It is easily seen that, since the path of integration may be deformed in 
any way so long as it does not pass over the branch points 0, 1 of the 
integrand, the path may be taken to be that shewn in the figure, wherein 
the four parallel lines are supposed to coincide with the real axis. 



If the real parts of a and 0 are positive the integrals round the circles 
tend to zero as the radii of the circles tend to zero*; the integrands on the 
paths marked a , b, c , d are 

tr~ i (i - ty>-\ r - 1 (1 - if-'#' 

^-lg^i(.-l) f y*-i 


respectively, the arguments of t and 1 — t now being zero in each case. 

Hence we may write e (a, 0) as the sum of four (possibly improper) 
integrals, thus: 

r f 1 

e (a, 8) = e-* i <'+»\ J o r-’(l -ty~'dt + J't'-'(l-ty>-'e*'*dt 


Hence 


+ J 1 t m ~‘ (i - tf~' dt+ f t*- 1 (i - dtj 

■ (a, £) = e-"(‘ + '') (1 - e nU ) (1 - e^) (' <<■->( 1 - tf-' dt 

J 0 


a ■ i \ ■ <a \ F («) r (@) 

- - 4 sin (air) sin (0v) y— 

— 47r 2 

3 VCi~*yf (i - P)r(a + 8) ■ 

Now € (a, 0) and this last expression are analytic functions of a and of 0 
for all values of a and 0. So, by the theory of analytic continuation, this 
equality, proved when the real parts of a and 0 are positive, holds for all 
values of a and 0. Hence for all values of a. and 0 we have proved that 


*(«, 0) = 


— 47r‘ J 

r (1 — a) r(l-/0)r(a + /8)' 


* The reader ought to have uo difficulty in proving this. 
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12'5. Dinchlet'a integral*. 

We shall now shew how the repeated integral 




+ «!+-»+ tn^dUdU... dt n 


may be reduced to a simple integral, where/is continuous, a* > 0 (r *» 1, 2, ,.. n) 
and the integration is extended over all positive values of the variables such 
that ^ ^ -I- ... +t n ^ 1. 


To simplify I I f(t + T+\)t*~~ l T*~'dtdT 

Jo Jo 

(where we have written t, T, a, 0 for t lt t 3 , a l3 a 2 and X for f 3 + tf 4 + ... + t n ), 
put t * T(l — v)/v ; the integral becomes (if X ± 0) 

[ 1 A f 1 /(X + T/v) (1 - v)*- 1 tr—» T'*- 1 dvdT. 

Jo j T/(1-a) 

Changing the order of integration (§ 4’51), the integral becomes 

f f (1 " X) V(X + T/v)(l-vY- l v-'-'T'+*-'dTdv. 

J 0 J 0 

Putting T = VT a , the integral becomes 
J j /.(X -1- t h ) (1 — v)* -1 v 3-1 dT fl dv 

Hence 

/ = ^~y JJ ■■■ J/(r, + t,+ ... + t n ) T,*i + »-— 1 ... d-r.d*, ... dt*. 

the integration being extended over all positive values of the variables such 
that t b + tf + ■ ■ • + t n ^ 1 . 

Continually reducing in this way we get 

I = f /(t) T 1 * -1 dr, 

r(a t + a a + ... + a,,) Jo 

which is Dirichlet’s result. 

Example 1. Reduce 

II / / {©* + ® ,+ © T } 

to a simple integral; the range of integration being extended over all positive values 
of the variables such that 


(SMDH 5 )’ 


r <1, 


it being assumed that o, 5, c, a, y, p, y, r are positive, 

* fFerfce, i. pp. 375, 391. 


(Dirichlet.) 
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Example 2. Evaluate 
m and n being positive and 


jj 


x^O, y^O, 


(Pembroke, 1907.) 


Example 3. Shew that the moment of inertia of a homogeneous ellipsoid of unit 
density, taken about the axis of z, is 

^ (a* + b 2 ) nabc , 

where a, 6, c are the semi-axes. 

Example 4. Shew that the area of the hypocycloid x* + yl = ft is gW 2 . 


REFERENCES. 
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A. Pringbheim, Math . Ann. XXXI. (1888), pp. 455-481. 

Hj. Mellin, Math. Ann, LXVIII. (1910), pp. 305-337. 


Miscellaneous Examples. 


1. Shew that 


L> 

(l_z) ( 1 + i) ( 1 _ a) 


2. Shew that 


3. Prove that 


4. Shew that 


(Trinity, 1897.) 

lim TXT; TZr^-'TT *-r(*+l). (Trinity, 1885.) 
i+* i+i® i + l + ~x 


C_(D_Ofi_ a io- a 

r fi) r(i) 21og2 ' 


‘CD r(i) 

! r (i)} 4 _ 3 1 5 ! — l 7 s 9 s -1 11* 

lfhr 1 3"-l 5* ’ 7 a - 1 9* ' 11» —1 


(Jesus, 1903.) 
(Trinity, 1891.) 


5. Shew that 


w =o l (w+rt(^+y) V « + !/[ 7 T v 1 1} 

(Trinity, 1905.) 
(Peterhouse, 1906.) 


6. Shew that UY g)-™^)’- 

7. Shew' that, if z = i( where ( is real, then 

l T ’( i )l“ *J (f sinh irf) 


8. When x is positive, shew thatt 

rfg)r(t) 


2n ! 1 


r(jr + 4) B=0 2 2 ' 1 .n\n\ x + n' 


(Trinity, 1904.) 

(Math. Trip. 1897.) 


* This work contains a complete bibliography. 

f This and some other examples are most easily proved by the result of § 14-11. 
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9. If a is positive, shew that 


r(g)r(a + l) ® ( —)*u(a-l)(a-2)... (a-n) 1 


T(« + a) 


10- Ifjr>Oftnd 


shew that 


P(.v)^j e~ t t x ~ J dt f 


K) x 1!* + 1 2!j* + 2 3!.r + 3 

d 

P(x + \)=xP (x) — s'" 1 . 

11. Shew that if X > 0, .r > 0, i- Jw <a < Xtr, then 

f t*~ } c-Atco«» cos (Xf Bin a) rf^*=X~ z r (j?) COS ax, 


Jo r* e -xt on a 8 in (Xr sin a) dt «X" X r (x) Bin ax. 

12. Prove that, if b > 0, then, when 0 < 2 < 2, 


(Euler.) 


- dx^^nb*-' cosec (Jrrsj/r (2), 


and, when 0 < z < 1, 


f * PON t)JT 

/ —-— cta; = lirb* “ 1 Bee (Jwz)/r ( 2 ). (Euler.) 

y 0 * 

13. If 0 < n < 1, prove that 

/o (1 +x) "" 1008 * r <*> f 08 (t -0 - r^TT)+ r(^3j--}• 

(PeterhouBe, 1895.} 

14. By taking aa contour of integration a parabola with its vertex at the origin, derive 
from the formula 

1 f <° +) 

r(a)*=— r-r-T- I (-2)“ _1 C • dz 

2i sin an J ^ ' 

the result 

r ( tt ) = (1 +o?)^ a [3 sin {x + a arc cot ( - 

2i Bin Off J 0 

+ sin {x + (o - 2) arc cot ( - .r)}] dx y 

the arc cot denoting au obtuse angle. 

(Bourguet, Acta Math. 1 . p. 367.) 

or 

16. Shew that, if the real part of a* ib positive and 2 1/a* 2 is convergent, then 

A = 1 




is convergent when m > 2, where (2)=^ log r (2). 


(Math. Trip. 1907.) 


16. Prove that 


iilogr(2) f*e- m — e-z a 

5 * ~J 0 i- e - - rfa ~y 

= f“ {(l + a) _ 1 -(l+a)-«}^-> 
J 0 a 


(Legendre.) 
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17. Prove that, when R (z ) > 0, 

Jog r m - * (* - 1 )} ~~ x ■ 

18. Prove that, for all values of z except negative real values, 

log r(x) -(* - i) log z -z + J log (2 tt) 

f 1 - 1 2 - 1 3*1 1 

+ i \273 rh (* + r)* + 3. 4 r l x (z + r)* + 4. 5 r * (z + r)« + "\r 

19. Prove that, when R (z) > 0, 

2 log r ^- log z ( rr- 7S.r ,l - i,+log J} - 


(Binet.) 


20 . Prove that, when R ( z) > 0, 


21. If 
shew that 


i % , _ . . f” xe a (L 

ET« ,ogr (*)-/, — e =i 

/ ■ + l 

logr(0 ^ = m, 


and deduce from § 12 33 that, for all values of 2 except negative real vahies, 

u=z log z - z + i log (2 tt). 

(Raabe, Journal fiir Math,. Xiv.) 

22. Prove that, for all values of z except negative I'sal values. 


* r® d T 

logr(*)-(z-l)log«-^ + Jlog(2»r)+ 2 / — 

n = ij 0 1 -T z 


23. Prove that 


B(p ,p) = 


-\r « sir > 2 4p_l ^' 

24. Prove that, when - f < r < f, 

n 1 /* cosh (2rw) rfw 

25. Prove that, when ^ > 1, 

?) + 5 (/>+!> g)+ £(/> +2, g) + ...=/?(p, g-l). 

26. Prove that, when ^ - a > 0, 

B(p-a , g) = (9 + I) 

£(p,g) = ^ + 7 1 ■ Mp+g) (p+g +0 


27. Prove that 


?) ^ (/> + ?, r)B{q + r , />). 


28. Shew that 


fV-wi-i ) 1 - 1 *** c r ( g ) r W_! 

J, ' ^ (.r+y)« + ‘ T(a + 6) (1+;>)»/’’ 


(Bourguet*.) 


(Binet.) 


if a > 0, 6 > 0, p > 0. 


(Trinity, 1908.) 


* Thu result is attributed to Bourguet by Stieltjea, Journal de Math. (4), v. p, 432. 
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29. Shew that, if m> 0 , n> 0 , then 

r (1 +*) 1 —‘d- *)*-» . „ m +> _ 2 r («) r (n) , 

(I+x 1 ) m + " r(m + n) ' 

and deduce that, when a is real and not an integer multiple of in, 

/ *» /cos 0 + sin 
-fn- \eos 0 -sir 






d0 = 


2 sin (?r cos 2 a) ’ 


and 


30. Shew that, if a > 0 , 0 > 0 , 

r+« dt + 1") _ (i°)> 


(St John’s, 1904.) 


/: 


(4a)r(i + i/9) 

31. Shew that, if a > 0 , a + ft > 0 , 

[' *-*(1-**) dx= ]im f r (a)r(fi) _ r(a+fe) r(8) 

Jo 1—A' a-»-o \ r (a + S) r (a + b + d) 

Deduce that, if in addition a + c> 0 , a + b+c> 0, 


'J-=f(o + b)-\l/ (a). 


/**--!( 

Jo (1- 


^-1 ( 1-^)(1 -^) , r(»)r(a+ 6+c) 

(1— j;)(-logx) B r(a + h) r(a+c)' 


32. Shew that, if a, b, c be such that the integral converges, 

r(i+c+l)r(r + a + l)r(o +6 + l) 

Jo (l-i-)(-log^) og r(a + i) r (h+i) r (c + i) r(a + fc+~c+l)' 

33. By the substitution cos 6 = 1 - 2 tan shew that 

_ {r(i)P 


/; 


(St John’s, 1896.) 


'» (3 - cos 4 

f * sin* x 

34. Evaluate in terms of Gamma-functions the integral /- dx, when p is a 

Jo x 

fraction greater than unity whose numerator and denominator are both odd integers. 

[Shew that the integral is A / siri p x -T + 2 ( - )* (— - 1 - —— )]■ dx.'] 

L z Jo {* n =i V-z + nir x-nnjj 


(Clare, 1898.) 


2 3r 


2" + ^ r=0 2r ! ( n-r) ! 


{-m- 


(Euler.) 


3ft. Shew that 

(1 sin a .r) n ~* dx = 

36. Prove that 

37. Prove that, if p> 0 , p + «> 0 , then 

Rf . „ ... B{p,p ) f «(<-!) «(»-l)( »-2)(«-3) 1 B - 

B{p, p+ )- 2 , \ 1 + 2 (2^+l) + 2.4.(2/)+l)(2p + 3) + "'J ' 

38. The curve r mt = 2 m ~ ] a m cos md is composed of m equal closed loops. Shew that 

the length of the arc of half of one of the loops is 

fh n — - 1 

m~ x a I (lcosx) m dx, 

Jo 

and hence that the total perimeter of the curve is 

•KarAG)- 


'■) 
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39. Draw the straight line joining the points ±i, and the semicircle of | z | = I which 
lies on the right of this line. Let C be the contour formed by indenting this figure at 

-1,0,1. By considering j z p_ *“ l (z + z” 1 )*’^" 2 ^, Bhew that, if /? + q> 1, q < 1, 

/T C0 8P + , - ,tf COB(p- ? )^^ (p + ? _ 1)2 ; + „_ IjS( — r 

Prove that the result is true for all values of p and q such that p + q> 1. 


(Cauchy.) 


40. If s is positive (not necessarily integral), and - -Jrr ^ 4 Tr > B ^ ew that 

I r(«+l) f, 8 n 8 ( 8 - 2 ) A \ 

M {? ( £ + ! » ■ F + rT2 coaaj ' t ' («+2) (.+4) cos 4 * + " ) ’ 

and draw graphs of the series and of the function cos' x. 

41. Obtain the expansion 


cob 1 #- 


2 1 


r,r(*+ 




cos 3a# 




) r (■£* ~ +1) r(^4-ila-{-i)r(^« — 5a +1) 

(Cauchy.) 


and find the values of x for which it is applicable. 

42. Prove that, if p > 

r W * r [^1 I 1 + JW+3) + 2.4. (2p + 3) (2^ + 6) + •' )] 4 ' 


(Binet.) 


43. Shew that, if x < 0, x 4- z > 0, then 

r(-jQ f-j (-x)(l-x) (-.r)(l-j)(2-.r) 1 

r(*) \ i - z(l+«) J z (l+2) (2+s) "'J 

-r^TT) £ t — 1 {-log (1 -0) (1 *. 

and deduce that, when x + z > 0, 

d , £(*+#) x x(x-l) #(#-l)(#-2 ) 
dz g r(z) Z * *(z + l) * z(z+l)(* + 2) 

44. Using the result of example 43, prove that 

a - a 2 


log T (z + a) = log r (z) + a log z — - 


2 z 


- 2 
H=1 


a / i 

J o 


t (1 - 0 (2 - 0 ... ( n - t) dt-f " t (1 - t) (2 - 1 )... (n - t) dt 
J o 


(t& + 1)z(z + 1; (z + 2) ... (r+n) * 

investigating the region of convergence of the series. 

(Binet, Journal dt Vicolt polytechnique, xvi. (1839), p. 256.) 

45. Prove that, if p > 0, q > 0, then 
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?) = 2p ■ f arc tan jifl+Of! I 

H ]<.«*'*-! lp?(p + ?)J 


and + q*+pq. 

46. If £ T -2*'/r(l-J.r), K~2* x /r (*-$*), 

and if the function F (x) be defined by the equation 


( 


l(v*£-r d S\ 


dx civ j 


shew (1) that F(x) satisfies the equation 


/ '( I+, ) =lf W + f(W)’ 

(2) that, for all positive integral values of x, 

F{ jr) = r(x), 

(3) that F(x) is analytic for all finite values of x , 


(4) that 


, w-f(ibs* b «' 


m 


47. Expand 

{r (a)}- 1 

as a series of ascending powers of a. 

(Various evaluations of the coefficients in this expansion have been given by Bourguet, 
Bull, dee Sci. Math. v. (1881), p. 43; Bourguet, Acta Math. n. (1883), p. 261 ; 9chli>milch, 
Zeitackrift fur Math, und Phyt. xiv. (1880), pp. 35, 351.) 

48. Prove that the 0-function, defined by the equation 




is an integral function which satisfies the relations 

o (i +4)=r {*)0{z\ o( i) = i, 

(n \) n /0 (n + 1) = l 1 .2*. 3 s ... n n . (Alexeiewsky.) 

(The most important properties of the 0-function are discussed in Barnes’ memoir, 
Quarterly Journal , xxxi.) 


49. Shew that 


and deduce that 


^ = t,og(2*) + *-, +2 ™ 


50. Shew that 


log g ( I + I ) = / cot nz ^ z ~ z ^°8 (*"")• 

ew that 

j log r (< +1) dt™\z log (2>r) - Jz (r + 1) +zlog r(r + l)-log 0 (z + 1). 



CHAPTER XIII 


THE ZETA FUNCTION OF RIEMANN 


1ST. Definition of the Zeta-function. 

Let 8 » a + it where a and t are real*; then, if 8 > 0, the series 



is a uniformly convergent series of analytic functions (§§ 2*33, 3 34) in any 
domain in which a ^ 1 + 8; and consequently the series is an analytic function 
of 8 in such a domain. The function is called the Zeta-function ; although 
it was known to Euler f, its most remarkable properties were not discovered 
before Riemann£ who discussed it in his memoir on prime numbers; it has 
since proved to be of fundamental importance, not only in the Theory of 
Prime Numbers, but also in the higher theory of the Gamma-function and 
allied functions. 

1311. The generalised Zeta-function §. 

Many of the properties possessed by the Zeta-function are particular cases 
of properties possessed by a more general function defined, when o- ^ 1 + 8, 
by the equation 

1 

where a is a constant. For simplicity, we shall suppose|| that 0 < a ^ 1, and 
then we take arg(a + n) = 0. It is evident that f (s, 1) = f(*). 

1312. The expression of £(s, a) as an infinite integral. 

Since (a + n)~ 9 F (s) *» / af~ l e~ {n + a) x dx, when arg x = 0 and <r > 0 (and 

Jo 

a fortiori when <r ^ 1 + 8), we have, when cr > 1 + 8, 

Ar r“ 

r(«)f(*,fl)- lira £ x*~ ] e~( n + a)x dx 

JV-*-® n = 0 J 0 

= lim ( r^-dx-T/- 1 4. 

jv-» « (Jo l-e- x Jo l-e~ x j 

* The letters <r, t will be used in this sense throughout the chapter. 

t Commentations Acad. Sci. Imp. Petropolitanae , ix. (1737), pp. 160-188. 

X Berliner MonaUberichte, 1859, pp. 671-680. Ges. Werke (1876), pp. 136-144. 

§ The definition of this function appears to be due to Hurwitz, Zeitichrift fur Math, und 
Pkyt. xxvn. (1883), pp. 86-101. 

(| When a has this range of values, the properties of the function are, in general, much 
simpler than the corresponding properties for other values of a. The results of § 13-14 are true 
for all values of a (negative integer values exoepted); and the results of 1813, 1313, 13 2 are 
true when 21(a)>0. 



266 


t'he transcendental functions [chap. XIII 


Now, when x^O, e*>l + x, and bo the modulus of the second of these 
integrals does not exceed 


/' 


i N + a) *dx xs (N + a)'-" r (a — 1), 


dx ; 


which (when a > 1 + 8) tends to 0 as N -► x . 

Hence, when 1 + £ and arg x = 0, 

1 f ® ^-i P -a: 

r(,,l) = r(7)lo T^e~* 

this formula corresponds in some respects to Euler's integral for the Gamma- 
function. 

1313. The expression* of f (s, a) as a contour integral. 

When <r ^ 1 + S, consider 

f (0 +) (~ 

J . 1 - e~ l 

the contour of integration being of HankeTs type (§ 12'22) and not containing 
the points ± 2mri (n = 1, 2, 3, ...) which are poles of the integrand; it is 
supposed (as in § 12 22) that | arg (— z) | ^ nr. 

It is legitimate to modify the contour, precisely as in § 1222, whenf 
a ^ 1 + 8; and we get 

r(o+) (_ z y-\ e -az 


1 -e~‘‘ 


: - - dz = \e wi{t ~ l) - e~ ni{8 ~' 


r x*-'e-** 


Therefore 


C(s, a) = — 


r(l - j) f< # +> (- ^)*~ 1 e~ 


(1 -o r 

2iri J. 


l-e~ z 


dz. 


Now this last integral is a one-valued analytic function of 8 for all values 
of 8. Hence the only possible singularities of £(s, a) are at the singularities 
of r(l — s), i.e. at the points 1, 2, 3, and, with the exception of these 
points, the integral affords a representation of f (s, a) valid over the whole 
plane. The result obtained corresponds to Hankel’s integral for the Gamma- 
function. Also, we have seen that f (s, a) is analytic when a ^ 1 4- S, and 
so the only singularity of f (s, a) is at the point s — 1. Writing s ^ 1 in the 
integral, we get 

f(°+) g-o* 


J_. f 

2 in) „ 


1-e 


—.dz, 


which is the residue at i = 0 of the integrand, and this residue is 1. 


Hence 


Jr.nrzT)' 


■ - 1 . 


* Given by Biemann for the ordinary Zeta-function. 

t If ff ^ 1, the integral taken along any straight line up to the origin does not oonverge, 
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13-13, 13-14] 

Since T (1 — 8) has a single pole at 5 = 1 with residue - 1, it follows that 
the only singularity of o) is a simple pole with residue + 1 at 8 — 1. 

Example 1. Shew that, wheu R (a) > 0, 

(1 - 2 1 -•)((!)-1 - 1 + 1 - !+... 

P 2' 3* 4* 


1 f m x^_ 
'r(«)/„ e*+ 1 1 


Example 2. Shew that, when R (j) > 1, 

(-)-C(i, J) 


Example 3. Shew that 

CM-- 


2' [* a* . 

“fW j„ 

2 1 ~ , r(i-ji) fv+H-zy-' 

2iri(2»---l )J. «■ + ! ’ 


where the contour does not include any of the points ±7ri, ±3^?’, + Gn-i, .... 

1314. VaJites of f (s, a) /or special values of s. 

(—z\*~ 1 e~ az 

In the special case when s is an integer (positive or negative), v — zr z — 

l — e 

is a one-valued function of z. We may consequently apply Cauchy’s theorem, 
1 f(°+) (— zY ~ 1 e~ az 

so that -—■. —=-^——— dz is the residue of the integrand at z — 0, that 

2t n J _ 1 — e 


dz is the residue of the integrand at z — 0, that 


(_y-ig-« 

is to say, it is the coefficient of z~ % in • - —. 

To obtain this coefficient we differentiate the expansion (§ 7*2) 

g~ M -l _ ? (-) n </)n (a) z n 
Z e~*-\ n ti n! 

term-by-term with regard to a, where </> n (a) denotes the Bemoullian poly¬ 
nomial. 

z - e ~ as 

(This ia obviously legitimate, by § 47, when \z |<2?r, since — can be expanded 
into a power Beries in z uniformly convergent with respect to a.) 

rfii 


Therefore if 8 is zero or a negative integer (■ — in), we have 
Z(-m, a) = -4>' n + t (a)/((m + l)(m + 2)). 

In the special case when o = 1, if s = — m, then f(s) is the coefficient 

_ , r (—Y .m\z 

of z l ~* in the expansion ot —— * 
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Hence, by § 7 2, 

f(-2m)-0, ?(1 - 2m) = (-)™5 m /(2rn) (m = 1 , 2, 3, ...), 
C(0)—j. 

The8e equations give the value of f ( 5 ) wtan 5 w a negative integer or zero . 


rfz taken round a contour C consisting of 


13'15. The formula * of Hurwitz for f (s, a) when a < 0. 

1 f ( — 2) 1-1 e -az 

Consider — -—J ——^en round a contour C consisting of 

a (large) circle of radius (2iNT -h 1) tt, (N an integer), starting at the point 
(2i\T + 1 )tt and encircling the origin in the positive direction, arg (— z) being 
zero at z = — (2^ + 1) ir. 

In the region between G and the contour (2 Ntt + 7 r; 0+), of which the 
contour of § 1313 is the limiting form, (— z) u ~ x e~ az (1 — e~ z )~ l is analytic and 
one-valued except at the simple poles ± 2iri, ± biri, + 2Niri. 

Hence 

s—- f dz - —. [ (0+> dz=t (R n + R n '), 

2inJc 1—e 27nJ ( iA r +1)Tr 1 — e z 

where R n , R n f are the residues of the integrand at 2n7ri, — 2n7n respectively. 

At the point at which — z =■ 2n7re~ the residue is 

(2/it ry-'e-lrii’ 

and hence R n -I- Rn = (2/?7t)* - 1 2 sin Q sir + 27mn^ . 

Hence 

_ J_ f (0+) (-*y~ l e- az dz 
27riJ ( 2A’+,) n- l-e 2 

2sini57r cos (27ran) 2 cos \sir ^ sin (27ra7/) 

(2ir) 1 “ B n=l /i 1 "* + (27T) 1 - 4 n 1 " 1 

-_ l1 (-« rrrr *. 

2 tti J ( ; 1 — e -z 

Now, since 0 < a £ 1, it is easy to see that we can find a number K 
independent of N such that | e~ M (1 - e~ z )~ l \ < K when z is on C. 


Hence 


5 s * I < l k Sj ««' - + 1 »-I -*-1 


<AT((2JV + l)7r)'e'l*l 

-»• 0 as N <x> if <t < 0. 


* Ztitochrift fiir Math, und Pity*, xxvn. (18S2), p. 95. 
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Making JV -*• oo, we obtain the result of Hurwitz that, if a < 
y. . 2r (1 — a) ( . /i \ " cos (2iran) (\ \ * 

K (,> a) =72^ r m w )v - ~ + cos (» m ) „? 

each of these series being convergent. 


0 , 

sin (27rat»)| 
i n 1 "® ) ' 


13151. Riemann 8 relation between f (®) and £(1 — s). 

If we write a = 1 in the formula of Hurwitz given in § 1315, and employ 
§ 1214, we get the remarkable result, due to Riemann, that 

2 l “ s T ( s) £ (s) cos ^ * 7T f f (1 - 5 ). 

Since both sides of this equation are analytic functions of 0 , save for isolated 
values of s at which they have poles, this equation, proved when a < 0, 
persists (by § 5*5) for all values of 8 save those isolated values. 

Example 1. If m be a positive integer, shew that 

(= n** BJ{2m) !. 

Example 2. Shew that r (-J*) tt“ ( (*) is unaltered by replacing g by 1 - 0 . 

(Riemann.) 

Example 3. Deduce from Riemann’a relation that the zeroa of f (g) at - 2, -4, - 6, ... 
are zeros of the first order. 


132. Her mite's* formula for f (s, a). 

Let us apply Plana’s theorem (example 7, p. 145) to the function 
<p (z) = (a + z)~\ where arg (a + z) has its principal value. 

Define the function q (x, y) by the equation 


9 ( x > y) = n; ((“ + * + l 'y) * - (a + X - iy) ■) 


2 i 

■ — {(a + x) 1 + y*) sin -I 


8 arc tan 


x + a 


Since f 
have 


arc tan 


y 


x + a 


does not exceed the smaller of 47r and — , we 

* /K _L /I ’ 


x + a 


I ?(*. y) U {(“ + *)'+ y*j 4 *' I y - ' I sinh jiw |«||, 

19 (*■ y) I < l(“ + *)’ + y 1 ) “ 4 ' ■ sinh . 

Using the first result when \y\> a and the second when | y | < a it is 


* Armali di Matematica, (3), v, (1901), pp. 57-72. 
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evident that, if a > 0, { q (x t y) ( e — l)” 1 dy is convergent when x ^ 0 and 
Jo 

tends to 0 as x + oo ; abo (a + x)~ 9 dx converges if <r > 1. 

J o 

Hence, if a > 1, it is legitimate to make x % -+~oo in the result contained in 
the example cited; and we have 

?(», a) - 5 +| # (a + *)~* dx + 2 f 0 ( aS + V‘) " | sin (* arc tan „) j e ^ T 1 ■ 

So 

f («. «) - S-®"' + + 2 J o (a a + y*)- ■ sin (s arc tan ■ 

This is Hermite's formula*; using the results that, if y ^ 0, 

;tany/u$y/a {y<\ ar ir^ t arc tan y/a < ^ 7r ~ ct7r^ , 


arc 1 


we see that the integral involved in the formula converges for all values of s. 
Further, the integral defines an analytic function of s for all values of s. 

To prove this, it is sufficient (§ 531) to shew that the integral obtained by differentiating 
under tho Bign of integration converges uniformly; that is to say we have to prove that 

/o [ _ l l0g (“' + yS ) (“ J + y S )' i * 8i “(* arCtftn - 

+ j arc tan y cos (t arc tan y ^ — 

converges uniformly with respect to a in any domain of values of a. Now when | a | ^ A, 
where A is any positive number, we have 

| (a^y 2 ) - *' arc tan ^ cos ^ a arc tan j < (a 2 + y a )* A ^ cosh ($"A) ; 

a [ m i* ydy 

Binoe a Jo (“ , +y , )* A ^rrr 

converges, the second integral converges uniformly by § 4-431 (I). 

By dividing the path of integration of the first integral into two parts (0, Jira), 
(\ira t ao ) and using the results 


sin (a arc tan - ) 

< Binh ^, 

sin ( a arc tan - J 

\ «/ 

a 

1 \ «/ 


| < sinh 4wA 

in the respective parts, we can similarly shew that the first integral converges uniformly. 

Consequently Hermite’s formula is valid (§ 5 5) for all values of s , and 
it is legitimate to differentiate under the sign of integration, and the 
differentiated integral is a continuous function of s. 


The corresponding formula when n = 1 had been previously given by Jensen. 
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1321. Deductions from Her mite 8 formula . 

Writing j = 0 in Hermite's formula, we see that 

HO, a) = \-a. 

Making 8 — 1, from the uniformity of convergence of the integral involved 
in Hermites formula we see that 


lim |t.)- ,4i} - to “^r + Ta + 2 /,’ 

Hence, by the example of § 12 32, we have 

!“l t( ' ,a) -rn} - " Fr”' 


ydy 


(a 1 + y J )(e*'»- 1)’ 


r(a) ’ 

Further, differentiating* the formula for f (s, a) and then making a-*-0, 
we get 

s f <*■«> 




,. f 1 i a 1 ”* log a a l ~* 

r * “ ,og “ • - ( 7 = 1 ? 

+ 2 j | i log (a s + y 2 ) . (a* -I- y*) ~ sin arc tan ~ j 

+ (a 2 + y 8 )"* fl arc tan - cos [5 arc tan 

a \ dj 6 v — 1J 

/ i\ . n f" arc tan ( yla ) , 

= (a-- 2 )loga-a + 2j o — ' rfy. 

Hence, by § 12 32, 

• ^ ? (®. «) <=# = log r (a) - ^ log (2-n-). 

These results had previously been obtained in a different manner by 
Lerchf. 

Corollary. lim |f(s) - j-^| * 7, (0) = -^log(2ir). 

13 * 3 . Euler 1 8 product for £(*). 

Let <r ^ 1 + 8; and let 2, 3, 5, ... p, ... be the prime numbers in order. 
Then, subtracting the series for 2 _1 f (s) from the series for f ($), we get 

?(,).(l-2-) = jU^+y.+ f.+ ". 


* This was justified in § 13*2. 

f The formula for f (j, a) from which Lerch derived these results is given in a memoir 
published by the Academy of Soienoes of Prague. A summary of his memoir is contained in 
the Jahrbuch ilbcr die Fortachritte det Math. 1893-1894, p. 484. 
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all the terms of 2n~ f for which n iB a multiple of 2 being omitted; then in 
like manner 

all the terms for which n is a multiple of 2 or 3 being omitted ; and so on; 
so thAt 

f (s) ■ (1 - 2-) (1 - 3-) ... (1 - p-) = 1 + X'fi-, 
the ' denoting that only those values of n (greater than p) which are prime 
to 2, 3, ... p occur in the summation. 

Now* | Sn~* | $ S'n -1 " 4 $ £ -► 0 as p -*■ oc . 

Therefore if a > 1 + 8, the product £ (s) n (1 - p ~•) converges to 1, where 

p 

the number p assumes the prime values 2, 3, 5 , ... only. 

But the product II (1 — p~ 9 ) converges when <r ^ 1 + 8, for it consists of 

p 

<D 

some of the factors of the absolutely convergent product II (1 — 7i“*). 

» = 2 

Consequently we infer that £ (s) has no zeros at which a > 1 + 8; for if 
it had any such zeros, FT (1 — p~ B ) would not converge at them. 

p 

Therefore, if <r ^ 1 + 6, 



This is Eulers result. 

13 31. Riemanns hypothesis concerning the zeros of £ ( 5 ). 

It has just been proved that £ ( 0 ) has no zeros at which a > 1. 

From the formula (§ 13161) 

£(») = 2 , - 1 w* (r (s)}- 1 sec f(l -s) 

it is now apparent that the only zeros of £(s) for which a < 0 are the zeros 

of |r(s)]- 1 sec ^2 8ir ^ » i- e * the points s — 2 , — 4,_ 

Hence all the zeros of £(a) except those at — 2, — 4, ... lie in that strip of 
the domain of the complex variable s which is defined by 0 $ a $ 1. 

It was conjectured by Riemann, but it has not yet been proved, that all 
the zeros of £( 0 ) in this strip lie on the line a — ^; while it has quite recently 
been proved by Hardy + that an infinity of zeros of £( 0 ) actually lie on a = ^ - 

It is highly probable that Riemanns conjecture is correct, and the proof of 
it would have far-reaching consequences in the theory of Prime Numbers. 

* The first term ol X' starts with the prime next greater than p. 
t Comptes Rendu $ , clvui. (1014), p. 1012 ; see p. 290. 



THE ZETA FDNOTION OF RIEMANN 


273 


13*31, 13-4] _ 

134. Riemann’s integral for f («). 

It is easy to see that, if <r > 0, 

n~* r Q 7T “ = J e~ ntrx <r&* “ 1 dx. 

Hence, when a > 0, 

J («) T (\ s) 7r“4* — lim f 2 e~ n * KX dx. 

\ / JV—®J o n=l 

IX) 

Now, if nr (x) * 2 e _n2T:r , since, by example 17 of Chapter VI (p. 124), 

n=l 

1 + 2bt (#) = * (1 + 2w (1 jx)\, we have lim isr (a;) ■* 1 ; and hence 

1 dx converges when a > l. 

Jo 

Consequently , o- > 2, 

£(«) T fjs'] Um [["nr (x) x i , ~ 1 dx -f I . 

\ / jv-^ibLJo Jo »=jv+i J 

Now, as in § 1312, the modulus of the last integral does not exceed 



OD 

1 

n=y +1 


g - 71 ( A T + 1 ) -KX 


a^o-ldx 




e - (N+ l)'rx x l<r -1 
1 _ e -(JV+ l)rx * 


< {tt(JVT+1)}-' [ e - (W J + 2N) - 2 ( £ x 

Jo 


= | 7 T(iV+l)}-* |(iV’ + 2 W) 7 r) 1 - 1 " r (| <T - 1 ) 

0 as N oo , since o' > 2. 

Hence, when <r > 2, 


£(s) r Q tt - = J m (x) X^ 9 ~ 1( ^ x 

= J \ + \x~^ + x~^ in (l/a;)j x^ 9 ~ 1 dx + w 1 dx 

= — | + [ ^w(a?)i?"4 , + 1 ^ dx + J v(x)x^ B ~ 1 dx, 

Consequently 

t(») r (j *)*■-»■- s ^ T) = |* («* t 1 -) + *»•) :1 «• (x) dx. 

Now the integral on the right represents an analytic function of 8 for all 
values of s, by § 532, since on the path of integration 

3C 

w (x) < e~ wx 2 ^ e - "* (1 — e~ w )~\ 

n = 0 

Consequently, by § 5*5, the above equation, proved when a> 2, persists for 
all values of 8. 
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If now we put 

* - i + l *(»- 1) f<*) r (J.) - f(0. 

we have 

? (0 = ^ “ (*’+ 1 ) J x-2*r(x)cos dx. 

Since J x~^^(x) M"-( i t log X + ^ 717T^ cfcc 

satisfies the test of § 4'44 corollary, we may differentiate any number of times 
under the sign of integration, and then put t = 0. Hence, by Taylor's 
theorem, we have for all values* of t 

f(0 = t Ont**] 

71-0 

by considering the last integral ^ is obviously real. 

This result is fundamental in Riemann’s researches. 


13*5. Inequalities satisfied by ( (a, a) when cr > 0. 

We shall now investigate the behaviour of ( (j, a) as t-+- ± ao , for given values of <r. 
When <r> 1, it is easy to see that, if N be any integer, 

((*, a) =2ja + n)-~ (1 _ , )( ^ +o) pr, “^/- «» 

where 


1 1 

f 1 1 ] 

1 

1—0 

[(n+l + o)*" 1 (n+a)'->J 

(n + l+a) B 




Now, when a- >0, 


+ 1 U - 71 

(u+a) i + 1 

!/»(*) I £| J I j t 


du. 

*+l 


u — n 


i 


(u + af + ' 
*+i du 
(»H-a)' +I 


du 


- |»|(7l + o) _<r *. 

Therefore the series 2 /„(*) is a uniformly convergent series of analytic functions 

n=N 

w 

when a > 0; so that 2 /* («) is an analytic function when a* > 0 ; and consequently, by 
§ 5’5, the function £ («, a) may be defined when a > 0 by the series 

C(., «)-.;„(«+»)—- (1 - _,) ( ]r +a )-. —.§>(«)• 

Now let [f] be the greatest integer in 1 1 1; and take W=[*]. Then 

[t] 

li(*»*)l< 2 I (o+n)-'J + | {(1 -*)" 1 ([<]+«)*■■} I + 5 | *| (n + o) ' 

R=0 T»=[t] 

UJ 1®1 

< 2 (<* + »)—•‘+1«| -1 ([«]+<») ,— * r + |»| 2 (n + o) - "' -1 . 

w—0 »*[(] 


* In this particular piece of analysis it is convenient to regard t as a complex variable, 
defined by the equation u = $ + tt; and then £ (t) is an integral function of t. 
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Using the Maclaurin-Cauohy sum formula (§ 4'43), we get 

/ [t] r® 

(a+.r) - '<£r+|<| - 1 ([<]+a) w +|»| | (s+a ) - '" -1 dx. 

« Jm-1 

Now when d ^ <r ^ 1 - i where b > 0, we have 

| ((., a) | «.-*+( 1 -a)-' {(a+ [«])'"'-a ,_ ^ +1 1 1-* (M+a)*-' + | . |»“» ([<]- 1 +«r r . 
Hence ( (a, a) — 0 (1 1 | 1 “ <r ), the constant implied in the symbol 0 being independent of 8. 
But , when 1—+ we have 

/ [t\ 

( {a+x)~* dx 

<0(1* I 1 -') + {a'-"+ (a + t)'-«\ (a+x) -> fltr, 

since (a + .r) -0, ^a 1—<T (a+j:) -1 when o-^l, and (a + ^)~ <r ^ + (a + ar)“ l when 

o-^l, aW so 

f(.,o)=o{i<r'iog|<i}. 

When o- ^ 1 + fl, 

|f(«, a)|^a _,, + I (a + n) _,_{ -0(l). 

n-1 

13-51. Inequalities satisfied hy £(«, a) when a ^0. 

We next obtain inequalities of a similar nature when <r ^ d. In the case of the 
function ((s) we use Riemann’s relation 

C(») = 2 a 7T 9 " 1 r (1 -«) C(1 - a) sin (| j»t). 

Now, when <r <1 -fl, we have, hy § 12 33, 

and so 

C («) = 0[exp (}tt | t | + (J—<r-»0 log | l - s | + i arc tan f/( 1 - cr)}] f (1 - s). 

Since arc tan t/( 1 — cr) = ± Jtt + 0 according as t is positive or negative, we see, from 

the results already obtained for ( (a, a), that 

In the case of the function { (a, a), we have to use the formula of Hurwitz (§ 1315) 
to obtain the generalisation of this result; we have, when cr < 0, 

C(*, a)= -i (s»)-» r(i-*) [«*""f. (l -»)-•-(1 -*)J, 

» p 2n wia 

where { a (l-s)= 2 . 

n = l 71 
N 

Hence (1-e 2 '*®) C 0 (l-ji) = e 2,rl «+ 2 e 2 nw\a [ n »-i_ ( 7t _i)«-i] 

H = 2 

+ (a — 1) 2 <? nwia [* u ,—a du ; 

since the series on the right is a uniformly convergent series of analytic functions 
whenever o-^l-d, this equation gives the continuation of £ a (l-j) over the range 
0 $ cr ^ 1 - d ; so that, whenever <r ^ 1 - 3, we have 

sin ira( a (1 -j) | ^1+ 2 l»* -1 +(n—1) M } + | *-1 | 2 I u v ~ 2 du. 

»=a *"JV+1 J n —1 
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Taking 3^—[/], we obtain, as in § 13 5, 

( o (i-.)=0(l<n («w<i-a) 

-o(i<riogM) (-«<»<«). 

And obviously 

f. (!-.)« 0(1) («r<-8). 

Consequently, whether a is unity or not, we have the results 

(»<«) 

— 0(1*1*) (««<r< 1-*) 

-0(M*log|<|) (-#<r<a)L 

We may combine these results and those of § 13'6, into the single formula 

c (*i <*)“0 (u r 1,1 i°g i 1 d> 

where* 

t(ct) = J-<t, (<r<0); t(it)-=$, r(o-) = l-cr, 1); r (o-) = 0, (cr>l); 

and the log 1 1 | may be suppressed except when - fl $ o- ^ 5 or when 1 — + 


13'6. The asymptotic expansion of log T (z + o). 

From § 121 example 3, it follows that 

(’ + «) i, K 1 + iu«) ■ r ""} “ U5U0 • 

Now, the principal values of the logarithms being taken, 

,0g (1 + a) + l0g jf, {(1 + rili) ^' 

= | 17 -a* \ l z - 1 + l £* 

„=1 [in (a + n)J n= t m (a+n) m J „ =l m a m ' 
If | z \ < a, the double series is absolutely convergent since 

£ r a H - log (i—ijL)+-UJ-] 

»=iL n ( a + 71 ') \ a+nj a+nj 


converges. 

Consequently 


e -7 * r (a) ^ v 

iQg r., ■ \.v = ~ ~ 2 


az 


Now consider —f 
27nJ { 


r(> + a) a n =i n (a 4 n) 

7 TZ 9 


» / \m—l 

+ 2 ^a). 


2 771 

a) ds, the contour of integration being 


f C 8 Bin 7T5 

similar to that of § 12 22 enclosing the points 5 = 2, 3, 4, ... but not the 
points 1, 0, -1,-2, the residue of the integrand at 5 = m(m> 2) is 

v — z m £( 771 , a); and since, as u -► oo (where 5 = 0 - 4 -f (*» a) = 0 (1), the 

integral converges if | z ] < 1. 

* It can be proved that r (a) may be taken to be $ (1 - a) when 0 ^ <r < 1. See Landau, Prim- 
zahlcn, § 287 . 
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Consequently 


jo e~T* T (a) _ z _ £ az 
°r (2 +a) a „ a in((i + n) 


-—.l 

2m J ( 


c « sin 7TS 


f (s, a) rfs. 


Hence 


, r(a) r (a) 1 r 7 rz* 

°^r (z + a) Z r(a) 27ri J c s sin 7T* ^ 

Now let D be a semicircle of (large) radius N with centre at 8 = $, the 
semicircle lying on the right of the line <r = f. On this semicircle 
a) = 0(1), \z*\ = \z\* and so the integrand is* 0 {j z l-* BT s a ), 

Hence if | z | < 1 and — 7 r + 8 ^ arg z ^ 7r — 8, where 8 is positive, the integrand 
is 0 (| z l^e - * 1 * 1 ), and hence 


f —f ( 0 , a)ds — 0 
J d 8 Sin 7T8 


as N -*■ ao . It follows at once that, if | arg z | ^ tt — 8 and | z | c 1, 


! r (a) r» , 1 /■» + —' 7T^ w , J 

0g r ( z + a)- * r(o) + 2 ^^^ j J _ a)i 8 8in7^* ^:(S, a) 


But this integral defines an analytic function of z for all values of | r | if 

| arg z | ^ 7r — 8. 

Hence, by § 5'5, the above equation, proved when | z | < 1, persists for all 
values of | z | when | arg z | $ 7r — 8. 


/*! i xfl TTZ 9 

Now consider I — 7 -a) cis, where n is a fixed integer and 

J - n -t±Ri SSimrs 6 

R is going to tend to infinity. By § 13'51, the integrand is 0 \z? e~ hR ii T(<r) ), 
where — n — - and hence if the upper signs be taken, or if the lower 

signs be taken, the integral tends to zero as R ■— 00 . 

Therefore, by Cauchy’s theorem, 

r (“) _ 1 + «■ w. 5 . t> 


1 r(a) T' (a) 1 W w \ j 1 v t> 

log ri . = - z - - + - —; —7- a)d8+ i it m , 

6 T(z + a) T (a) 2 m J j _ xl 5 sin th? * v 7 ,*=_! 

where ii m is the residue of the integrand at s = — m. 

Now, on the new path of integration 

- T* f(», a) < A'z- K -*e- s l t l T <- , '- 4 )i<|, 

S Sin 7TS 11 

where K is independent of z and t f and r(<r) is the function defined in 

§ 1351. 


* The constants implied in the symbol 0 are independent of * and z throughout. 
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/• ® 

Consequently, since I converges, we have 


log 


r(«) 


• — 2 


r(a) 


+ 1 JL+Oiz-'-i), 


SO 


r (z + a) r(a) m .-! 

when | z | is large. 

) m z~“ m f(— jn a) 

Now, when m is a positive integer, R m = —--^-—- , and 

by §1314, i? m =— 7 Z ww” —where <£ m '(a) denotes the derivate of 
Bernoulli’s polynomial. 

Also R 0 is the residue at 8 = 0 of % 

“ (l +~g“ + ■■■ j (1 + S log z + ...) i — a + sf'(0, a) + ...j , 

and so i£„ « ^ log z + f' ( 0 , a) 

= - «) log 2 4 log r (a) - ^ log ( 2 t r), 

by § 13-21. 

And, UBing §13 21, il_, is the residue* at S = 0 of 
-i(l-S + S.-".)(l + ^ + ...),<l + «k*,+ 

T'(a) 


Hence 


R-i = " * log * + * pT^' + *■ 


Consequently, finally, if | arg z | ^ n — 8 and | z | is large, 


log ro + a)« 


(* + a ”l) log; 


2 4 ^ log (2 tt) 


m=i m (w + 1) (m 4- 2) 


4 0 ( 2 -""*). 


In the special case when a = 1, this reduces to the formula found 
previously in § 1233 for a more restricted range of values of arg z. 

The asymptotic expansion just obtained is valid when a is not restricted 
by the inequality 0< 1; but the investigation of it involves the rather 

more elaborate methods which are necessary for obtaining inequalities satisfied 
by f (5, a) when a does not satisfy the inequality 0 < a $ 1. But if, in the 
formula just obtained, we write a = 1 and then put z + a for r, it is easily 
seen that, when | arg (z + a) | ^ w — S, we have 


log T (z + a + 1) = (z + a + log ( z + a) - z - a + ^ log (2 tt) + o (1); 


WritiDC » = £+1. 
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subtracting log (i + a) from each side, we easily see that when both 
| arg (z + a) | ^ tt — 8 and | arg z | ^ tt — S, 
we have the asymptotic formula 

log r (z + a) = (z + a - log z - z + ? log (2ir) + o (1), 
where the expression which is o (1) tends to zero as | z |—► «>. 
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Miscellaneous Examples. 


i. 


2 . 


Shew that 

(2*—l)f(«) = ^—y + 2(J+y ! ) _J *sin(<arctan2y)-j ; ^- i . 

(Jensen, VIntermediaire dea Math. (1895), p. 346.) 

Shew that 

C W- 7 —y-2* f ( 1 +/)“*'sin (« arc tuny) J* 9 . 

(Jensen.) 


3. Discuss the asymptotic expansion of log Q (z + a), (Chapter xil example 48) by 

aid of the generalised Zeta-function, (Barnes.) 

4. Shew that, if <r > 1, 

logf (.)-2 I 

p m=3l m P 

the summation extending over the prime numbers /> = 2, 3, 5, .... 

(DirichJet, Journal de Math. iv. (1839), p. 407.) 

5. Shew that, if cr> J, 

_ ('(*) = * A(n) 

C (®) »-i n * 

where A (n)=0 when n is not a power of a prime, aDd A (tt) = log/> when n is a power of a 
prime p. 

6 . Prove that 

e’*dz 


l W 


r(i.)io 


** jf ~ 1 dx. 


(Lerch, KrakOw Rozprawy *, II.) 


See the Jahrbuch fiber die Fortachritte der Math. 1893-1894, p. 482. 
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nc] n* 

where | x | < 1, and the real part of 1 is positive, shew that 


and, if s < 1, 


* {, ’ x) ~r wj. I^r 


lim (1 -x) l ~ B 0 (a, a;) — r (1 - a). 

z-^l 

(Appell, Comptet Rendu* , lxxxvii.) 


8. If x , a, and a be real, and 0 < a < 1, and 0 > 1, and if 


shew that 


>(j?, a, 0 )= 2 — r ., 

H =0 (a + 71/ - 


1 [* e"** 2 *-' dz 

rw| 1 

,; = (2») , | +e "i-i»+*-»a-x)i 0(Oj f) J' 


A(*, a, 1-*)-^ J r J.. 

(Lerch, Acta JfaM. xi.) 

9. By evaluating the residues at the poles on the left of the straight line taken as 
contour, shew that, if k > 0, and | arg y | < Jtt, 


1 f*+®i 

k -J [u)y -' du ' 


and deduce that, if h > ^, 


1 ffc + aCl 

^Tt J t r(M).(irx)-«f(2M)dtf-ar(ar), 


and thence that, if a is an acute angle, 

/o ^ f (0 = n cos Ja - {1 + 2m («**)}. 

(Hardy.) 

10. By differentiating 2n times under the integral sign in the last result of example 9, 
and then making a -*• Jtt, deduce from example 17 on p. 124 that 


r® cosh t . . (“) w tr w 

lo-i'TT 


By taking n large, deduce that there is no number f 0 such that f (f) is of fixed sign 
when t > * 0 , and thence that ((s) has an infinity of zeros on the line o- = A. 

(Hardy.) 


[Hardy and Litblewood, Proc. London Math. Soc. xix. (1920), have shewn that the 
number of zeros on the line u = i for which 0 < t < T is at least 0(T) as T— <x> \ if the 

Rienmnn hypothesis is true, the number is T log T- ^ T+0(\o%T) \ sec 

2 tt sjt 

Landau, Primzahlen , 1. p. 370.] 
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THE HYPERGEOMETRIC FUNCTION 
14*1. The hypergeometric series. 

We have already (§ 2 38) considered the hypergeometric series* 

! aj a(a +1)6(6+ 1) 2 a (a + 1) (a + 2) 6 (b + 1) (b + 2) ^ 

l.c 1.2. c (c + 1) 1.2.3 . c (c + l)(c + 2) 

from the point of view of its convergence. It follows from § 2*38 and § 5*3 
that the series defines a function which is analytic when \z\ < 1. 

It will appear later (§ 14 53) that this function has a branch point at z — 1 
and that if a cutf (i.e. an impassable barrier) is made from +1 to + oo along 
the real axis, the function is analytic and one-valued throughout the cut 
plane. The function will be denoted by F(a, b) c] z). 

Many important functions employed in Analysis can be expressed by 
means of hypergeometric functions. ThusJ 

(1 -h z) n = F (- n, ft ; fi ; - z), 

log(l + *) = *P(l, 1; 2;-*), 

e z = 1 ini F (1, /3 ; 1 ; z/P). 

0-^00 

Example. Shew that 

■j F(a, b ; c ; z) = — F(a+ 1, 6 + 1; c + 1 ; z). 
az c 

14*11. The valued of F(u, b ; c *, 1) when R (c — a — b) > 0. 

The reader will easily verify, by considering the coefficients of a n in the 

* The name waa given by Wallis in 1055 to the series whose nth term is 

n \a + b) {a + 2b} ... {a + (n - 1) b]. 

Euler used the term hypergeometric in this sense, the modern use of the term being apparently 
due to Kummer, Journal filr Math. xv. (1830). 

t The plane of the variable z is said to be cut along a curve when it iH convenient to consider 
only such variations in z which do not involve a passage across the curve in question ; so that 
the cut may be regarded as an impassable barrier. 

X It will be a good exercise for the reader to construct a rigorous proof of the third of these 
results. 

g This analysis is due to Gauss. A method more easy to remember but more difficult 
to justify is given in g 14-6 example 2. 
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various series, that if 0 ^ x < 1, then 

c {c — 1 — (2c - a - b — 1) x\ F (a, b ; c ; x) + (c — a) (c — b) xF(a , 6; c + 1; x) 

= c (c — 1) (1 — x)F(a, b] c— 1; x) 


= c(c-l)jl+ 2^(ii n -u n _ 1 )a; n j, 

where is the coefficient of of 1 in F(a f b ; c — 1; x). 

Now make x— *1. By § 3*71, the right-hand side tends to zero if 

K) 

1+ 2 (u n — Uj^j) converges to zero, i.e. if u n —>0, which iB the case when 

n = l 

R(c — a—b)> 0. 

Also, by § 2'38 and § 3*71, the left-hand side tends to 

c(a + b - c) F(a, b ; c ; 1) -I- (c — a) (c - 6) F(a, b; c + 1; 1) 
under the same condition ; and therefore 

J (°* b ’ c ' i) - ( c^ } ^ (°- b ; c+ 1 ; i)- 


Repeating this process, we see that 
P/ „ i.„. n f"Vr* ( c-a + n)(c-b+n) 


F(a, 6; c; 1) = ■ n ) “ ' T ' 

»=o (c + n)(c-tt- 6 + n) 


J^(a, 6; c + m; 1) 


m f r 1 (c-a + 7i)(c-i + w)| 


= lim n h V v -tr lim F(a, b ; c + m; 1), 

U» * = o(c + n)(c-a-fc+n)j ^ 
if these two limits exist. 

But (§ 1213) the former limit is p p ^ if c is not a negative 

integer; and, if w n (a, 6, c) be the coefficient of x n in F(a, b\ c; x), and 
m> | c |, we have 

O0 

| /'(o, 6; c + » 1 ; 1) - 11« 2 | u„ (a, 6, c + m) | 

»= 1 

$ 2 M„(|a|, | 6 |, m-|c|) 

n=l 

< r~, 2 m„ (| a | + 1, | 6 | + 1, m + 1 — | c |). 

m —|c|„=o 

Now the last series converges, when m > |c| + |a| +16| — 1, and is a positive 
decreasing function of m ; therefore, since {?n — | c |] —1 —►O, we have 

lim F (a, 6 ; c + m ; 1) = 1; 


r(c)r(c-o-6) 

r(a, fe.c, l)- r(c _ a)r(c _ 6) . 


and therefore, finally, 
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14 2. The differential equation satisfied by F (a, b ; c ; z). 

The reader will verify without difficulty, by the methods of § 10‘3, that 
the hypergeometric series is an integral valid near z*= 0 of the lxypergeometric 
equation * 

^ (1 - ^) ^ + {c - (a + 6 + 1) z( ^ = 0; 

from § 103, it is apparent that every point is an ‘ordinary point’ of this 
equation, with the exception of 0, I, oo, and that these are 1 regular points.’ 

Example. Shew that an integral of the equation 

*(*s +B ) ( l i +b ) ('s - ") (*£"*) “ =0 

is 

z u P{a-\~tL, 6 + a; a—1 3 + 1; z). 


14'3. Solutions of Riemanns P-equation by hypergeometi'ic functions. 

In § 1072 it was observed that Riemanns differential equation “f 

d 2 u (] — a — a! 1 — £ — ft 1 — y — ry'l du 
dz 2 \ z — a z—b z — c ) dz 

+ f a a (a-b)(a-c) + fiff (b - c) (b - a) + yy' (c - a) (c - b) ) 

\ z — a z — b z — c ) 


X (z - a) (z — b) (z — c) 

by a suitable change of variables, could be reduced to a hypergeometric 
equation; and, carrying out the change, we see that a solution of Riemanns 
equation is 


G3)‘C-3)’'H + ** + ' + ” 


1 + o - a 


(z - a) (c - 6) 1 
(z - b) (c - a)J ’ 


provided that a —a is not a negative integer; for simplicity, we shall, 
throughout this section, suppose that no one of the exponent differences 
a — a', — y — y is zero or an integer, as (§ 10 32) in this exceptional 

case the general solution of the differential equation may involve logarithmic 
terms; the formulae in the exceptional case will be found in a memoirl by 
Lindelof, to which the reader is referred. 


Now if a be interchanged with a', or y with y\ in this expression, it must 
still satisfy Riemann’s equation, since the latter is unaffected by this change. 


* This equation was given by Gauss. 

t Tbe constants are subject to the condition a + a' + 0 + 0' + y + y' = l. 

X Acta Soc. Scient. Fcnnicae , xix. (1698). See bJbo Klein ’b lithographed Lectures, Ueber die 
hypergeometrische Funktion (Leipzig, 1694). 
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We thus obtain altogether four expressions, namely, 

'-e^rc-KT' 


o' + £ + 7, a' + /8' + y; 1 + a' - a; 


(c — &)(* — a) 


a + {3 + y', a + ft + y ■, l+a-a’; 


«.= (H) a (H) r “+P + V’ 1+a '- fl; (~r 


(c — a)(z — 6) 
(c — &) (z — a) 
(c — a)(z — 6) 

(c —6)(z —a) 


a) (z — 6) 


which are all solutions of the differential equation. 

Moreover, the differential equation is unaltered if the triads (a, a, a), 
(£, ff, b), Oy, y\ c) are interchanged in any manner. If therefore we make 
such changes in the above solutions, they will still be solutions of the 
differential equation. 


There are five such changes possible, for we may write 
{6, c, a], (c, a, 6), (a, c, b\, \c, b, a), {6, a, c} 


in turn in place of (a, b, c(, with corresponding changes of o, o', ft, ft, y, y. 


We thus obtain 4 x 5 = 20 new expressions, which with the original four 
make altogether twenty-four particular solutions of Riemann’s equation, in 
terms of hypergeometric series. 

The twenty new solutions may be written down as follows: 



1 

\z-cj 

e^‘ 



GH)‘ 


C-H)' 

(..-(‘re)’(*"*)' 

\z — a) \z — aj 


r 6 ) 

\z - aj 


(*—‘Y 

\z — aJ 


F + 7 + 0, ft + 7'+ o; 1 + ft — ft ; 
F |^'+7 + a, ft+ 7'+ a; 1 + $'— ft', 
F |$ + 7 + ®'. ft+y+ o'; 1 + 0 —ft'-, 
F j/9'+ 7+0', ft + 7'+ a'; 1 + ft — ft) 
7 + 0 + ft, y + a + ft\ I+7-7'; 

F\y + a + ft, y +ct+ft ; 1 + 7 '— 7 ; 


F \y + a + ft, 7 + a' + ft\ I + 7—7'; 


(a - c)(x- b)} 
(a — b)(z — c)J ’ 

(a-c)(*- 6)] 
(a -b)(z- c )J ’ 

(a-c) (*-&)) 

(o-6)(*- C )r 

(n-c)(z-b) } 
( a —b)(s — c)) ’ 

(b — a)(z — c) | 
(6 - c) (z - a)j ’ 

(6 — a) (z — c) 

(6 — c)(z — a) 

(b — a) (z - c) 

(6 — c) (z - a) ’ 


^2 




+ « + ft, 7+ a + £* i 1 + 7 ” 7 5 


(6 — a) (5 — c)' 
(6 - c) (* — a j 
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)' J l” +V+A “ + ' ,,+,S; Jt"aRr-c)(' 
(r^) f {“'+■»+A »'+t'+0; 1 +«'-*; <*_»’<'_“}} • 


'-(S)’(S)' 4 + *+' 1+T-y; g£^g 

“-(^’'(S)' 4' + A + ..V + A + .: 1 +7'-y; 

~c^W'W + ^+' + * i+ -* &=$=g 

-(^)'O’ ^- + 7.AW + r. 1+A-A-; 

*♦'-* 

.(£=»)'F 

\z — a) \z — a) 


\u x 


XU 


(c -b)(z- a)) 

r Z-b\* (Z-C\y n (fl , , /*,_/, „/. 1 , O'. (c-tt)(^-6) 

£ + 11 + 7 , 0 + a +7 , l+£-^, ~— 

(c — o)(^ — a) 

- - GHT G^T ^|a+«+t'. fl'+.'+r; l + A-A; . 

By writing 0 , 1 — (7, ^4, 5, 0, C — A — B, x for a, a', £, /S', 7 , 7 ', 
^^ respectively, we obtain 24 solutions of the hypergeoinetric 

equation satisfied by F(A, B) ( 7 ; x). 

The existence of these 24 solutions was first shewn by Kuininer*. 


144. Relations between particular solutions of the hyper geometric equation. 

It has just been shewn that 24 expressions involving hypergeoinetric 
series are solutions of the hypergeoinetric equation; and, from the general 
theory of linear differential equations of the second order, it follows that, if 
any three have a common domain of existence, there must be a linear relation 
with constant coefficients connecting those three solutions. 

If we simplify Uj, w a , u A \ u l7} Ua in the manner indicated at 

* Journal fiir Math. xv. (1836), pp. B0-83, 127-172. They are obtained in a different manner 
in Forsyth's Trtatiu on Differential Equation§ f Chap. in. 
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the end of § 14'3, we obtain the following solutions of the hypergeometric 
equation with elements A, B, C, x: 
y x = F{A t B\C\x ), 

y a = (- x y-c F (A - C + 1 , B - G + 1 ; 2 - C ; x\ 

y% = (1 — x) c ~ A ~ B F (C-B,C-A;C,x) ; 

y A -(- X y-C(l - 1 - B t 1 - A ; 2 - C; *), 

y l7 ^F(A,B ] A + B-C+ 1,1-x), 

y lB = (l- x ) c - A -BF(C-B, C-A \ C - A — B + 1, 1-x), 

y 2X »(- x)~ B F( A, A -(7+1; A-B + l, x~% 

y a = (-x)- A F(B, B-C+1,B-A + 1- x-'). 

If | arg(l — x) | < tt, it is easy to see from § 2 -53 that, when | x | < 1, the 
relations connecting y lt y 2 , y 3l y 4 must be y, = y a , y 2 = y*, by considering the 
form of the expansions near x = 0 of the series involved. 

In this manner we can group the functions u lt ... into six sets of four*, 
viz. Ut, it*, u 13 , u 10 ; u a , u 4 , u Uf ^ B ; u n , u 7 , u alf u a ; u^, u n> u. M ; a 9} u n , u l7> ; 

u l0j iz la , 1 ^ 8 , Um* such that members of the same set are constant multiples of 
one another throughout a suitably chosen domain. 

In particular, we observe that u l} u 3t u l9 , w 1B are constant multiples of a 
function which (by §§ 5*4, 2*53) can be expanded in the form 

(z - a) a 11 + 2 e n (z - a) n - 

[ »=i J 

when | z — a | is sufficiently small; when arg (z — a) is so restricted that 
(z — a)* is one-valued, this solution of Riemann’s equation is usually written 
P ,a| . And P {a ' ] PW, P^' ) \ P (y \ P (y>) are defined in a similar manner when 
| * -r- a |, \ z — 6 |, \ z — c\ respectively are sufficiently small. 

To obtain the relations which connect three members of separate sets 
of solutions is much more difficult. The relations have been obtained by 
elaborate transformations of the double circuit integrals which will be obtained 
later in § 14 61; but a more simple and singularly elegant method has recently 
been discovered by Barnes; of his investigation we shall give a brief account. 


14'6. Barnes contour integrals for the hyper geometric function f. 

CoDsidcr > f 

2 tti ] T(c + s) v 7 

where |arg(— z) \ < 7 r, and the path of integration is curved (if necessary) to 

ensure that the poles of r(« + s) T (6 + s) t viz. s = — a — n, — b— n (n = 0 , 1 , 2 , ...), 


* The special formula 

rl A, I ;C;, > , T ±-r(c-A.l.C.£ i ). 

which is derivable from the relation connecting with U| 3 , was discovered in 1730 by Stirling, 
Mcthodus Differentialis, prop. vii. 

t Proc. London Math. Soc. (2), vi. (1908), pp. 141-177. BefereuceB to previous vork on similar 
topics by Pincherle, Mellin and Barnes are there given. 
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14'5] 


lie on the left of the path and the poles of T(—s), viz. s * 0 F 1 , 2 , ..., lie on 
the right of the path *. 

From § 13 6 it follows that the integrand is 

0 [| 8 \ a+b ~ c exp {- arg (- z) . I (s) - tt 1 1(s) | J] 

as s—>oo on the contour, and hence it is easily seen (§ 532) that the integrand 
is an analytic function of z throughout the domain defined by the inequality 
| arg z | ^ 7 r — 8, where 8 is any positive number. 

Now, taking note of the relation F (— s) F (1 + s) = — tt cosec sw, consider 

1 f r ( a + s) F (b + s) tt (— zf 
2iri Jc F (c + s) T(1 + s) sins 7 r 

where G is the semicircle of radius N + ^ on the right of the imaginary axis 
with centre at the origin, and N is an integer. 

Now, by § 13'6, we have 

r(q + a)r(&+8) tt(— sY _ 0 , Na+b (- *)' 

F(c + s)F (l+s) sin sir ' Bin sir 


as N —> ao , the constant implied in the symbol 0 being independent of arg s 
when 8 is on the semicircle ; and, if s = f jV + ^ e ie and | z | < 1 , we have 


(— zf cosec sir = 0 j^exp - (^N -I- ^ cos 0 log | z | — ^N + ^ sin 0 arg (— z) 

- ( N +1) "■ I sin 0 1}] 

= 0 j^exp • [n + 2 ^) cos 6 log | z \ — ^ 8 | sin 6 1| J 


[ 0 

ex p 1 

0 

exp ■ 


-2 + j tt $ | ^ | ^ tt. 


Hence if log |^ | is negative (i.e. |z|< 1), the integrand tends to zero 
sufficiently rapidly (for all values of 0 under consideration) to ensure that 

f —>0 as iV—>ao . 


Now 



f /--(Jv+i)* r r®* ) 

-■ 

+ 

+ 

J - not 

[J - ® i J 

1 C J (A r +J) i) 


by Cauchy’s theorem, is equal to minus 27n‘ times the sum of the residues 
of the integrand at the points s = 1 , 2 ,... N. Make i\T—>oo, and the last 


* It iB assumed that a fend b are such that the contour can be drawn, i.e. that a and b 
are not negative integers (in which case the hypergeometrio series is merely a polynomial). 
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three integrals tend to zero when | arg (— z) | ^ 7r — S, and | z | < 1, and so, in 
these circumstances, 


1 /•“< 
2t7i 


* T(a + 8)r(b + 8)r(- s ) 


--r- (— zfds = lim 2 —-—- 

r (c + «) jv^„ * a0 r (c + n ). n ! 

the general term in this summation being the residue of the integrand at 


T (a + n) T (6 + n) 


Thus , an analytic function (namely the integral under consideration) exists 
throughout the domain defined by the inequality | argz | < 7 r, and , when | z | < 1, 
this analytic function may be represented by the series 

y r( g + fQ r(6 + w) 

n=o r(c + n).n! 


The symbol F (a, b ; c; z) will, in future, be used to denote this function 
divided by r(«)r(6 )/r( c ). 


1401. The continuation of the hyper geometric series. 


To obtain a representation of the function F(a, b ; c; z) in the form of 
series convergent when | z | > 1, we shall employ the integral obtained in 
§ 145. If D be the semicircle of radius p on the left of the imaginary axis 
with centre at the origin, it may be shewn* by the methods of § 14 5 that 



I 1 (a 4- s) r {b ■+- s) F (— s ) 

r (c + s) 


(— z)'ds-+ 0 


as p —>00 , provided that | arg (— z) | < 7r, | z | >1 and p—*oo in such a way 
that the lower bound of the distance of D from poles of the integrand is 
a positive number (not zero). 

Hence it can be proved (as in the corresponding work of § 14 5) that, when 
I ar g (- z) | < ir and | z | > 1, 

1 [ 0 ® + g ) r (ft+*) £ (- s ) v , 

2t rij r(c + ») ( r 

_ ” r (a + n) T (1 — c + a + n) sin (c— a — n) w _ / z y-a- n 

~~ n=0 T (1 + n) r (1 — b + a + 71 ) cos mr sin (b — a — n) it v 

I r(b+w)r(l-c + b + ra) bid (c - 6 — n) 7r 
H =n T(1 + /i) T (1 — a + b + n) cos n7r sin (a — b — n) it ' 

the expressions in these summations being the residues of the integrand at 
the points s= — a — n, 8 = — b — n respectively. 

It then follows at once on simplifying these series that the analytic 


* Id considering the asymptotic expansion of the integrand when |«| is large on the oontoor 
or on D . it is simplest to transform T (a + i). T (b + i), T(c + i) by the relation of g 1314. 
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continuation of the series, by which the hypergeometric function was originally 
defined, is given by the equation 

r(a)r(6 )p^ ab] c;z ) = r y, r ( tt - f-- (_ z)~ a F (a, 1 -c + a; 1 - 6 +a; *->) 


T(c) 


where | arg (— z) | < tt. 


r (a — c) 

r(b)F(b-a) 
r (b-c) 


(- z)~ b F(b, l-c + 6; 1 -a + b- z~'), 


It is readily seen that each of the three terms in this equation is a solution 
of the hypergeometric equation (see § 14 4 ). 

This result has to be modified when a - b is an integer or zero, as some of the poles of 
T (a + «) T + are double poles, and the right-hand side then may involve logarithmic 
terms, in accordance with § 14 3. 


Corollary. Putting b = c, we see that, if | arg ( - z) | < n, 

T (a) ^T(a+t)T (-•){,-zYdi, 

where (1 - *)”“-► 1 as z-*-0, and so tho value of | arg (1 -z) | which iB less than tt always 
has to be taken in this equation, in virtue of the cut (see § 141) from 0 to + ® caused 
by the inequality | arg ( - z) | < tt. 


14*52. BameJ lemma that, if the path of integration is curved bo that the jwles of 
r (y - b) r (8 — *) lie on the right of the path and the poles of T (a + s) T (0 + b) lie on the left*, 
then 


\_ 

2ni 



a + «)r(/3 + *)r(y-*)r( 8 - 8 )cfr = 


r(a+ 7 )r(a + 8)r09+y)rQ9 + 8 ) 
r(a +0 + y + 8 ) 


Write If or the expression on the left. 


If C be defined to be the semicircle of radius p on the right of the imaginary axis with 
centre at the origin, and if p-*-oc in such a way that the lower bound of the distance of 
C from the poles of r (y -1) r (8 - *) is positive (not zero), it is readily seen that 

r (a+*) r (0+») r ( y -«) r (fi - *) = C08eu ~ ^ n 00860 ~ n 

as | s |-^® on the imaginary axis or on G. 

Hence the original integral converges; and j ^ -►0 asp-*-® , when 72 (a + 0 + y+8 - 1)<0. 

ThuB, as in § 14*5, the integral involved in 1 is - 2m' times the sum of the residues of the 
integrand at the poles of r (y- s) T (8 - a); evaluating these residues we get+ 

r_ " r(a + y+n)r(/8 + y + ») it , “ r (a + 8 + n) T (0 + 8 + n) 

« 7" . \ /1 ; i - ! \ ■ / * 


+ 2 


,-oT (n + 1) r (1 +y-8 + n) sin (8 — y) n H=0 T (n + l) T (1 +8-y + n) sin(y-8) tt 


* It iB supposed that a, 0, y, 8 are Buch that no pole of the first set coincides with any pole 
of the second set. 

t These two series converge (§ 2*38). 
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And bo, using the result of § 12 14 freely, by § 1411 : 

*/■(« + », /9 + d; l-y+«; 1) 


[chap. XIV 


I- 


ain (y 


r fr(a + *)r0s + 8) 

-6)n\ 


r(l-y + i) 


r(a+y)r(/3 + y) . ..1 

r(i-a+y) ^( a+ r*0+y. 1- *+r» 1 )j 

_ »r(i- a -s-y-a) f r(n+i)r(3 +i) r( 0 +y)r(/3+y) i 

Hin(y-«)>r |r(l-a- y )r(l-S-y) T (1 - a - «) T (1 - j9-d)J 
r (a+y)r(s+y)r(a+»)r(j 9+a) , . , . , . . 

r(a+/9 + y + «)sin (.+S+r + a)»«n( y -#)r ( “ +>),r8ln (/S + ? ) ^ 

- Bin (a + d) n Bin (0 + d) w}. 

But 2 sin (n +y) 7 T sin (0 -I- y) n - 2 sin (a + d) rr sin (j9 + d)ir 

==cos(a-/8)»r-cos(n+£ + 2y) n- cos (a-0)w + cos (a + /9 + 2d)»r 
= 2 sin (y- d) n sin (a +/9 + y + 3) n. 

Therefore (o+y)£(g + y) r (■ + ») r(g + a) 

r(a+/9 + y + J) 

which is the required result; it has, however, only been proved when 

R (a +0+y+d - 1) <0 ; 

but, by the theory of analytic continuation, it is true throughout the domain through 
which both sides of the equation are analytic functions of, say, a ; and hence it is true for 
all values of «, ft y, 8 for which none of the poles of r(a + j) r (0 + j), qua function of s, 
coincide with any of the poles of r (y- *) r (d - «). 

Corollary. Writing « + £, a-k, /9-ft y + ft d + £ in place of *, a, ft y, ft we see that 
the result is still true when the limits of integration are —k± ao i, where h is any real 
constant. 


14*53. The connexion between hyper geometric functions of z and of 1 — r. 
We have seen that, if | arg ( -z) | <tr, 

mipF(a,l > : e ; l ) = ±r < L(!!±‘)r(»+«)r(-»), 

r(c) 2ni) r(c+») 


-(-*)•* 


/_‘^‘ r (“+0 r (6+0r(.-0 r (c-a-fc-r)dj 

„ r(-i)(-«)' 


r{c-a)r(c-b) 


ds. 


by Baraos’ lemma. 

If k 1)6 so chosen that the lower bound of the distance between the a contour and the 
t contour is positive (not zero), it may be shewn that the order of the integrations* 
may be interchanged. 

Carrying out the interchange, we see that if arg (1 -z) be given its principal value, 
r(c-a)T (c-b)r (a)r(b)F(a, h; c; z)/T (c) 


dt 


= 2 hflZ r («+0 r (6+0r (e —6-0 (jh. /“'/(—0r(-.)(-»)■*} 

" 2^7 f_ l k + _’' i r ( a + t > r ( b + t )v(c-a-b-t)r(-e)(l-t) l dt. 

* Methods similar to those of § 4'5l may be used, or it may be proved without muoh difficulty 
that conditions established by Bromwich, Infinite Serien, § 177, are satisfied. 
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14 * 53 , 14 - 6 ] 


Now, when | arg (1 - z) | < 2* and | 1 -1 \ <1, this last integral may be eraluabed by the 
methodB of Barnes’ lemma (§ 14 52); and so we deduce that 

T(c-a)r{c-b)r(a)r{b)F(a, b; c\ t) 

= r (c)r (a)T (b)T (c - a- b) Ffa b ; a+b-c + \ ; 1-z) 

+ T (c) r(c-a) r (c — b) r (a + b -c) (1 — z) e ~ a ~ b F(c- a, c — 6 ; c-a-h + 1; 1-z), 
a result which shews the nature of the singularity of F (a, b ; c ; z) at z = 1. 

This result has to be modified if c — a - b is an integer or zero, as then 
r (a + 1) T (b + 0 T (c - a - b -1) r (- 0 

has double poles, and logarithmic berms may appear. With this exception, the result is 
valid when | arg ( - z) \ < 7r, | arg (I — z) | < tt. 

Taking | z | < 1, we may make z tend to a real value, and we see that the result still 
holds for real values of z such that 0 < z < 1. 


14'6. Solution of Riemanns equation by a contour integral. 

We next proceed to establish a result relating to the expression of the 
hypergeometric function by means of contour integrals. 

Let the dependent variable u in Riemann’s equation (§ 107) be replaced 
by a new dependent variable /, defined by the relation 

u = (z — a) m (z -bY(z- c)y I. 

The differential equation satisfied by I is easily found to be 

dl 

dz 

+ ( g + ft + y) K g + £ + 1 ± 0 * + ( a + & + 7 ~ 1 » j = o 

(z - a) (z — b)(z - c) 
which can be written in the form 


dSl 
dz 1 


1+a-a' l_+£ —1 + 7—7') 

z-a z-b z-c } 


Q'(z)+R(*)}^ 


where 


+ (i (X-- 2)(\- 1 ) Q" (z) + (X - 1) R' (z)\ 1 = 0, 
' \=1 — a — /3 — y = a + /3' + y', 

Q (z) = (z-a)(z- b) ( z - c), 

, R (z) = 2 (o' + /9 + 7 ) (z — b) ( z — c). 


It must be observed that the function I is not analytic at x, and consequently the 
above differential equation in 1 is not a case of the generalised hypergeometric equation. 

We shall now shew that this differential equation can be satisfied by an 
integral of the form 

I— [ (t - a ) a +* 3+ *" 1 (t — (t — c) a+ 0 + * ,_1 (2 — t)~ a ~ ft ~ydt, 

Jc 

provided that G } the contour of integration , is suitably chosen . 
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For, if we substitute this value of I in the differential equation, the con- 
lition* that the equation should be satisfied becomes 


f (t- ay+fi+r-' (t - bY+t'+y - 1 (t - c) m+ * + y'- 1 (z - t)-'-*~r-*Kdt = 0 , 
J c 


vhere 


K = (\- 2 ) 


Q(z) + (t-z) Q’(z) + \(t-zy Q" (z) 


+ (t-z) {B ( z ) + (t-z) R'(z)} 

= (\ - 2 ) {Q (<) -{t- zf] +(t- z) [R (<) - (t - zf 1 (a' + & + 7 )) 
= — (1 + a -h /9 H- 'y) — <x) — 6) — c) 

+ X (o' + /8 + 7) (t — b) {t - c) (t - z). 

dV 


It follows that the condition to be satisfied reduces to 


L 


dt 


dt = 0, where 


V=(t- ciy + *+y (t - by+*'+y (t - c) a+ *+*' (t - *)-&+■+*+?>. 

The integral / is therefore a solution of the differential equation, when 
is such that V resumes its initial value after t has described C. 


Now 

(t - ay+t+y- 1 (t - 6)-+*'+r-i ^ y JJ, 

.vhere U = (t - a) (t — b) (t — c) (z — t)" 1 . 

Now JJ is a one-valued function of t ; hence, if C be a closed contour, it 
nust be such that the integrand in the integral I resumes its original value 
ifter t has described the contour. 


Hence finally any integral of the type 

z — a) a (z — bf(z — c)y j (t — a} a +y+ a (t— b)y+ a +p -' (t - c) a+ p+y (z —t)~ a ~ fi ~y dty 

vhere C is either a closed contour in the t-plane such that the integrand 
'esumes its initial value after t has described it , or else is a simple curve such 
J hat V has the same value at its termini , is a solution of the differential equation 
\t the general hyper geometric function. 

The reader is referred to the memoirs of Pochhammer, Math. Ann. xxxv. (1890), 
.>!>. 495-526, and Hobson, Phil. Trans . 187 a (1896), pp. 443-531, for an account of the 
methods by which integrals of this type are transformed so as to give rise to the relations 
)f $§ 14 51 and 14 53. 

Example 1. To deduce a real definite integral which, in certain circumstances, 
represents the hypergeometric series. 


* The differentiations under the sign of integration are legitimate (§ 4 2) if the path C does 
iot depend on z and does not pass through the points a, 6, c, z ; if C be an infinite contour or if 
r J passes through the points a, 6, c or z, further conditions are necessary. 
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The hypergeometric series F(a, b; c; z) is, as already shewn, a solution of the differential 
equation defined by the Bcheme 

: .1 


f 0 ® 

' - 0 a 


| V Uf \J 4* i B 

U -C b C-a-b j 
*\y+«+/ 9 '-l 


If in the integral 

(*- “)■ (l - £f (*- e)» j c (t-af+y +*-1 (l - J)' 

which is a constant multiple of that just obtained, we make 6-*-x> (without paying 
attention to the validity of this process), we are ied to consider 


(t - c)“+0+y'“ 1 (t - z)~ a - f*~ y dt, 


j t a ~ e (t-iy- b ~ i a - z)~ a dt. 


Now the limiting form of V in question is 

and this tends to zero at t = 1 and t= oo , provided R (c) > It (b) > 0. 

We accordingly consider J t il ~ c (t — l) r " 6_l (t-z)~ a dt, where z is not* positive and 
greater than 1. 


In this integral, write t — u~ l ; the integral becomes 


/: 


U *- 1 


(1 - u) c - h ~ i (1 - uz)~ a du. 


We are therefore led to expect that this integral may be a solution of the differential equation 
for the hyper geometric series. 


The reader will easily see that if R(c)> R (6) >0, and if arg w = arg (1 - w) = 0, while the 
branch of 1 - uz is specified by the fact that (1 - uz)-■1 as the intogral just 

found is 


r(6)r(c-t) 

r(c) 


F(<z, b ; 


c; z). 


This can he proved by expanding! (I — uz)~ a in ascending powers of z when | z | <1 and 
using § 12'41. 


Example 2. Deduce the result of 1411 from the preceding example. 

14*61. Determination of an integral which represents 

We shall now shew how an integral which represents the particular solution 
(§ 14 3) of the hypergeometric differential equation can be found. 

We have seen (§ 14 6) that the integral 

/=(.-- a)' (z-bf (z-c) r j (t-a)P+T+*'-l(*_f,)Y+«K»'-i (r_c)“ + /> + T'-l (td( 

satisfies the differential equation of the hypergcometric function, provided C is a closed 
contour such that the integrand resumes its initial value after t haH described C. Now the 
singularities of this integrand in the f-plane arc the points a, l, c, z; and after describing 
the double circuit contour (J 12 43) syinl>olised by (6 + , « + , 6 —, c —) the integrand returns 
to its original value. 


* This ensures that the point t = \{z is not on the path of integration, 
t The justification of this process by § 4-7 iB left to the reader. 
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Now, if 2 lie in a circle whose centre is a, the circle not containing either of the points 
b and c, we can choose the path of integration so that t is outside this circle, and so 
| z — a | < | t - a | for all points t on the path. 

Now choose arg (z- a) to be numerically less than n and arg(r —6), arg(z-c) so that 
they reduce to* arg (a -b\ arg(a-c) when z-*-a; fix arg(f — a), arg(<-5), arg(^-c) at 
the point N at which the path of integration starts and ends ; also choose arg (^ — z) to 
reduce to arg (* - a) when z-—a. 

Then <*-6J , -(«-6f{l+0(£?) + ...}, 

(z-c) r —(«-c) Y {l+r(^) + -}, 

and since we can expand (t - z)~ a ~P~ y into an absolutely and uniformly convergent series 
(t -«•)—'-* (l - (o+fl + y) “£-*+.. j , 

we may expand the integral into a series which converges absolutely. 

Multiplying up the absolutely convergent series, we get a series of integer powers of 
z — a multiplied by ( z-a )■. Consequently we must have 

/-=(a-6) fl (a-c)T P lal J ( * + ' e+ ' b "‘ C ~\t-a )< 1+ »+»'"> (t - 6)'+-+F-l (t - c )*+P + y'-l dt. 

We can define P^\ P^\ l* y \ P ^ by double circuit integrals in a similar 

manner. 

147 . Relations between contiguous hyper geometric functions. 

Let P(z) be a solution of Rieraann’s equation with argument z , singularities 
a t b, c , and exponents a, a\ / 9 , y, y. Further let P (z) be a constant 
multiple of one of the six functions P ia) , P (o \ P&, P^'\ P [y \ P {yl . Let 
Pi+\ t m-*{ 2 ) denote the function which is obtained by replacing two of the 
exponents, l and m, in P ( z ) by l + 1 and in — 1 respectively. Such functions 
are said to be contiguous to P ( z ). There are 6 x 5 = 30 contiguous 
functions, since l and m may be any two of the six exponents. 

It was first shewn by Rieinannf that the function P (z) and any two of 
its contiguous functions are connected by a linear relation , the coefficients in 
which are polynomials in z . 

There will clearly be ^ x 30 x 29 = 435 of these relations. To shew how 
to obtain them, we shall take P ( z ) in the form 

P (z) =(z- u)- [z - by (z - c)y J (t - a/+y+-'-i (t - &)»+.+/»’- > 

(t - cy+'+y '- 1 (t - z) a -*-y dt, 

where C is a double circuit contour of the type considered in § 14 61. 

* The values of arg (a - 6), arg (a - c) being fixed. 

t Abh. der k. Ges. der Wist, zu Gtittingen , 1857; Gauss had previously obtained 15 relations 
between contiguous hypergeometric functions. 
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First, since the integral round C of the differential of any function which 
resumes its initial value after t has described C is zero, we have 

0 = / J t {{t- a)‘‘ + >+y(t - 6)«+/>'+r-i(* - c ).+fl+y -1 ( t - dt. 

On performing the differentiation by differentiating each factor in turn, 
we get 

(a + ft + 7 ) P + (a + ff + 7 — 1 ) Pa +i.p -i -I- (a + 0 + y' — 1) P*+i,v-i 
_ (a 4- 0 + 7 ) jrj 

“T -6 

Considerations of symmetry shew that the right-hand side of this 
equation can be replaced by 

(* + £ + 7) P 

^- 1 ' T+1 * 

These, together with the analogous formulae obtained by cyclical inter¬ 
change* of (a, a , a) with (b , and (c, 7 , 7 '), are six linear relations 

connecting the hypergeometric function P with the twelve contiguous 
functions 

Pq+ 1 , 0 '—] j li Py+l,a'— 1 » Po-j-^y’ — ]> P^+ 1 ,b'— 1 » Py+ 1 , 0'—1 > 

Pa'+i,^'—i) P“'+i,Tr'— i. P^'+i,>'—n -P/J'+i,o'—i» Py+ 1 ..'-,, Py'-H.fl'-i- 

Next, writing f — a = (£ - b) + (fc — a), and usingf P a _, to denote the result 
of writing a' — 1 for a' in P, we have 

P = P 0 '+i + (b — a) P a '_] . 

Similarly P = P a -_ liT ' +1 + (c - a) P a _,. 

Eliminating P 0 '_! from these equations, we have 

(c — 6 ) P 4- (a - c) P.'.^'+i -I- (6 - a) P a '_ 1|Y ' +1 = 0 . 

This and the analogous formulae are three more linear relations con¬ 
necting P with the last six of the twelve contiguous functions written above. 

Next, writing (t — z) = (t — a) — (z — a), we readily find the relation 

P=^r b - {*■- «)“ +l (* -&/(*- 

Xj (* - a/ +r+m '~ 1 (*- fc)r+-w'-i (e - C )-+P+T'-1 (t _ ^)—fl-r-1 d*. 

which gives the equations 

(* - «r {P - (* “ 0 - P,+i,y'— i) =(*- 0 - (P - (* - 0 - Py+i..'-.) 

« (* - c)-* (P - (* - a) -1 P.+1, 

* The interchange is to be made only in the integrandB; the contour C is to remain 
unaltered. 

f P B '_i is not a function of Riemann’s type since the aum of its exponents at a, 6, c is not 
unity. 
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These are two more linear equations between P and the above twelve 
contiguous functions. 

We have therefore now altogether found eleven linear relations between 
P and these twelve functions, the coefficients in these relations being rational 
functions of z . Hence each of these functions can be expressed linearly in 
terms of P and some selected one of them; that is, between P and any two of 
the above function8 thei'e exists a linear relation. The coefficients in this 
relation will be rational functions of z , and therefore will become polynomials 
in z when the relation is multiplied throughout by the least common multiple 
of their denominators. 

The theorem is therefore proved, so far as the above twelve contiguous 
functions are concerned. It can, without difficulty, be extended so as to be 
established for the rest of the thirty contiguous functions. 

Corollary. If functions be derived from P by replacing the exponents n, a, 0, y, y 
by a+p, n' + y, 0 + r, 0'+*, y + £, y'+?t, where p , q , r, 8, t , u are integers satisfying the 
relation 

/> + y + r + a-K + tt-= 0, 

then between P and any two such functions there exists a linear relation, the coefficients 
in which are polynomials in z. 

This result can be obtained by connecting P with the two functions by a chain of 
intermediate contiguous functions, writing down the linear relations which connect them 
with P and the two functions, and from these relations eliminating the intermediate 
contiguous functions. 

Many theorems which will l>e established subsequently, e.g. the recurrence-formulae 
for the Legendre functions (§ 15*21), are really cases of the theorem of this article. 
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Miscellaneous Examples. 

1. Shew that 

F(a, 5 + 1; c; z)-F{a 1 h ; c; v) = 'y/’(a + l, 6+1; c+1 ; z). 

2. Shew that if a is a negative integer while /9 and y are not integers, then the ratio 
/^(a, 0; a+ 0 + 1 -y; 1 - jf) + F ( a , 0 ; y; x ) is independent of x , and find its value. 
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dP d*P 

3. If P(z) be a hypergeometric function, express its derivatea and linearly in 

dP 

terms of P and contiguous functions, and hence find the linear relation between P, -r- , 

Ctl 

dip 

and be. verify that P satisfies the hypergeometric differential equation. 


4. Shew that J; 1; 4z(l -z)} satisfies the hypergeometric equation satisfied by 
P(i, i \ 1 ; z). Shew that, in the left-hand half of the lemniscate | z(l - z) | = J, these two 
functions are equal; and in the right-hand half of the lemniscate, the former function ia 
equAl to F{ J, £ ; 1 ; 1 -z). 

6. If = P(a +1, b } c; x), F u _=F(a - 1, b ; c; .v), determine the 15 linear relations 
with polynomial coefficients which connect F(a, b; c ; x) with pairs of the six functions 
+ > -^a-i Pft-M Pft-» ^c + j P c -- (Gauas.) 

6. Shew that the hypergeometric equation 

x{T-\) d ^-{y-(a+^ + \)x) d £ + ^ y =0 
is satisfied by the two integrals (supposed convergent) 

j 1 (1 — z) Y ~P~ 1 (1 - xz)~ a dz 

and f 1 Z' 1 (1 _*)■-* {1 - (1 - x) z}- a dz. 

J o 


7. Shew that, for values of x between 0 and 1, the solution of the equation 

*( 1-3: ><0 + i( n+/9+1 ) ( 1-2j: )^| -a 0y= 0 


is i; (1 - 2x)*} +B (1 - 2z) (a + I), *0+1); (1-2*)’}, 

where A, B are arbitrary constants and F(a, 1 3; y ; x) represents the hypergeometric serieB. 

(Math. Trip. 1896.) 

8. Shew that 


lim [” 
i-*-i-oL 


F{a,P’,y;x)- 2 (- 

w*0 


r( a +3-y-n)r(y-a+7t)r( Y -3+n)r( y ) H . 7 _ a _p“l 

‘ 7 i! r( y -a)r(y-/ 3 )r(a)r(/ 3 ) J 


r(y — a — 3)r(y ) 
r (y-n) r (y-0) 


where k is the integer such that £ ^ P (a + /9 — y) < £ +1. 

(This specifies the manner in which the hypergeometric function becomes infinite when 
j:'► l-0 provided that a + 0-y is not an integer.) (Hardy.) 


9. Shew that, when R (y - a - 0) < 0, then 

. r(y)n»*»-T , 

" ■ (n+/9-y)r( a )r(3) 

as ; where S n denotes the sum of the first n terms of the series for P(a, /3; y ; 1). 

(M. J. M. Hill, Proc. London Math.. Soc. (2), v.) 
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10. Shew that, ifyi, y 2 be independent solutions of 
then the general solution of 

S +3/, S+{"' + e +4 «} I + { 4,, « +! e} *-° 

is 2 = Ay^ + By\y% + Cy£) where A, B , 6 f arc constants. 


(Appell, Comptes Randus, XCI.) 

11. Deduce from example 10 that, if a-ffc + ^—c, 

, F(a be- *)V r (c) r (2c - 1) - r(aa+ w )r(a+t+»)r(86+ >) 

^ " r (2a) r (26) r (a + 6) * =n »! r (c + w) r (2c- 1 +7i) 

(Clausen, Journal filr Math, in.) 

12. Shew that, if | x | < ^ and | x (1 — x) | < J, 

F {2a, 2/3; a+/9 + J; x} = F[a, 0 ; a+/3 + i; 4.r(l-.r)}. (Kummer.) 

13. Deduce from example 12 that 

Ff ~ 2fl . . * , i. ,,_r(a+/3+i)r(i) 

F!2o> -»+0+i -W -- ria+Tme+I) ’ 

14. Shew that, if o> = e^ iri and R{a) < 1, 

F{a, 3a- I; 2a ; - «*)-3* a ‘ * exp {jrrt(3 a - 1)} |-J, 

/•(a, 3a -1; fa ; - - 3*— • exp (1 - 3a)} • 

(Watson, Quarterly Journal , XLI.) 

16. Shew that 


F(-in, + n + S; -§)-(«- 


r(4)r(n+j) 
r (S) r(»i+f) ’ 


(Heymann, Zeitschrift fur Math, und Phys. XLIV.) 
16. If (1 -x)^^ F{2a, 20: 2 y; x) = \+Bx + Cx? + Dx* +..., 

shew that 

F(a, P i y+ij' x)F(y-a,y-p, y+ |; x) 

_ 1 + -3— Bx I ILJ'+l Cx Jl + 7^y±}lh±ll Ox?+ 

~ y+\ + (r+i)(?+*) (y+i)(y+S)(y+f) " 

(Cayley, Phil. Mag. (4), xvi. (1838), pp. 356-357. See also Orr, Ca?n6. Phil. 
Tram. xvn. (1899), pp. 1-16.) 


17. If the function F(a, ft ft, y; x, y) be defined by the equation 

F (a, P, p, y ; x, y) = f' u '- 11 (1 - uy -- 1 (1 - UX) 9 (1 - uyT? du, 

then shew that between F and any three of its eight contiguous functions 
/■(all), F(P±\), Fiji ±1), /’(ytl), 

there exists a homogeneous linear equation, whose coefficients are polynomials in x and y. 

(Le Vavasseur.) 
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18. If y—a —0<O, shew that, as -0, 




and that, if y-a- 0=0, the corresponding approximate formula iB 




(Math. Trip. 1893.) 


19. Shew that, when | x | < 1, 


/ (x + ,0 + ,z-,0-) , , 

(1 — v) *dv 

= - ‘fe* 7 ' sin an Bin (y- n) tt . r r °^ r - F(a, I 9; y; x), 

where c denotes a point on the straight line joining the points 0, #, the initial arguments 
of v — x and of v are the same as that of r, and arg (1 — as 

(Poch hammer.) 

20. If, when | ai*g (1 — x) | < 2rr, 


and, when | arg x | < 2tt, 


r W=‘ ‘. :r ( -«) r (i+*)}* 0 - 

K ' (ic) = hi j Zc !r ( - i} r 


by changing the variable a in the integral or otherwise, obtain the following relations : 
K(x)*= K' (1 -.r), if | arg (1 - x) | < n. 

K (1 - x) — K' (a*), if | arg# j < 7t. 

K (x) = (1 - x) - i A' 1 if I arg (1 - .r) I < TT. 

A'(l — x)=-x~ i A' ) , if | arg.r | < jr. 


*'(*)=* -4 if'(I/*), 


if | arg# |< n. 


A" (1 - x) = (1 - #) “ h K i if I ar B (1 - x ) I < 7r - (Barnes.) 

21. With the notation of the preceding example, obtain the following results : 

Z ” K ' <*> - - J 0 { r -~rr°f ** { u, k - 1 ' - 4 lo e 2 + 4 (} - - 2 +• ■ ■ - 2 4)} ’ 

when | x | < 1, | arg x | < n ; and 

J(r)=+i(-r)-4A(l/.c) + (-x)'Jr(l/r), 
when | arg (- x) \ < tr, the ambiguous sign being the same as the sign of I (#). 


(Barnes.) 
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22. Hypergeomotric series in two variables are defined by the equations 

F 3 ( a , «', A Pi r, X, y)= 2 

*4 («, 0; y, y'; *, y)= * ^7 ♦»&—. x-y, 
m , n rn ! n ! y m y n 

where a m = a(a + l)... (a + /«-1), and 2 means 2 2 . 

771, II 771 =0 71=0 


Obtain the differential equations 


' djrdy 


is? - * 5®+1* - (■+*+a -> if - ■ 3 * i 2 ■- o ^= 0 - 

* (1 -*) ?5+y £&+ {T - (-+A + 1) *} d -§-aPF 3 = 0, 


d.t* 


'Sx0y * dy> vtmt./-/ g* v- ■ - ■ -/* 0y 

and four similar equations, derived from these by interchanging x with y and a, /9, y with 
a', &■> 7 when a', /S', y occur in the corresponding series. 

(Appell, Comptes Rtndus, ic.) 

23. If a is negative, and if 

« - - v + II, 

where u is an integer and a is positive, shew that 

r(x)r(a) - f K t/1 

U^a) = H ! I fe + ^ W /' 

(-)»(—1)(b-8) -(»-«), 


where 


R. ='■ 


<?(-»), 




6' n (a?) = ^ ^ ^ ~ ^ - (Hermite, Journal fur Math, xcii.) 


24. When a < 1, vshew that 

V(x)T(a-x) - 72,, 


- 2 


where 


r(a) ti= i x n. n: r. x x-a-n' 

( - ) B a (a + 1)... (a + n-1) 


25. When a>l, and v and a are respectively the integral and fractional parts of 
a, Bhew that 

r( g)r(a-g) _ “ o (x) p n - G(x)p v + n 

r (a) H = i .r + u n= j x-a — n 


p -‘ , 1 , 

L*-a x-a-1 X-n-r+lJ 
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_ ( -)* a (a -I-1) ... (a + n - 1) 

P» I 

n ! 


26. If 


(Hermite, Journal fur Math, xcil.) 


f ,. _ W1 _ r j(y+p+»-l) f , *(g+l)(y+« + »-l)(y+i>+» ) 

) .C, y(r+l) ) + * C » y(y+l)(jr + t>)(* + f+l) 

where n is a positive integer and „Ci, a Cj, ... are binomial coefficients, shew that 

f / . r (y) r (y - f+g) r (x -n») r (v+ n ) 

■ K ,y ’ ; r(y-x)r(y + 7i)r(v)r(x+u + n)' 

(SaalBchiitz, Zeittchrift fiir Math, XXXV; a number of eiinilnr results are given 
by Dougall, Proc. Edinburgh Math. Soc. XIV.) 

27 If F(u. fly b r- r)-l+^r+ a(n+1)<9( ^ +1)y(y + 1) .r»l 

^7. II r (a, ft y, «, r, ,rj=l+ 4f } ,r+ a (* + 1) , ( V+ 1) T . 2 * + " ’ 


shew that, when R (5 +1 - #a — 1) > 0, then 

Fin n-h 4.1 * .. IV £ (j) £ (0) T (») T (8 + , - |„ - 1) 

’ ’ + • > - ) r(fi-^a)r(«-ia)r(i + io)r(fl + e-a-l)' 

(A. C. Dixon, Proc. London Math. Soc . xxxv.) 

28. Shew that, if R (a) < then 

i _l v /-(-+ 1 )^-(-+*-Dl*_. r(i-|-) 


29. If 


)) 3 „ N r(i-flo) 

7 " CUB(i ” ) (f o -(„)}» ■ 

(Morley, Proc. London Math . Soc. xxxiv.) 


Jo Jo* 1 (* -■r) > ~ 1 y ,- 1 (l-y)*“ , (l -xy) m ->- k dxdy~B{i,j, t, l, m), 

shew, by integrating with respect to x, and also with respect to y, that B (i, j, k, l , m) is a 
symmetric function of i +j, j + k, k + l, l + m , m + i. 

Deduce that 

Ay; i)-s-r(fi) r(*)r(d + «-a-/3-y) 
is a symmetric function of 5, f, ft + e - n - ft + f — /9 - y, + f - y - n. 

(A. 0. Dixon, Proc. London Math. Soc. (2), II. (1905), pp. 8-16. For a proof of 
a special case by Barnes' methods, see Barnes, Quarterly Journal, xli. 
(1910), pp. 136-140.) 


30. If 


K=F(-n, a + n- y; *) = - 


X ^(1 X)* _ d U f y + fl 


w ' ’ T ' y (y+1) ... (y + fl-1) daP 

shew that, when n is a large positive integer, and 0 < x < 1, 


1 n _ 


{**™-(l-x)' 


K = n y-?~ (» il1 »* " T ( cos W “ " 1 cus K2rt + a) <t> - Jit (2y - 1)} + 0 . 


where a = sin 2 d>. 


(This result is contained in the great memoir by Darboux, “ Sur l’approii- 
mation des fonctions de trfcs grands nombres, ,, Journal de Math, (3), iv. 
(1878), pp. 5-56, 377-416. For a systematic development of hyper- 
geometric functions in which one (or more) of the constants is large, Bee 
Camb. Phil. Tram. XXII. (1918), pp. 277-308.) 



CHAPTER XV 


LEGENDRE FUNCTIONS 


IB'1. Definition of Legendre polynomials. 

Consider the expression (1 — 2zh + h?) ~ when | 2 zh — h % | < 1, it can be 
expanded in a series of ascending powers of 2 zh - h*. If, in addition, 
| 2 zh I + j h | a < 1, these powers can be multiplied out and the resulting series 
rearranged in any manner (§ 2‘52) since the expansion of [1 — {| 2 eh | + | h | 2 )] ~ * 
in powers of 12^1 + IAI 1 then converges absolutely. In particular, if we 
rearrange in powers of h, we get 

(1 - 2 zh + h‘)-* = P 0 (z) + hP(z) + h'P , (z) + h'P ,(*)+..., 

where 

P.W-1. P. (*) = *. P.W-|i(3**-l). P.(*) = ^(5z*-3z), 

P 4 (,) = i (35^ - 3(h ! + 3), P„ (z) = J (63*’ - 70** + 15s), 


and generally 


P-W-5 


( 2 n)! 


2 ". (n !)* 


” (»-!) . «(m- l)(n-2)(n-3) _ 4 

2(2n-l) ^ 2.4.(2n-l)(2n-3) 


m 

= 2 (-)' 


(2n — 2r)! 


2 n . r ! (n — t) ! (n — 2r)! 


where m =* 


1 

2 


n or g (n — 1), whichever is an integer. 




If a, b and 8 be positive constants, b being so small that 2 ab + b* ^ 1 - 8, the expansion 
of (1 — 2sA + A*) ~ ^ converges uniformly with respect to z and h when | z | ^a, | k | $6. 


The expressions P 0 (z), P l (z), ..., which are clearly all polynomials in z , 
are known as Legendre polynomials*, P n (r) being called the Legendre 
polynomial of degree n. 


It will appear later (§ 15'2) that these j>olynomials are particular cases of a moie 
extensive class of functions known as Legendre functions. 

Example 1. By giving z special values in the expression (I - 2M + A*) “ 1, shew that 

Pn( 1 )- 1 , P»{- 1 ) = (- 1 ) W , 


^ + i(0)=0, 


P*n ( 0 ) —(-)- 


1.3... (2n-l) 
“2.4... (2 n) 


* Other names are Legendre coejffieients and Zonal Harmonics. They were introduced into 
analysis in 1784 by Legendre, Mimoires par divers savans, x. (1785). 
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Example 2. From the expansion 
(1 - 2/toos 0+ /**)-1 = ^1 + i he' 9 + A 2 e 2, ®+ 

x ( 1+ ^ e ' i#+ o A!e " 2i#+ -)- 


shew that 


p.{ cos 6) = 


1.3... (2n —1) f . 1 . (2 m) „ . 

~2^ZT(2nr { 2COan<> + M - 2n-l) 2 C08 (?i " 2 > 6 
1.3. (2n) (in - 2) 
^2.4.(2m-1)(2m-3) 


Deduce that, if 0 be a real angle, 




if./ /ix i 1 . 3 ... 2n - 1 
| P. (coa 6) | < 2.4 ... 2n 

so that I P n (cos 6) | ^ 1. 


| _LM?!i 

I x 2.(2n-l) ^2.4.(271- 


)(2n-2) 

1) (271 — 3)' 


bat | P n (cos 6) | ^ 1. (Legendre.) 

Example 3. Shew that, when - \ } 

Pn — — Pi^in-i + Pi ^an-z ” ■■■ + P' 2 nP o> (Clare, 1905.) 

1511. Rodrigues* formula for the Legendre polynomials. 

It is evident that, when n is an integer, 

dz 11 ' dz 11 | r =o r! (to — r)! j 


, i / yr n! (2 ti—2r)! , 

r=0 ^ r!(n —r)! (n —2r)! 1 


where m = ^ n or ^ (to — 1 ), the coefficients of negative powers of z vanishing. 
From the general formula for P n (z) it follows at once that 

Pn ^ = 2**7n1 di" ~ 1 ^‘ : 

this result is known as Rodrigues’ formula. 

Example. Shew that P n (z) = 0 has n real roots, all lying between ±1. 

1512. Schlafli’sf integral for P n (z). 

From the result of § 1511 combined with § 5 22, it follows at once that 

where G is a contour which encircles the point z once counter-clockwise; this 
result is called Schlaflis integral formula for the Legendre polynomials. 


* Correip. lur VEcolc poly technique, hi. (1814-1816), pp. 361-386. 
f Sohlafli, Ucber die iwei Heine’ichen Kugclfunctionen (Bern, 1881). 
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1513. Legendres differential equation. 

We shall now prove that the function u * P u (z) is a solution of the 
differential equation 

which is called Legendre s differential equation for functions of degree n. 

For, substituting Schlafli’s integral in the left-hand side, we have, 
by § 5 22, 


(I-*’) 


d 2 P n (z) dP n (z) 


+ » (71+ 1 )P„(^> 


(n + l)f {V-Vpdt 


f y-i; 
Jc 2 " ( t- 


• (n + 2) (f 8 - 1) + 2 (n+ !)*(«-*)) 


2tti' J c 2" (t - *)"+ 3 1 '- - '- , v " 

= (n + 1) f d [ (< g -l)" +l l , 

2-Tri. 2"J C dt\(t-zff +1 ] ' 

and this integral is zero, since (P — l) n+1 (f — z)~ n ~ 2 resumes its original value 
after describing C when n is an integer. The Legendre polynomial therefore 
satisfies the differential equation. 

The result just obtained can be written in the form 

4- 1(1 - *’) + n (« + 1) Pn (*) = 0. 


It will be observed that Legendre’s equation is a particular case of Riemaun’* equation,, 
defined by the scheme 

,r:: ,| 

l 0 - n 0 J 


Example 1 . Shew that the equation satisfied by — is defined by the scheme 


-r n + r+\ —r z 

0 -7L + 7* 0 


Example 2. If z*=tj, shew that Legendre’s differential equation takes the form 
. f 1 1 \dy n{n+\ )y 

dr)* ( 2 i; l-Tj) dr) 4»7 (1 — 17 ) 

Shew that this is a hypergeometric equation. 

Example 3. Deduce Schlafli’s integral for the Legendre functions, as a limiting case of 
the general hypergeometric integral of § 14 6 . 

[Since Legendre’s equation is given by the scheme 

f- 1 * 1 1 

P < 0 ?i+l 0 1 >, 

1 0 -« 0 J 
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1513 , 1514 ] 

the integral suggested is 

.5: ('■*)" 7o ( ‘ +,, ' < ‘- || ".~( 1 -s) 




1)* (t— z)~ H ~ 1 dt, 


taken round a contour C such that the integrand resumes its initial value after describing 
it; and this gives Schlafli’s integral.] 

1514. The integral properties of the Legendre polynomials. 

We shall now shew that* 


J s Pm. (z) Pn (Z) dz 


= 0 


271-1-1 


(m + n), 
(m = n). 


d r u 


Let {u) r denote ; then, if r^n, {{z 2 — l) n ) r iB divisible by (z 2 — l ) n ~ r ; 

and so, if r < n, [{z* — l) n ] r vanishes when z = 1 and when z = — 1. 

Now, of the two numbers m, n, let m be that one which is equal to or 
greater than the other. 

Then, integrating by parts continually, 

f \(z 2 - irj m {(^-ir)„^ 

-1 

= |V- i)-} m _, t (*• -1)-).]^ - J'_ i {(**-irj—. i(z*- i) n )„ +1 d. z 

= (~) m J t (z 1 - l) m {(*' - l) n Jn+m dz, 

since {(z 3 - {(z 2 — l) m ] m _ B , ... vanish at both limits. 

Now, when m>n, f(z s —l) n ) m + n = 0, since differential coefficients of(^ 2 — 1)* 
of order higher than 2 ti vanish ; and so, when m is greater than n, it follows 
from Rodrigues’ formula that 

J ^Pm{z)P n {z)dz = 0. 

When m = n } we have, by the transformation just obtained, 
r 1 r 1 d m 

J t K ■? -1)»)„ {(z* - 1 )»}„ dz = (-)» J _ 1 (z a -1 (Z* -1 Ydz 

= (2n) 'J 1 (1 — z’) n dz 

= 2 . (2n) ! f 1 (1 — z s ) B dz 
Jo 

r iw 

= 2.(2n)! / sin ,n+, 0d0 
Jo 


= 2 / 2b) , 2 - 4 ■••( *?)- 

= 2 . (2n; 3 5 ( 2n + 1 ) > 

These two malts were giren by Legendre in 1784 and 1789. 
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where cos 6 has been written for z in the integral; hence, by Rodrigues 1 
formula, 



2 .(2n)! (2».n!)* 
(2- . 7i!)“ (2n + 1) ! 


2 

2 n + 1 


We have therefore obtained both the required results. 

It follows that, in the language of Chapter xi, the functions (n + i)^ P»{z) are normal 
orthogonal functions for the interval ( - 1 , 1 ). 


Example 1. Shew that, if x> 0, 


I (cosh2x-z) i P M (z) dz — ^ (* + 4)“* e“( a " + 1 )* 


(Clare, 1908.) 


Example 2 . If /= I P m (z) P H (2 ) dz , then 
Jo 

(i) I— l/(2w+1) 




(ii) /-0 

(-f + r nlw! 

W * 2 w » + I '- 1 (w-m)(?i + m + l) (v!) 2 (/i !) 2 

15 2 . Legendre functions. 


(m —n even), 

(n=«2v + 1, m = 2/i). 

(Clare, 1902.) 


Hitherto we have supposed that the degree n of P n (z) is a positive 
integer; in fact, P n (z) has not been defined except when n is a positive 
integer. We shall now see how P n ( z ) can be defined for values of n which 
are not necessarily integers. 

An analogy can be drawn from the theory of the Gamma-function. The expression 
z\ as ordinarily defined (viz. as z (2 — 1 ) (z — 2 )... 2 . 1 ) has a meaning only for positive 
integral values of z ; but when the Gamma-function has been introduced, z ! can be defined 
to be r (z + 1 ), and so a function z ! will exist for values of z which are not integers. 


Referring to § 1513, we see that the differential equation 

/„ d* u A du , , v 

( 1 - * ) rf?“ 2 *dz +n(n+1)tt = 0 


is satisfied by the expression 


u 


_L f (*L z2l dt 

2tri] c 2 " (< — z) n+1 ’ 


even when n is not a positive integer, provided that C is a contour such that 
(f a — L) n+I (t — z)”* 1-1 resumes its original value after describing C. 

Suppose then that n is no longer taken to be a positive integer. 

The function (J* — l) n+1 (f — z) _n ” a has three singularities, namely the 
points t = 1, < = — 1, t=*z\ and it is clear that after describing a circuit round 
the point t = 1 counter-clockwise, the function resumes its original value 
multiplied by e^ n+l ^ ; while after describing a circuit round the point t * z 
counter-clockwise, the function resumes its original value multiplied by 
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15-2, 15-21] 


jf therefore C be a contour enclosing the points t = 1 and t = z, but 
not enclosing the point J=-l, then the function (P - l) n+l (J -z)-*” 1 will 
resume its original value after t has described the contour C. Hence, 
Legendre's differential equation for function of degree n , 

/_ aV . du , ,, 

{ l-* ) -d?- 2 *dz + n{n + l)U = 0 ' 

is satisfied by the expression 

_J_ I 1 ”"” (P- 1 )* 

U 27 ri] A 2 u (t — z) n+l 1 

for all values of n ; the many-valued functions will be specified precisely 
by taking A on the real axis on the right of the point t = 1 (and on the 
right of £ if £ be real), and by taking arg {t — 1) = arg (t + 1) = 0 and 
| arg (t — z) | < 7r at A. 

This expression will be denoted by P n ( z ), and will be termed the Legendre 
function of degree n of the first kind. 

We have thus defined a function P n (z), the definition being valid whether 
n is an integer or not. 

The function P*(z) thus defined is not a onc-valued function of z ; for we might take 
two contours as shewn in the figure, and the integrals along them would not be the same; 


A 



to make the contour integral unique, make a cut in the t plane from - 1 to - ao along the 
real axis; this involves making a similar cut in the z plane, for if the cut were not made, 
then, as z varied continuously across the negative part of the real axis, the contour would 
not vary continuously. 

It follows, by § 5-31, that P n ( z ) is analytic throughout the cut plane. 


16*21. The Recurrence Formulae. 


We proceed to establish a group of formulae (which are really particular 
cases of the relations between contiguous Riemann P-functions which were 
shewn to exist in § 14*7) connecting Legendre functions of different degrees. 
If C be the contour of § 15 2, we have* 


Pn{z) = 


1 

2 ,,+, 7T» 


[ ^ - x > 

J C (t - z) n+l 




»+ I f (*-!)» dt 

2 n+1 7Tt J c (t-z) n+1 


We write P.'( 2 ) for 
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Now - - 1)W+ ‘ _ 2 (« + 1) * (*’ ~ l) w 0» + 1) (<• - 1)" +1 

dt(t-z)" + ' ( t-z) n+ ' (t-z) n+ > 

and so, integrating, 

Jc (t-«)" +1 Jc (t-z) n+ ’ 

Therefore 

1 f 1 f (^- 1 ) n+ 1 _ f 

2 n+1 7ri J c (t — z) n 2" +l 7ri J c (t — z ) n+2 2 n+1 7ri J c (t — s) n+1 

Consequently 

.(A). 

Differentiating*, we get 

P'n+1 (*) - zP'n (z) - Pn (*) = ™P n (z), 

and so P' n+1 W - zP' n (*) = (n + 1) P n (*) .(I). 

This is the first of the required formulae. 

Next, expanding the equation 

f d I t «»-!)" ] _ 

J c dt 1 “~ 0, 

we find that 

r „ r r tie- i) n ,, . 

Jo (TTi)- * + 2n Jo <(-*)■ * “"Jo * - ° 

Writing (i* — 1) + 1 for £ 2 and {t — z) + z for t in this equation, we get 




v 'Jc(t-z) n Jc (t-z) n Jc(t-< 

Using (A), we have at once 

(n + 1) (P„ +1 (z) - zP n (z )| + nP (z) - 7 izP n (z) = 0. 

That is to say 

(n + 1) P H1 (z) - (2n + 1) zP n (*) -f ftP„_! (*) = 0.(II), 

a relation j" connecting three Legendre functions of consecutive degrees. This 
is the second of the required formulae. 

We can deduce the remaining formulae from (I) and (II) thus : 
Differentiating (II), we have 

(ft + 1) (P' n+1 (z) - zP' n (z )) - ft \zP’ n (z) - P' n _, (z )I - (2ft 4 - 1 ) Pn « = 0. 
Using (I) to eliminate P ' n +1 (z), and then dividing byj n, we get 

zP\ (z)-P'^ (z) = nP n (z) .(III). 


* The process of differentiating under the sign of integration iB readily justified by § 4*2. 
f This relation was given in BubBtanoe by Lagrange in a memoir on Probability, Afiic. 
Taurintiuia, v. (1770-1773), pp. 167-282. 

J If u = 0, we have P 0 (z) = l, P-i (*) = !, and the result (III) is true but trivial. 
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Adding (I) and (III) we get 

p w, (*) - P' n-1 W = (2n +1) P n (*) .(IV). 

Lastly, writing n — 1 for n in (I) and eliminating f'wW between the 
equation so obtained and (III), we have 

(** - 1) -P'n (*) = nzP n (*) - nPn -1 (*).(V). 

The formulae (I)—(V) are called the recurrence formulae. 

The above proof holds whether n is an integer or not, i.e. it is applicable to the general 
Legendre functions. Another proof which, however, only applies to the case when n is 
a positive integer (i.e. is only applicable to the Legendre polynomials) is as follows ; 

Write K=(l-2Az + A 2 ) - * 

Then, equating coefficients* of powers of h in the expansions on each side of the 
equation 


we have 


(i-2A 2 +A*)~=(z-/o r, 
nP n (z) - (27t - 1) zP n (z) + (n - 1) (z) -0, 


which is the formula (II). 

Similarly, equating coefficients* of powers of h in the expansions on each side of the 
equation 

,dV / an dV 

h M^ l - h) Tz' 

dP n (z) dP n _i (z) 

we have z —^-^ = nP n (z), 


which is the formula (III). The others can be deduced from these. 
Example 1. Shew that, for all values of ti, 

£ {* (Pn* + P*. + l) ~ 2P„ Pn + ,} = (2» + 3) /**. + , - (2» + 1) 


(Hargreaves.) 


Example 2. If 


shew that 


dM n (x) 

dx 


= 7tJf n _ 1 (.r) and J Af n (x)dx = 0. (Trinity, 1900.) 


Example 3. Prove that if m and n are integers such that m^77, both being even 
or both odd, 

P +1). (Clare, 1BS)8.) 

y _ I CLz 


Example 4. Prove that, if m } n are integers and m ^ ti, 


d l P m (Z) d* P n {z) j _ (71-1)71(71+1) (ti +2 ) 


r <&p m (z) d*j\ 

J " dz 2 dz 


-- (3m (m +1) - 7t (7t +1) + 0} 

*(!+( - + 

(Math. Trip. 1897.) 


The reader is recommended to justify these processes. 
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15211. The expression of any polynomial as a series of Legendre 
polynomials. 

Let /„ (z) be a polynomial of degree n in z. 

Then it is always possible to choose a a,, ... a* so that 

f n (z) = o 0 P 0 (z) + a,P, (z) + ... + a n P n (z), 

for, on equating coefficients of z n , z n ~\ ... on each side, we obtain equations 
which determine a*, a n _ l} ... uniquely in turn, in terms of the coefficients of 
powers of z in /» (z). 

To determine a*, a lt ... a,* in the most simple manner, multiply the 
identity by P r (r), and integrate. Then, by § 15'14, 

when r = 0, 1, 2, ... n; when r > n, the integral on the left vanishes. 


Example 1. Given z n = a 0 P 0 ( z ) + a Y Pi (z) + ... + a n P n (z), to determine a<), a,, ... a H . 

(Legendre, Exercices de Calc. ItU. II. p. 352.) 

[Equate coefficients of z* on both sides ; this gives 


Let 


r. 


a n 


2-. (ti !) 2 
( 2 *«) ! * 


t*P m (z) dz y so that, by the result just given, 

2 m+1 (m!) f 
lm ' n ~ (2/n+ 1) ! ■ 


Now when n — t?l is odd, 7 Jltm is the integral of an odd function with limits ±1, and so 
vanishes; and 7*^ also vanishes when n- m is negative and eveD. 

To evaluate I ntfn when n—m is a positive even integer, we have from Legendre’s 
equation 

+ j rP m (z)ch=-j 

= -[f(l-«*) P m ’ i + n j ‘ j *-• (1 - **) PJ (*) dz 

= (1 t ~ n J + 


on integrating by parts twice; and bo 

m(»i + l) 7 lfcm = n(n + l) — u 

Therefore 

n(n-l) 


^ m,?n (71 —m) (n + m + 1 ) 


n{n- 1) ... (771 + 1) 


(n —m)(n-2 —to) ... 2. (n+ 771 + 1) (71 + 771- 1)... (2to + 3) 
by carrying on the process of reduction. 
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Consequently 
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2 m+l . n ! (,4m+ 4w) ! 

and so a m «0, when n —m is odd or negative, 

(2m + l) 2"*n ! (Jn + ^m) ! v j ■, 

—-i— ttt— . —: * , when n- m is even and positive. 1 

(4n-Jm)!(n + m + l) ! ^ J 

Example 2. Express cos n6 os a series of Legendre polynomials of cos 0 when n is an 
integer. 

Example 3. Evaluate the integrals 


j 1 t zP H (z) P n+ , (,)<fc, f'_^P.(z)P H , 1 (z)dz. 


Example 4. Shew that 


(St John’s, 1899.) 


/*, (1 - **) {iV (*)}» ■ (Trinity, 1894.) 

Example 5. Shew that 

?if* w (cosd)= 2 coar6P n _ t . (cosd). (St John’s, 1898.) 

r-1 

Example 6. If J (1 -r 1 )" P^n{z) dz, where m < n, shew that 


(n-m) (2M + 2m+ 1) u H = 2nhi n _ x . 


(Trinity, 1895.) 


15 22. Murphy a expression* of P n (r) as a hypergeometric function. 

Since (§ 15 ‘ 13 ) Legendre's equation is a particular case of Riemann’s 
equation, it is to be expected that a formula can be obtained giving P n (z) in 
terms of hypergeometric functions. To determine this formula, take the 
integral of § 15 2 for the Legendre function and suppose that 1 1 — z | < 2 ; to 
fix the contour C, let 8 be any constant such that 0 < 8 < 1, and suppose that 
z is such that 1 1 — z | ^ 2 (1 - 8); and then take C to be the circle-f- 


11-11 = 2 - 8 . 


Since 


1 — z 


2-28 


I1-* 

convergent series J 
(t - = (*- 1 )— 1 


^ ——=-< 1, we may expand (t — z)~ u ~ J into the uniformly 
2 — o 

* - 1 . (n + l)(w + 2) ^z- ly t | 


l+(»+l)- rrT + 2 , 


Substituting this result in Schlafli’s integral, and integrating term-by- 
term (§ 47), we get 


(r — l) r (fi + 1) (n + 2) ... (n + r) . 

r i*+,*+» (t? - 1 )» 

2" +1 7rt r! J 


(z — l) r . (n + 1) (n + 2) ... (n + r) 

[£<‘ +1) \L 

2 n . (?• \y 


dt 


* Electricity (1833). Morphy’s result was obtained only for the Legendre polynomials, 
t This circle contains the points t = l, t = z. 

X The series terminates if n be a negative integer. 
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by § 5’22. Since erg (t + 1) — 0 when t = 1, we get 

J~^T r (S+ - 2" -r n(n— 1)... (n — r +1), 

and so, when 11 — z | ^ 2 (1 — 8 ) < 2 , we have 

p k (n + l)(» + 2)...(n+r).(-n)(l-7i)...(r-l-»i)/i 1 _\ r 

) rto (r!)> ] 

~F(n.+ \,-n) 1 ; 

This is the required expression; it supplies a reason (§ 14 53) why the cut 
from — 1 to — oo could not be avoided in § 15'2. 

Corollary. From tbiB result, it is obvious that, for all values of n 1 

P n (z) = P- n . 1 (2). 


Note. When n is a positive integer, the result gives the Legendre polynomial as 
a polynomial in 1 -z with simple coefficients. 


Example. 1. Shew that, if m be a positive integer, 

(rfm + l p 


dz " 


n + n Wl = r (2m + 71 + 2) 

~ l = 2" +1 (7/1 + 1) !!>)■ 


(Trinity, 1907.) 


Example 2. Shew that the Legendre polynomial P n (cos 0) is equal to 
( — ) n /^(n + 1 , — 7 i j 1; cos 2 A<9), 

and to cos* 1<9n, - n ; 1; tan 2 £d). (Murphy.) 


15 23 . Laplaces integrals* for P n (z). 

We shall next shew that, for all values of n and for certain values of z , 
the Legendre function P n (z) can be represented by the integral (called 
Laplaces first integral) 

- [ [z + (z 2 — 1)^ cos <f>} n d(f>. 

TT J o 


(A) Proof applicable only to the Legendre polynomials. 
When n is a positive integer, we have, by § 15 ’ 12 , 


Pn (Z) = 


_2 f ( <a ~ 1 ) n dt 

2 n+l 7 rt Jc(t-z) n+l ’ 


where G is any contour which encircles the point z counter-clockwise. 
Take G to be the circle with centre z and radius | z* — 1 |*, so that, on C, 
t = z 4- (z* — 1 )& e**, where <f> may be taken to increase from — w to 7r. 


* Mccaniquc Celeste, Livre xi. Ch. 2. For the contour employed in this section, and for 
some others introduced later in the chapter, we are indebted to Mr J. Hodgkinson. 
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15-23] 

Making the substitution, we have, for all values of z, 
p 1 f' /(*-1+(« ! -l)*e*} f*+1 +(2 , -l) 4 e < *|\" - 

P " W -2=SSj_.l (*»-l)i e * . ) '*+ 

“ 2^ /_„ ^ + ^ ^ C0S 

= - f (z + (*’ — l) 4 cos (^l n dd>, 

7T Jo 

since the integrand is an even function of </>. The choice of the branch of 
the two-valued function (z l — 1)^ is obviously a matter of indifference. 

(B) Proof applicable to the Legendre functions , where n is unrestricted. 

Make the same substitution as in (A) in Schlafli's integral defining 
P n (-z) i it is, however, necessary in addition to verify that t= 1 is inside the 
contour and t = — 1 outside it, and it is also necessary that we should specify 
the branch of \z + (z* — 1)^ cos </>) n , which is now a many-valued function of <f>. 

The conditions that t = 1, t = — 1 should be inside and outside C re¬ 
spectively are that the distances of z from these points should be less and 
greater than | z* — 1 |*. These conditions are both satisfied if | z — 1 | < j z + 1 |, 
which gives R (z) > 0, and so (giving arg z its principal value) we must have 

l ar g z\<\*- 

Therefore P n (z) = ~ J [z + (z 5 — l) 4 cos (f>} n d<f>, 

where the value of arg [z + (z* — 1)& cos 0] is specified by the fact that it 
[being equal to arg(£ 2 — 1) — ar g(t— z )] is numerically less than 7r when t is 
on the real axis and on the right of z (see § 15 * 2 ). 

Now as 0 increases from — tt to »r, z + (z 2 -1)^ cos 0 describes a straight line in the 
Argand diagram going from z — (z 2 - 1)^ to z + (z z -1)^ and back again ; and since this line 

does not pass through the origin*, arg \z+ {z 1 — 1)^ cos 0} does not change by so much as 
n on the range of integration. 

Now suppose that the branch of {z + (z z — 1)^ cos 0| w which has to be taken is such that 
it reduces to z n eP'* kwi (where /' is an integer) when 0 = £»r. 

e mkni fn 

Then P n (z)»= — 1 {z + (z z - 1)* cos 0}" d<f> 1 

Zn J — w 

where now that branch of the many-valued function is taken which is equal to z n when 

0 = ^7T. 

Now make z-*-l by a path which avoids the zeros of P n (z); since P n (z) and the 
integral are analytic functions of z when | argz | < W, k does not change as z describes the 
path. And so we get <r n * ?n = l. 


* It only does so if z is a pure imaginary; and such values of z have been excluded. 
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Therefore, when | arg z \ < ^ ir and n is unrestricted, 

Pn (*) = 2^ J_ {* + (*- l) 4 cos <f>} n dtf>, 

where arg [z + ( z * - 1)* cos <f>} is to be taken equal to arg z when <f> = \ tt. 

This expression for P n (z), which may, again, obviously be written 

- f [z -h (z* — 1)* cos d<f>, 

7T Jo 

is known as Laplaces first integral for P n (z). 

Corollary. From § 16‘22 corollary, it is evident that, when | ar gz | <£ir, 

/■—4— 

n J 0 [z + iz 2 - l)a coaQ}** 1 

a result, due to Jacobi, Journal fiir Math . xxvi. (1843), pp. 81-87, known as Laplacd* 
second, integral for P n (z). 

Example 1. Obtain Laplace’s first integral by considering 
2 / |2 + (z 2 -l)* 

H = 0 JO 

and using § 6*21 example 1. 

Example 2. Shew, by direct differentiation, that Laplace’s integral is a solution of 
Legendre’s equation. 

Example 3. If i < 1, | h | < 1 and 


shew that 


(1 — 2A cos0 + A 2 ) -1 — 2 b n cos n6, 

H = 0 

. 2 sin an [ 1 A"^*-- 1 , 

n Jo (l-x)'(l-xA*) $ 


(Binet.) 


Example 4. When z> 1, deduce Laplace’s second integral from his first integral by 
the substitution 

{z — (z* — 1)^ cos 0} [z + (z* - 1 )l COS 0} = 1. 

Example 5. By expanding in powers of cos 0, shew that for a certain range of 
values of z, 

- [ {z + (z 8 - l)icoe0}" d<p = z n F( - Jn, J — 1; l-z~ 2 ). 

r io 

Example 6. Shew that Legendre’s equation is defined by the scheme 


PI -in *+*n 0 fV, 

4 + Jti -\n 0 ) 

where z=J(£* + £“*). 

15'231. The Mehler-Dirichlet integral* for P n (z). 

Another expression for the Legendre function as a definite integral may be obtaiuod in 
the following way: 


* Dlriohlet, Journal far Math. xyii. (1897), p. 36 ; Mehler, Math. Ann. v. (1873), p. 141. 
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For all values of n, we have, by the preceding theorem, 


P*( z ) = - I {*+oos0(r , -l)*}»dd>. 

IT J 0 

In this integral, replace the variable 0 by a new variable A, defined by the equation 

A —2 + (s J - 1)^ cos 0, 

% fz+(z*- i)l . 

and we get P n (*) = - / A“ (1 - 2 hz + A*) z dh ; 

n J z- 

the path of integration is a straight line, arg A is determined by the fact that i'i*=z when 
0 = Att, and (1 — 2Az +A*) _ ^ = — i (z 2 - 1 Bin 0. 


Now let 2 »cos 0 ; then 

/ i is 


Now (0 being restricted so that — ^rr < 0 < when n is not a positive integer) the 
path of integration may be deformed* into that arc* of the circle |A| = 1 which passes 
through A= 1, and joins the points h = e~ xB , h = e‘®, since the integrand is analytic throughout 
the region between this arc and its chord+. 


Writing A = <? 1 * we get 


and so 


/> n (cos = ^ J 

)=- r 

V J 0 


An + $)*. 


9 (2 COB 0~ 2 Cl>8 0)^ 


*4>, 


D , * [ e cos n + * 0 

P n (cOR0) = - I --- T d<p ; 

{2 (cos 0 —cos 0)\* 


it is easy to see that the positive value of the square root is to be taken. 


This is known as Mehler's simplified form of DirichleVs integral. The result iB valid for 
all values of n. 


Example 1. Prove that, when n is a positive integer, 




(cob 6 ) — - 


/; 


sin (w + j) (fidip 
{2 (cos 6- cos 0)}^ 


(Write n —0 for 6 and n — 0 for 0 in the i*csult just obtained.) 


Example 2. Prove that 

Pn (cos 0 ) 



A" 

(A 2 - 2A cos 0 + 1)4 


dh, 


the integral being taken along a closed path which encircles the two points h = e ±i$ , and 
a suitable meaning being assigned to the radical. 


* If 8 be complex and J?(cob0)>O the deformation of the contour presents slightly greater 
difficulties. The reader will eaBily modify the analysis given to cover this case. 

t The integrand is not analyLic at the ends of the arc but behaves like (A-e ±tf )~4 near 
them; but if the region be indented (§ 6 23) at e ±lB and the radii of the indentations be made to 
tend to zero, we Bee that the deformation is legitimate. 
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Hence (or otherwise) prove that, if 6 lie between Jit and fir, 

4 2.4... 2n (cos (n$ + <f>) l l a cob (n6 + 3<t>) 


P n (coa 6) - 


ir 3.6 ... (2n + I) 


(2 sin 0)^ 2(2n + 3) (2sintf)^ 

l J .3 a coa(n0 + 60) 

2.4. (27i + 3) (2 n + 5) (2sin B ) f 


where <j> denotes \Q — Jit. 


V + 


Shew also that the first few terms of the series give an approximate value of P n (cos 0) 
for all values of 6 between 0 and rr which are not nearly equal to either 0 or tt. And explain 
how this theorem may be used to approximate to the roots of the equation P n (oos 0)«rO. 

(See Heine, Kugelfunktionen , I. p. 178 ; Darboux, Comptea Rendu a , lxxxii. (1876), 
pp. 365, 404.) 


16 ' 3 . Legendre functions of the second kind. 

We have hitherto considered only one solution of Legendre's equation, 
namely P n (z). We proceed to find a second solution. 

We have seen (§ 15'2) that Legendre’s equation is satisfied by 

JV-ir dt, 

taken round any contour such that the integrand returns to its initial value 
after describing it. Let D be a figure-of-eight contour formed in the following 
way : let z be not a real number between ± 1 ; draw an ellipse in the £-plane 
with the points + 1 as foci, the ellipse being so small that the point t = z is 
outside. Let A be the end of the major axis of the ellipse on the right 
of £ = 1. 


Let the contour D start from A and describe the circuits (1 — 1 +), 

returning to A (cf. § 12 43), and lying wholly inside the ellipse. 

Let | arg z | ^ rr and let | arg (z — t) | —» arg z as t —» 0 on the contour. Let 
arg(£ + 1) = arg {t — 1) = 0 at A. 

Then a solution of Legendre s equation valid in the plane (cut along the 
real axis from 1 to — qo ) is 


o m = L_ [ A?-. 

^ n ii sin 7i7T J d 2 n (z — 


(P - l) n 


tr 


dt , 


if n is not an integer. 

When R (?i +1) > 0, we may deform the path of integration as in § 12'43, 
and get 


Qn {*) = 2^1 f t (l - tT (* - dt 


(where arg(l — £) = arg(l + £) = 0) : this will be taken as the definition of 
Q n (z) when n is a positive integer or zero. When n is a negative integer 
(= —m —1) Legendre’s differential equation for functions of degree ii is 
identical with that for functions of degree m, and accordingly we shall take 
the two fundamental solutions to be P m ( z) } Q m (z). 

Q n (z) is called the Legendre function of degree n of the second kind. 
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16 31 . Eccpansion of Q n (,z ) as a power-series. 

We now proceed to express the Legendre function of the second kind as 
a power-series in z~\ 

We have, when the real part of n + 1 is positive, 


Qn 0) = 2^1 /',(!- «’)" (* - dt. 


Suppose that | z | > 1. Then the integrand can be expanded in a series 
uniformly convergent with regard to t, so that 


Qn(*) = 




2»»+i z n+ 




+ 1) ... (n + 2 8) f 1 


f 1 (1 - t*) n t u dt , 
Jo J 


where r = 2s, the integrals arising from odd values of r vanishing. 

Writing t* = v, we get without difficulty, from § 12 41, 

n / v _ 7T* T(n 1) 1 w (I , 1 1 , , . B _ A 

Q n ( z ) 2 n+1 T (n + §) z n + l ^ ^2 71 + 2 ’ 2 71 + 1 5 n + 2 5 2 ) 

The proof given above applies only when the real part of (n + 1) is positive 
(see § 4 5); but a similar process can be applied to the integral 

Q - w “ 5iaw *• 

the coefficients being evaluated by writing / (£* — l) n t r dt in the form 

JD 

r( i-) /■(-!+) 

e? lni (1 - P) n t r dt 4- e nni (1 - P) n V dt ; 

Jo Jo 

and then, writing t' 1 => u and using §12 43, the same result is reached, so 
that the formula 

<?»<*) = 2^ r^TPJ) i"+T i ' ( 2 " + 2> 5 b +1; " + 2 > z>) 

is true for unrestricted values of n (negative integer values excepted) and for 
all values* of z f such that | z | > 1, | arg£ | < 7r. 

Example ]. Shew that, when n is a positive integer, 

«. i - 1 )* f ‘ <«*-- 1)■— 1 *} • 


* When n is a positive integer it ifl unnecessary to restrict the value of arg 2. 
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[It is easily verified that Legendre’s equation can be derived from the equation 
(i-**) ^ + 2 (n-1) * ^?+2 nu>=°, 
d*w 

by differentiating n Lines and writing u = - . 

Two independent solutions of this equation are found to be 

(x*-l)» and j (v* -1)-*" 1 dv. 

It follows that (v 1 — l)~ n-1 rfrj 

is a solution of Legendre’s equation. As this expression, when expanded in ascending 
powers of x -1 , commences with a term in it must be a constant multiple* of (x) ; 

and on comparing the coefficient of z" m_J in this expression with the coefficient of z~ n ~ l in 
the expansion of Q n (*), as found above, we obtain the required result.] 

Example 2. Shew that, when n is a positive integer, the Legendre function of the 
second kind can be expressed by the formula 

/■• r® f * 

Q n (z)-2*n\ I J I ...J + 

Example 3. Shew that, when n is a positive integer, 

«•<*>- ir^i) i (-*r-/>(-*-!)—**. 

[This result can be obtained by applying the general integration-theorem 

/r/r/r w* 

to the preceding result.] 

15*32. The recurrence-formulae for (z). 

The functions P n (z) and Q n (z) have been defined by means of integrals of precisely the 
same form, namely 

J (« 2 dt, 

taken round different contours. 

It follows that the general proof of the recurrence-formulae for -P.(z), given in § 15'21, 
is equally applicable to the function Q H (z); and hence that the Legendre function of the 
lecond kind eatisfiee the recurrence-formulae 

(n +1) Qn + 1 (*) - (2n +1) rQn (*) + « Q»-i («)=0, 

•V.W-V-. (*)=««.(*), 

(z‘-l) V,(*)-nz«. (z) (z). 

Example 1. Shew that 

§oW-i lo 8^. ft (*)-§* 

and deduce that & (z)— kP t (z) log - 3z, 

&00 i W £±l_l I s 2“ 3* (»-!)' 

B z- 1 z - 3z - Bz - h —... — (2n- l)z’ 

* I\(js) contains positive powerB of z when n ia an integer. 


and that 
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Example 2. Shew by the recurrence-formulae that, when n is a positive integer*, 

M log ^ 

« — I 

where f n -\ (*) consists of the positive (and zero) powers of z in the expansion of 

z+ 1 . 

(z) log —- in descending powers of z, 

[This example shews the nature of the singularities of Q n (z) at + 1, when n is an integer, 
which make the cut from — 1 to +1 necessary. For the connexion of the result with 
the theory of continued fractions, see Gauss, Werke , hi. pp. 166-206, and Frobenius, 
Journal filr Math, lxxiii. (1671), p. 13 ; the formulae of example 1 are due to them.] 


15'33. The Laplacian integral f for Legendre functions of the second kind. 
It will now be proved that, when R (n + 1) > 0, 

Qn (z) = [ [z + (z 2 — 1 )* cosh 0] -n-1 do, 

j 0 

where arg { z + (z 2 — 1)* cosh 6} has its principal value when 0 = 0, if n be not 
an integer. 

First suppose that z > 1. In the integral of § 15'3, viz. 

e» I'/ 1 - (* - *r n -' dt, 


write 


t _ e*_(z + I)* -(z- l ) 4 

e* (z + l ) 4 + {z - l ) 4 ' 


so that the range (—1, 1) of real values of t corresponds to the range (— oo , oo ) 
of real values of 6. It then follows (as in § 15 23 A) by straightforward 
substitution that 


Qn (z) = \ ( [z + ( z 2 - 1)* cosh 0)~ n_1 dS 

J - on 

= f [z + (z 2 — 1)^ cosh c id, 


since the integrand is an even function of 6. 


To prove the result for values of z not comprised in the range of real values greater 
than 1, we observe that the branch points of the integrand, qua function of z, are at the 

points +1 and at points where z + (z*- 1)1 cosh 6 vanishes; the latter are the points at 
which z = ± coth 6. 

Hence Q n (z) and J {z + (z*- 1)^ cosh 6) ~ H ~ 1 dd are both analytic l at all points of the 
plane when cut along the line joining the points z = ±1. 


* If - 1 < z < 1, it is apparent from these formulae that (z + Oi) - Q n (z- Ot) = - xiP n (*). 

It is convenient to define Q n (z) for Bach values of z to be (z + 0i) + $Q*(z - Oi). The 
reader will observe that this function satisfies Legendre’s equation for real valueB of z. 
t This formula was first given by Heine; see his Kugelfunktionen , p. 147. 
t It is easy to shew that the integral haB a unique derivate in the cut plane. 
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By the theory of analytic continuation the equation proved for positive values of * — 1 

persists for all values of z in the cut plane, provided that arg {z+(z*— 1)4 cosh 0} is given 
a suitable value, namely that one which reduces to zero when ^ — 1 is positive. 

The integrand is one-valued in the cut plane [and so is <?„(*)] when n is a positive 
integer; but arg {$ + (**- 1)4 cosh 0} increases by 2?r as arg z does so, and therefore if n be 
not a positive integer, a further cut has to be made from £«= — 1 to z= — go . 

These cuts give the necessary limitations on the value of z; and the cut when n is not 
an integer ensures that arg {z + (z* —1)4} = 2 arg {(z+1)4 + (z - 1)4} has its principal value. 

Example 1. Obtain this result for complex values of i by taking the path of 
integration to be a certain circular arc before making the substitution 


where 6 is real. 


e (* + 1)1 -(z— 1 )* 

V(z + 1) 4 + (*-!)*’ 


Example 2. Shew that, if z > 1 and coth a=z, 

Qn (?) — j {z - (z 2 —1)4 cosh u}* du y 
where arg {z - (r* — 1 )4 cosh u} — 0. 


(Trinity, 1893.) 


15*34. Neumann's* formula for Q n {z), when n is an integer. 

When n is a positive integer, and z is not a real number between 1 and —1, the 
function (z) is expressed in terms of the Legendre function of the first kind by the 
relation 

which we shall now establish. 

When | z | > 1 we can expand the integrand in the uniformly convergent series 


Consequently 




1 '•.(so*- 

The integrals for which m — n is odd or negative vanish (§ 15*211); aud so 

II' P .wA-i * y m + im P t (y) dy 

* j -i z ~y z "*=o j -i 


1 j y" P.{y)dy. 


I % 2** 1 (* + 2 ”») I ( n + m 0 ! 

"2»=o n»! (2«+2m+l) ! 


** +1; n+ * : •"> 


by § 15*31. The theorem is thus established for the case in which |z|> 1. Since each 
side of the equation 

e.«-5 

represents an analytic function, even when | z | is not greater than unity, provided that z is 
not a real number between -1 and +1, it follows that, with this exception, the result is 
true (§ 5*5) for all values of *. 

* F. Neumann, Journal fUr Math, xixvu. (1848), p. 24. 
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The reader should notice that Neumann's formula apparently expresses Q n w <*» 
one-valued function of z , whereas it is known to be many-valued (§ lft-32 example 2). 
The reason for the apparent discrepancy is that Neumann's formula has been established 
when the z plane is cut from — 1 to +1, and Q n (z) is one-valued in the cut plane. 

Example 1. Shew that, when - 1 ^ R (z) ^ 1, | Q % (z) | ^ | J (z) |~ 1 ; and that for other 
values of z, | Q n (z) | does not exceed the larger of | z- 1 |->, | z+1 I” 1 . 

Example 2. Shew that, when n is a positive integer, <? n (z) is the coefficient of h* in 
the expansion of (1 — 2 hz + A 2 ) " i arc cosh { —— z - \ . 

i)*i 

[For, when | h | is sufficiently s mall, 

; h . C R _ : A*/-' P.(y)dy 1 n (l--2hy + h*)-\dy 

= (1 —2 hz + h?) "1 arc coah f——. 

This result has been investigated by Heine, KugelfunHionen , i. p. 134, and Laurent, 
Journal de Math. (3), I. p. 373.] 

15‘4. Heines * development of (t — z)~ l as a series of Legendre poly¬ 
nomials in z. 

We shall now obtain an expansion which will serve as the basis of 
;i general class of expansions involving Legendre polynomials. 

The reader will readily prove by induction from the recurrence-formulae 
(2m + 1) tQ rn (t) - (m + 1) Q m+l (t) - rnQ m (£) = 0, 

(2m + 1) zP m (z)-(m + 1) P m+1 (z) - rnP m _ x (z) = 0, 

that 

rrr- 2 (2m + i)P,»(*)Q m (<) + ^i (P n+1 (z)Q n (o-P„(*)Q n+ ,(e)). 

Using Laplace's integrals, we have 
^71+1 {z)Q n (t)-P n (z)Q 

n+i (t) 

[z + (z* — 1)^ COS 0) n 
{< 4- (t* — 1)4 cosh u) n+l 

x [z + (z 3 - 1)- cos <f> - \t + (t 2 — 1)4 cosh u}“ 1 ] d<f>du. 

Z + (z 2 - 1)4 COS 0 


--IT 

7T Jo Jo 


Now consider 


t + (t 2 — 1)4 COBh u | 

Let cosh a, cosh a be the semi-major axes of the ellipses with foci +1 which pass 
through z and t respectively. Let 6 be the eccentric angle of z ; then 
z s cosh (a + i'0), 

j z±(z 2 - 1)4 cos 0 1 = 1 cosh (a + i0) + sinh (a + iO) cos 0 | 

= {cosh 2 a - sin 2 6 + (cosh 2 a — cos 2 6) cos 2 0 ± 2 sinh a cosh a cos 0}4. 

This is a maximum for real values of 0 when cos 0= +1 ; and hence 

| z + (z 2 —1)4 cos 0 I* ^ 2 cosh 2 a - 1 + 2 cosh a (cosh-a- l)4 = exp (2a). 

Similarly | t + (t*- 1)4 cosh u | ^ exp a. 

* Journal /Ur Math. xlii. (1B51), p. 72. 
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Therefore 

| -Pn-H 0) Qn (0 - P» (*) Qn +1 (0 | « W _1 exp {n (tt - 0» Vd<f>du, 


where 


n- 


z -\- (z 1 — 1)^ COS <f) 
t + {t* — 1)^ cosh u 


+1 [t + (£ a — 1)^ cosh u} | _a . 


Therefore | P n +i ( z ) Q n (t) - P n (z) Q n+1 (£) ] —► 0, as n —► qo , provided a < a. 
And further, if t varies, a remaining constant, it is easy to see that 


the upper bound of I I Vd<f>du is independent of t , and 

Jo J 0 

Pn+i (*) Qn(t)-P n (z)Q n+l (t) 


tends to zero uniformly with regard to t. 

Hence if the point z is in the interior of the ellipse which passes through 
the point t and has the points + 1 for its foci , then the expansion 


J_ = i (2n + 1) P n (z) Q„ (t) 

1 — 2 n = 0 

is valid; and if t he a variable point on an ellipse with foci + 1 such that z is 
a fixed point inside it, the expansion converges uniformly with regard to t. 


16 41. Neumanns* expansion of an arbitrary function in a series of 
Legendre polynomials . 

We proceed now to discuss the expansion of a function in a series of 
Legendre polynomials. The expansion is of special interest, as it stands next 
in simplicity to Taylors series, among expansions in series of polynomials. 

Let f(z) be any function which is analytic inside and on an ellipse (7, 
whose foci are the points z= ± 1. We shall shew that 

f(z) = a 0 P 0 (z) + a, P j (z) + a 2 P 2 (z) + a 3 P 9 (z) + .. ., 

where a„, a l} a^ } ... are independent of z , this expansion being valid for all 
points z in the interior of the ellipse C. 

Let t be any point on the circumference of the ellipse. 

Then, since 2 (2n+ 1 )P n (z) Q u (t) converges uniformly with regard to t, 

n = 0 

/- S5 /,T?T ' h / c < 2 " + » *' <*> «"«/«> * 

= 5 a n P n (z), 

n = 0 

where a„ = —iff J /(<) Qn (<) dt. 


* K. Neumann, Ueber die Entwickelung einer Funktion nach den Kugelfunktionen (Halle, 
1862). See also Thom6, Journal fiirMath. lxvi. (1866), pp. 387-343. Neumann also gives an ex¬ 
pansion, in Legendre functions of both kinds, valid in the annulus bounded by two ellipses. 
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This is the required expansion; since 2 (2n + 1) P n (z) Q n (t) may be proved* 

n = 0 

to converge uniformly with regard to z when z lies in any domain C' lying 
wholly inside C, the expansion converges uniformly throughout G'. 

Another form for a n can therefore be obtained by integrating, as in 
§ 15 211, so that 

a n = [w + ^ J f (x) P n (x) dx. 

A form of this equation which is frequently useful is 


| 1 / In| (*)■(!- X T dx > 


which is obtained by substituting for P u (x) from Rodrigues’ formula and 
integrating by parts. 


The theorem which bears the .same relation to Neumann’s expansion as Fourier’s 
theorem bears to the expansion of § 911 is as follows : 

Let f(t) be defined when — 1 ^ 1, and let the integral of f(t) exist and l>e 

absolutely convergent; also let 

a„^(7i + A) j ^f{t)l\{t)dt. 

Then la n P H (x) is convenient and has the sum ^ {/(j;+0) + /(.r — 0)} at any point x s for 
which - 1 <x< 1, if any condition of the type stated at the end of § 9’43 is satisfied. 

For a proof, the reader is referred to memoirs l»y Hobson t and Burkhardt 


Example I. Shew that, if p 1) be the radius of convergence of the series then 

1c n P n (z) converges inside an ellipse whose semi-axes are \ (p+p -1 ), -V (p —p -1 ). 

Example 2. If *=(|^) 4 , - wh " e > *> l > 

prove that f -—- - = [(*+ I) (i/- 1)}4 2 (•>■•) V„ (/)■ 

J • {(l-s«)(l-***»)}* 

[Substitute Laplace’s integrals on the right and integrate with regard to </>.] 

Example 3. Shew that 

108 - ,!, <s " +1 > «■<■” «• w 

(Frobenius, Journal fur Math. LXXlll. (1871), p. 1.) 


15 6. Fen'ers associated Legendre functions P n m (z) and Q n m (z). 

We shall now introduce a more extended class of Legendre functions. 

If m be a positive integer and — J < z< 1, ?i being unrestricted §, the 
functions 


P.“(f)-(1 -z^ m 


drP n (z) 

dz m 


Q n m (z) = ( 1 -**)*" 


d“'Q n (z) 

dz"‘ 


* The proof is similar to the proof in § 15 4 that that convergence is uniform with regard to t. 
t Proc. London Math. Soc. (2), vi. (1908), pp. 388-395; (2), vii. (1909), pp. 24-39. 

+ Munchener Sitzungsbcrichlc, xxxix. (1909), No. 10. 

See p. 317, footnote. Ferrers writes T n m (z) for P M w (z). 
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will be called Ferrers’ associated Legendre functions of degree n and order m 
of the first and second kinds respectively. 

It may be shewn that these functions satisfy a differential equation 
analogous to Legendre’s equation. 

For, differentiate Legendre’s equation 

(1 " ,) S“ 2 '^ +7,(n + 1) 2 / = 0 

d m y 

m times and write v for . We obtain the equation 
dbn d ii 

(1 — z 2 ) — 2 z (m + 1) + ( n ~ m ) ( n + m + 1) v = 0. 

Write w = (1 — z 2 )^ m v, and we get 

,, dhu dw , _. m a ) _ 

(1 ~ z) d?~ 2z dz + H n + 1 >- r~-f w=0 - 
This is the differential equation satisfied by P n m (z) and Q n m (z). 

From the definitions given above, several expressions for the associated Legendre 
functions may be obtained. 

Thus, from Schlafii’s formula we have 

K- (i. r -‘ + ’ _ d» (( _,j-- dt , 

* nl J A 

where the contour does not enclose the point t= - 1. 

further, when n is a positive integer, we have, by Rodrigues’ formula, 


*L + _*L(** - * )“ 

* W 2"«! dt * + *' 

Example. Shew that Legendre’s associated equation is defined by the scheme 


P J \m n + 1 bm \ - \z 
{ - lm - n ~ },m 


(Olbricht.) 


15 51. The integral properties of the associated Legendre functions . 
The generalisation of the theorem of § 1514 is the following: 

When ii, r, m are positive integers and n>m, r > m, then 


f P n m {z)P T m {z)dz 


'■ 0 (rj* n), 

2 (n 4 m)l _ 

271 + 1 (n — m)! r 71 


L’o obtain the first result, multiply the differential equations for P n m (z), 
P r m (r) hy P T m (r), P n n (z) respectively and subtract; this gives 

£|«,- 

+ (n-r)(n + r + 1) P r " (z) P n n (z) = 0. 
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On integrating between the limits — 1, +1, the result follows when n 
and r are unequal, since the expression in square brackets vanishes at each 
limit. 

To obtain the second result, we observe that 

iV" +1 (m) = (1 - *■)* + viz (1 - *’) - * />„“ (z) ; 

a z 

squaring and integrating, we get 

[\ [P,r +l (*)}' d *=j\ [(1 - * s ) + 2mzP„"* (,) ~ 2 (Z) 

+ ~ ? [ P n m (‘)\' dz 

- - f., p ~ W si* 1 - *■> dJ ir 1 } d ‘ - »j J p ““ Ml’ * 

on integrating the first two terms in the first line on the right by parts. 
If now we use the differential equation for P n ™ ( z ) to simplify the first 
integral in the second line, we at once get 

[ [^V n+1 ( z)Ydz = (n — m) (n + m + 1) I (/V n (^)] 2 dz. 

By repeated applications of this result we get 


f {z)\ l dz = (n — m + 1) (n — vi + 2 ) ... 

J -1 

x (/i + m) (n -I- m — 1) ... (n + 1) j (P n (z)] B dz. 

80 


1B'6. Hobsons definition of the associated Legendre functions. 

So far it has been taken for granted that the function (1 — z 2 )^ m which 
occurs in Ferrers’ definition of the associated functions is purely real; and 
since, in the more elementary physical applications of Legendre functions, it 
usually happens that —1<£<1, no complications arise But as we wish 
to consider the associated functions as functions of a complex variable, it is 
undesirable to introduce an additional cut in the z-plane by giving arg (I — z) 
its principal value. 

Accordingly j in future , when z is not a real numbei' such that — 1 < z< 1, 
we shall follow Hobson in defining the associated functions by the equations 


P„™ f z) = (*« - 1)*"* **£>. Q- (z) = (*’ - 1)*”* , 


where m is a positive integer, n is unrestricted and arg z t arg (z +1), arg (z - 1) 
have their principal values. 
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When m is unrestricted, P H m ( z ) is defined by Hobson to be 
1 A+IN** ... 




And Barnes has given a definition of Q n m (z) from which the formula 
sin (n + m) n r (u +m + 1) T (j) (z*-l)* m 


C- w (*) = - 


2" + I r(n + 3) z »i + »n + 1 

x F (-Jn + Jm + 1, + + J ; tj-|- j ; 2 -2 ) 


may be obtained. 

Throughout this work we shall take m to be a positive integer. 

15'61. Expression of P n m (z) as an integral of Laplace's type. 

If we make the necessary modification in the Schlafli integral of § 15 5, 
in accordance with the definition of § 15 6, we have 

P„" (.)- 1 D" 

Write t = z + (z- — 1)* e’*, as in § 1523 ; then 

= _( n + 1) (» + 2)... ( n + m) _ y)Jm p- If+Oj.- l)*cosjft)" 

2tT J a [( Z 2 _ r * 

where a is the value of <f> when t is at A, so that 

| arg (z* — 1)* + a | < tt. 

Now, as in §15'23, the integrand is a one-valued periodic function of the 
real variable c p with period 27 t, and so 


D mi x _(n+ l)(n + 2)... (n + m) 

2-rr 


J \z + (z 2 — 1)^ cos <f>} n e~ mi * d<f>. 


Since \z + (z 2 — 1)* cos <f>} n is an even function of 0, we get, on dividing 
the range of integration into the parts (- 7r, 0) and (0, ir), 


= (w-b l )(n+ 2) ... (n + 7/i) 

7T 


j \z + (z 2 — 1)^ cos (f>} n cos m<f> dtp. 
Jo 


The ranges of validity of this formula, which is due to Heine (according as 
ii is or is not an integer), are precisely those of the formula of § 15'23. 

Example. Shew that, if | arg z | < Azr, 

pm (2) . ( _ )m — 1 )— («-»"+!) f * COS VI <f> d(fi 

{ ' W J * {z + (2*-1)4cO8 0}" + 1 ’ 

where the many-valued functions are specified as in ij 15 23. 

15-7. The addition theorem for the Legendre polynomials *. 

Let z—xx — (r 2 - 1)^ (x'*- 1)^ cos a, where j, . v *> are unrestricted complex numbers. 


* Legendre, Calc. Int. ii. pp. 262-2G9. An investigation of the theorem based on physical 
reasoning will be given subsequently (§ 18 4). 
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Then we shall shew that 

P,(z) = P.(x)P.(i 0 + 2 s (-)“ P ' m w p «"<*'> 1308 m “- 

m=*\ V 71 + m ) ■ 


First let R (if) >0, bo that 


is a bounded function of 0 in the 


* + (#* - 1)^ cos (a) — 0) 

range 0 < 0 < 2»r. If if be its upper bound and if | h | < if” 1 , then 

- {j + (j* — 1)^ cob (a - ft)}" 

»=° {j' + (i' s -l)4ooB<*>}- +1 

converges uniformly with regard to 0, and so (§ 4*7) 

* h „ f w {j +(^*-1)^00 f w ” A« (j + ( X* - 1 )* 008(a>- 0)>" 
H=0 J -v iff + (^1 _])4 008 0} n + 1 J -w n =0 {j/ +(^ 2 - 1 )^ cos 01* +1 


{a/ + (ar* -1 )* cos 0} 


d<p 


COS 0 — A { J7 + (.T 2 — 1 COS (ft) -- 0)} 

Now, by a slight modification of example 1 of § 6 21, it follows that 

f 9 d<fi 2n 

] —n A +B cos 0 + Cain 0 ~~ (A^-Bt — C*)^ 
where that value of the radical is taken which makes 


Therefore 


c 


cf0 


" oj + (.r' 2 - 1)^ cos 0 - A {x + (.z 2 — 1)^ cos (« - 0)} 

2 TT 


[( 1 1 - hxf - ft*' 2 - 1 )* - A (x 31 - 1 )* cos ft)} 2 - (A (** - 1 )* sin ft)} 2 ] 4 

_ _2?r_ 

(1-2A* + A 2 ) 4 ‘ 

and when A~*-0, this expression has to tend to 2n P 0 (*') by § 15 23. Expanding in powers 
of A and equating coefficients, we get 

*,(.)- 0 — f" {x+ ( jt - 1 ^ t f s(M -~^^. 

* n J-* {y 4- (y 2 - 1)® cos 0}* + 1 

Now P m (z) is a polynomial of degree n in cos a, and can consequently be expressed in 

n 

the form Ji 0 + 2 *4 m cosmo), where the coefficients A 0 , A y , ... J, are independent of w ; 

m=l f 

to determine them, wc use Fourier’s rule (§ 912), and we get 
1 f 9 

A m = / P n (z) cos 7mo da 

n J - 9 

_ 1 f r T f" \x + (.r 2 - 1 )- cos (a) - 0)}" cos mu> ~| ^ 

)-* Li-' (j:' + (*' 2 — 1 ) 4 cos 0} w+1 J 

1 f 9 f " {* + (x* — l) 4 COS (ft) — 0)] H COS 771ft) “I 

2 n*)- w \_)- r {*'+ (*'*-1) i cos 0j"*> 

= 1 I'" r /■* {j + ( x* - 1 )& cos y.}" COM m(<j> + - 4 >) 

2 r’J — LJ-w + coh0}" +i J 

on changing the order of integration, writing cu = 0 + 0 and changing the limits for 0 
from + w — 0 to +ir. 
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Now j + l)i cos sin — 0, since the integrand is an odd function; 

and so, by § 15 61, 


A _ [' 

“ *(»+*«)! ] 


cos m$ . P n m (x) 

{rf + (3?* COS 0}" + 1 


dip 


-*<->■ ' p -~ <*> jP -“ ^>- 


Therefore, when | arg / | < Jtt, 

p* (*)= P» {*•) P. (.x ')+ 2 m * i (~ ) m p * m ( x ) • / V" (■*") 008 

But this is a mere algebraical identity in x, x and cosw (since n is a positive integer) 
and so is true independently of the sign of R (s'). 

The result stated has therefore been proved. 

The corresponding theorem with Ferrers’ definition is 

^.{**'+0 -**)*(!-*'•)* 008 u)- P n (x) F„ K)+2 2 ( T ) p » m O') COB m “- 

m=i (»+mj ! 

15-71. The addition theorem for the Legendre functions. 

Let x, x be two constants, real or complex, whose arguments are numerically less than 
in ; and let (x± 1)^ , (-^±1)^ be given their principal values; let « be real and let 
z = xx' - (x 2 - 1)1 (a/ 8 - 1)^ cos W. 

Then toe shall shew that , if | arg z | < for all values of the real variable o», and n be 
not a positive integei 

p, (»)= p. (x) p, (x ’)+(- r p ” (x) p ' m w 008 ”*“■ 

Let cosh a, cosh a l>e the semi-major axes of the ellipses with foci +1 passing through 
x, x respectively. Let 0, l>e the eccentric angles of x, x on these ellipses so that 
— \n < pi < , -\n<P’<\n. 

Let, a + i/3=f, a' + i£f — f, so that x = cosh f, x = cosh f'. 

Now as a passes through all real values, R ( z) oscillates between 

R (xx') ±R(x 2 — 1)^ (x' 1 - 1 )^ = cosb (a + a # ) cos (/9±^), 
so that it is necessary that be acute angles positive or negative . 

Now take Schlafli’s integral 

l ni+,*+) , 

sL 


and write 


, -i 


t = 


’ sinh f cosh Jf' —cosh f sinh if}+cosh f cos h jf 7 — sinh f sinh .Vf 


cosh If + sinh if 

The path of t, as <p increases from - n to n, may be shewn to be a circle; and the 
reader will verify that 


-2{e T( *~ M) coHh if + sinh if ) jsinh if cosh if - g tM cosh if sinh if} 


t - 1 = 


cosh if + e^sinh if 
sinh Jf + cosh if} {cosh if cosh if - e %m sinh if sinh if'} 

jA 1 

cosh Jf + e sinh Jf 


r + l = 


2{c 


»(*-«) 


^ _ {e* ooBh if + sinh if} {e"* si nh f sinh 8 jf 4- e sinh f cosh 2 jf - cosh f sinh f } 

cosh if'4- e 1 * sink if' 
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1571 , 15 - 8 ] 


Since* | cosh | > | Binh |, the argument of the denominators does not change when 
<f> increases by 2rr ; for similar reasons, the arguments of the first and third numerators 
increase by 2ir, and the argument of the second does not change; therefore the circle 
contains the points f —1, ( = z, and uot C= -1, so it is a possible contour. 

Making these substitutions it is readily found that 

/>„(*)= 1 (' 

2" J-w + (#** — 1)1 cos 0} n + * 

and the rest of the work follows the course of § 15 7 except that the general form of 
Fourier’s theorem has to be employed. 

Example. Shew that, if n be a positive integer, 

Q n (xj/ + (x* - 1 )* ( x' 2 - l)i cos a} = Q n (x) P n (x') + 22 Q n m (x) P n ~ m (. r) cos mv, 

m = l 

when u) is real, R (jf) ^ 0, and | {jf - 1) (#+ 1) | < | (x - l) (x' + l) |. 

(Heine, Kugelfunktionen \ K. Neumann, Leipziger Abk. 1886.) 


15’8. The function^ C n ¥ (z). 

A function connected with the associated Legendre function P n m (z) is the function 
C n m ( 2 ), which for integral values of n is detined to l>e the coefficient of h n in the expansion 
of (1 - 2hz + h?)~ m in ascending powers of h. 

It is easily seen that Cn ¥ ( 2 ) satisfies the differential equation 

d 2 y (2v + 1) z dy _ u (i t+jj v) _ 

dz 2 z 2 — 1 dz z L - 1 * 


For all values of n and »/, it may be shewn that we can define a function, satisfying 
this equation, by a contour integral of the form 


(i -**)' 


- 7 . 


dt , 


U (t-z) n+ ' 

where C is the contour of § 15 2 ; this corresponds to Schlafli’s integral. 
The reader will easily prove the following results : 

(1) When n is an integer 


<VM= 


(-2)" r(* + l) ... (k + «-1) 




! (2n + 2r - 1) (2» + 2»> — 2) ... (n + iv) ' 
since P n (z) = C n ^ (z), Rodrigues’ formula is a particular case of this result. 


(II) When r is an integer, 


c r +* (z)= -_ L ___ d p (-) 

n-r KZ) (2r-l)(2r- 3) ... 3. 1 d* 


whence 


C r+1 ( z ) =-i 

} (2r-l)(2r-3) ... 3. 1 


-T JVM- 


The last equation gives the connexion between the functions C n w (z) and P n r (z). 


* This follows from the fact that cos /3' - 0. 

t This function has been studied by Gegenbauer, Wiener Sitzungsberichte, lxx. (1874), pp. 434- 
449; lxxv. (1877), pp. 891-896; icvii. (1888), pp. 259-316; cii. (1893), p. 942. 
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(III) Modifications of the recurrence-formulae for P*(x) are the following : 

c *'«=°> C 1 c "' (z) ’ 

d - C ~^r^ 2vC n + -\ w> nC * w -(»-1+*») w - a -*•) c'~ J«. 
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Miscellaneous Examples!. 

1. Prove that when n iH a positive integer, 

; _ («+/>)! (-)* 


p * »-* (ir^-fTTTT^n ft 1 -*)”+(-)"(i+*)'}- 


2. Prove that 


j' 


(Math. Trip. 1898.) 


dz dz 

is zero unless m — n= +1, and determine its value in these cases. 

(Math. Trip. 1896.) 

3. Shew (by induction or otherwise) that when n is a positive integer, 

(2n+i) j' (.)*-i -«/y-a*(/•,»+ PS+...+i».-,)+2(P l P i +P l r 3 +.r.). 

(Math. Trip. 1899.) 

4. Shew that 

zPJ (z) = nP n (*) + (2n - 3) P„_ 2 (z) + (2a - 7) P H _ 4 M ■+. ■ ■ ■ 

(Clare, 1906.) 

5. Shew that 

z*P n ” (z) = n{n-\) P n (^)+ 2 (2n-4r + 1) {r (2n- 2r + l)-2) P*-tr W, 

1 

where p=*foi or \ (n — 1). (Math. Trip. 1904.) 


* Before studying the Legendre function P n {z) in this treatise, the reader should consult 
Hobson’s memoir, as Borne of Heine'B work is incorrect. 

t The functions involved in examples 1-30 are Legendre polynomial k. 
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6. Shew that the Legendre polynomial satisfies the relation 

(z > -1)“ ^^=w(m-1)(71+1)(h + 2)/ dz J P m (r) dz. 

(Trin. Coll. Dublin.) 


7. Shew that 




n ( 71 + 1) 

l)(2n + l)(2n + 3) ‘ 


(PeterliouBe, 1905.) 


8. Shew that the values of j (1 - z 2 ) 2 PJ" (z) P n ‘ (z) dz are as follows : 


(i) 8 n (n +1) when m - n is positive and even, 

(ii) - 2 n (n J - 1) (n —2)/(2n + 1) when 

(iii) 0 for other values of m and n. 


(Peterhouse, 1907.) 


9. Shew that 


Bin" 6P n (sin 6) — 2 ( - ) r - - - — ' — - { cos r 6P r (cos 0). 


(Math. Trip. 1907.) 

10. Shew, by evaluating J P n (c .os 0) dO (§ 151 example 2), and then integrating by 
parts, that j P n (/*) arc sin p. dp is zero when n is even and is equal to n j* 


when n is odd. 


(Clare, 1903.) 


11 . If m and n be positive integers, and m ^ a, shew by induction that 

P (A P (A T /2 ?l + 2wl — 4r+ 1\ „ / \ 

/*-«/».(*)-I „^7 ro :— (jji + 2m - 2r+l/ **—* (,) - 

where ^ m = 1 —- 5 '--- l r^ 1) . 

in ! 

(Adams, Proc. Royal Roc. xxvil.) 

12 . By expanding in ascending powers of u shew that 

/ '* (2)= 't7t £(«•+*•)■*. 

where is to be replaced by (1 -z 2 ) after the differentiation has been performed. 

13. Shew that P n ( z ) can be expressed as a constant multiple of a determinant in 
which all elements parallel to the auxiliary diagonal are equal (i.e. all elements are equal 
for which the sum of the row-index aud column-index is the same) ; the determinant 
containing n rows, and its elements being 


11 11 _ 1 

2 * 3 ’ ;j z ' 5 ’ 5 Z ' " - i Z ' 


(Heun, Gott. Nach. 1881.) 


14. Shew that, if the path of integration passes above £ — 1 
“ n * ~ ni Jo (1-(»)»** d 


(Silva.) 


15. By writing cot 0'™cot 0 — h cosec 6 aud expanding sin & in powers of h by Taylor’s 
theorem, shew that 

P n (cos 0) = yy cosec* +1 6 j . (Math. Trip. 1893.) 
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16. By considering 2 h*P n (*), shew that 

(Qlaisher, Proc. London Math. Soc. vi.) 

17. The equation of a nearly spherical surface of revolution iB 

r= 1 + a {/*! (cos 0) + /^(cos 6) + ...+/***_i (cos 0)}, 
where a is small; shew that if a 8 be neglected the radius of curvature of the meridian is 
n-i 

1+ a 2 {n(4m+ 3) - (m + 1) (87 ?i + 3)} i 3 am + , (cos ^). 

(Math. Trip. 1894.) 

18. The equation of a nearly spherical surface of revolution is 

r = a {1 + tP n (cos 0)}, 

where t is small. 

Shew that if r* be neglected, its area is 


19. Shew that, if k is an integer and 

(l-2fe+A‘)-‘*= l a n P n (z), 

0 

;n 

A” 2* ( * -s) (2n+l) /„ 3 . 0\ 4( *~ 3) 

“* - (l -A 1 )^ I . 3.5 ... (I— 2) V" dx + dy) 


(Trinity, 1894.] 




whore x and y are to be replaced by uni ty after the differentiations have been performed. 

(Routh, Proc. Ixmdon Math. Soc. XXVI.) 

20 . Shew that 

f_ t ~ 'S* (*) *-1 W - Pn-i (*) P« (*)} <**= 

j, btt £['•<■> ( 5 dn'—«)]--■- (C * UI “> 

21. Let x*+y 2 + z JI = r 2 , the numbers involved being real, so that -1 <p< 1. 

Shew that 




where r is to be treated as a function of the independent variables j;, y, z in performing 
the differentiations. 

22 . With the notation of the preceding example (ct p. 319, footnote *), shew that 


( — )» r*» +1 ^ 
n 1 0z" 


(ti + 1) P n (fi)+pP n ’ (n)* 


(-)»r- +a B* /!> 


i! 0r* 


23. Shew that, if | A | and | z | are sufficiently small, 

-i ■ - i (2n+l) h'P . (r). 

(I — 2 Aj + A*)" 
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24. Prove that 


ft.*iW- 


2n + l 
n (n + l) r " 


(Math. Trip. 1894.) 


25. If the arbitrary function f(x) can be expanded in the series 

/(*)« 2 «-**.(*). 

»=0 

converging uniformly in a domain which includes the point jf«1 , shew that the expansion 
of the integral of this function is 

(g* - g±L) P.(„. (Bau..) 

26. Determine the coefficients in Neumann’s expansion of e" in a series of Legendre 

(jolynomials. (Bauer, Journal fiir Math, lvi.) 

27. Deduce from example 25 that 

TT ® |1.3.6 ... (2n - 1)1 * „ . u 

arc am z= - 2 | 2 ,4.6... 2n ~| («)-A.-. (*)}• 

28. Shew that 

(*) = l log • P. (.) - {/>.-, (2) />(. (*) + ’ P. - 1 (*) A « 

+ J /’.- 3 (•) P* (*)+-•+; A (*) A-l 0)J - 


(Catalan.) 


29. Shew that 


(Schlafli ; Hermite, Teixeira J. (in Sci. Math. vi. (1884), pp. 81-84.] 


«-w-inr. £ (f-u-i.*;*;} 
c, (*)■- 5 **.(•) log 


Prove also that 


. * . , . 2» - 1 „ , . 2n — 5 n . . 2n - 9 „ . . , 

where* (») = -y— 'V, W + 3^)W + jf^—*) P -* « + - 




1\ n(n— l)(n+l)(/H-2) (z - I\*' 


1’2* 


Ct)’ 


^ + , _1 _ 1^ n (n ~ 1) (* - 2) ( n -H) (n + 2) (n +3 ) ^-_iy + j 

(Math. Trip. 1898.) 


. , 11 1 

where *„=l+ 5 + 5 + ...+ 

2 4 n 


30. Shew that the complete solution of Legendre’s differential equation is 
y = AP.(z)+DP n {z) j * 

the path of integration being the straight line which when produced backwards passes 
through the point f = 0. 

* Tbe flrBt of these expressions for ( 2 ) was given by Cliristoffel, Journal fiir Math. lv. 
(1858), p. 08, and he also giveB (Ibid. p. 72) a generalisation of example 28; the second was given 
by Stieltjes, Corrcgp. d'Htrmite et de Stitltjei , 11 . p. 5D. 
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31. Shew that {* + (**- 1) 4 )° = 2 (*), 


0 _ g(g —2 m + ^) r(m -j)r(m-o—$) 

' ere in * m ! T (m —o + l) ' 

32. Shew that, when 72 (ti+1)>0, 


(Schlafli.) 


G.« = 


= f* 

/*+<*='>* d _ 2Az +1 


---,<M, 

(1 -2A2 + A*)* 


/z-(i 

«“ u ( z )= I I- 

J " (1-2Az4-A 2 )* 

33. Shew that 

O m /*) = c m« r (» + 0 f “ _COah^__ 

r (n - m + 1) j o j z + [z 1 - 1 cosh u} n +1 
where the real part of (u-f 1) is greater than m. 


(z-~ IV h* 


/" _coahmu_ rfu> 

r (71 -m+ !)](, i z + ( z 2 _ 1 \4 C Osh + l 


(Hobson.) 


34, Obtain the expansion of f n (z) when | arg s | < ?r as a Beries of powers of 1 [z, when 
n iH not an integer, namely 


+ Z 1 -* _n 1\ 

r(n+i)r(A) \ 2 ’ 2’ 4 ’ zV 


W- + 1 ”-+1 „ + a i\ 

n)r(4) \2 + ’ 2 ’ + *’ r'V ■ 


r(--n)r(J) \2 ’ 2 ’ 2 ’ z'V' 

[This is most easily obtained by the method of £ 14*51.] 

35. Shew that the differential equation for the associated Legendre function P n m (z‘ 
is defined by the schemes* 


' 0 

DC 1 


0 

OD 

l \ 

~h n 

, z+(i 2 -l)i 

m -1-' 

F- 


h m 

» 

^71 4- \ 

- 771 4- i J 




i 


(Olbricht.; 

36. Shew that the differential equation for C„" ( z ) is defined by the scheme 

(- 1 - 1 | 

— v n+2v ^ — r zV. 


0 - n 0 


37. Prove that, if 


(2/1 r l)(2n + 3) ... (2«4-2*-l) 9 d'P n 

(«‘-l)(n*-4) ...{«»-(*-1 )*}(n + ») ( * ' d* ' 

. „ 2(2n4-l) „ 2nq-3 „ 

then y t-P. + i- a«-l ^ + 2 , 7 Ti 

_ „ 3 (2n + 3) . 3(271+5) (in +3) (2n + F> ) 

/b + :i 2/i-l n+i + 2n-3 ,,_l (2«- 1) (2n-3) *~ 3 ’ 

and find the general formula. (Math. Trip. 1896.) 

* See alio § 15-5 example. 
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38. Shew that 


/ , H m (cos 8) - --- 

Jn T(w + J) 


2 T (/i + m + 1) Tcos {(?i + -£)0 - i»r + hnn) l 2 - 4m 2 coa{(n + \)8 - |ir +im»r} 


L (2sin0)* 2(2n + 3) (2sin0)* 

(l 2 —4m a ) (3 Z —4m 2 ) cos ((n + 4) 8- $7r + ^m7r} “I 
+ 2.4.(2»+3) (2m + 5) t ain g J "'J’ 


+ + (2 sin 6)‘ J 

obtaining the ranges of values of m, n and 6 for which it is valid. 

(Math. Trip. 1901.) 

39. Shew that the values of n, for which P n ~ yi (cos 8) vanishes, decrease as 8 increases 
from 0 to rr when m is positive ; and that the number of real zeros of P n ~ m (cos 8) for 
values of 8 between -ir and n is the greatest integer less than 7i — m+1. 

(Macdonald, Proc. Isyndon Math. Soc . xxxi, xxxiv.) 

40. Obtain the formula 

--- / [1 — 2A {cos o) cos 0 + sin <u sin 0 cos ( S' — 8) J + A 2 ] ~ ^ d8= 2 A n / J n (cos u) P n (cos 0). 

2n J -n 71—0 

(Legendre.) 

41. If / (x) =■ x 2 (x :> 0) and f(x) — — x* (x < 0), shew that, if f(x) can be expanded 
into a uniformly convergent series of Legendre polynomials in the range (-1, I), the 
expansion is 

/(•>-» '*,<*)-,;,<-)• l ;.V.8 1 !’. v* 1 

(Trinity, 1893.) 


4.8.8...2 r 2r+ 4 


shew that 


_ = \ In /* 9 (r\ 

0-2ai+av „io Cn ( 

C n " \xx y - (x 3 -1 )4 (*,* -1 )4 COS 0} 

_r(2^-l) * 1 4*T(n-X+l)(r(i- + A)} s (2i/+2A-l) 

(•')>* K l a { ~ ) r(»+2» + A) 

(Gegenbauer, Wiener SiUungsberichte , cil. (1893), p. 942.) 


tr n {z) = j 1 (t 3 - 3te + l) £ reft, 


where e! is the least root of t 3 — 3te + l — 0, shew that 

(271 + 1) (T tt + I - 3 (2 n - 1) ZO-,, _! + 2 (ft -1) <r„_2 = 0, 

and 

4 (4** - 1) c m'" + 144zW' - 2 (12ft 2 - 24n - 291) <r h ' - (» - 3) (2ft - 7) (2 n + 5) tr* = 0, 
whei-e = i , etc. 

(Pincherle, Rendiconti Lined (4), vn. (1891), p. 74.) 
44. If (A 3 -3A*+l)-4= Z R„{z )A» 

l»=0 

shew that 2 ( 71 + 1) ft,. + 1 - 3(2n + l)zft n + (2?i- 1) ft „_ 2 = 0, 

ftft n + - zft»' = 0, 

and 

4 (4^ — 1) ft,'" + 96^*" - * (12ft 2 + 24n - 91) R n ' - n (2 n + 3) (2n + 9) ft, « 0, 

D ", . 

dz 3 ’ u ' 

(Pincherle, item. /s£. Bologna (5), 1 . (1889), p. 337.) 


where 
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obtain tbe recurrence-form ala 

(n+1) (2n — 1) A n (x)- {(4a*- 1) .r + 1} (*) + («-1) (2n+l) A»_ 2 (x) = 0. 

(Schendel, Journal fur Math, lxxx.) 

46. If n is not negative and 771 is a positive integer, shew that the equation 


(^-l)^ + (2n + 2)xg-m(m + 2rt+l)y 


has the two solutions 


Aa (*)-(**-!)■ 

when x is not a real number such that — 1 ^ x ^ 1. 

47 Prove that 




K m (t)dt , 


1 k ' ’ ' n=M (n + m) ! n + ™ \ 2 ) 


48. If 




(m + ffl)* 


(Clare, 1901.) 


shew that ( e “' + “')| ( = « x 7 > , ( ' X ' “)’ 

where /*„ (#, a) is a polynomial of degree 71 in x ; and deduce that 

a)-(x + a)P.(x, a) + x^P n (x, a). 

49. If F n (x) be the coefficient of z n in the expansion of 

2Az 

in ascending powers of 2 , so that 

f,W = l, F> (*)-*, etc., 

shew that 

(1) F n ( x ) is a homogeneous polynomial of degree n in x and A, 


(Trinity, 1905.) 


dF * ( x ) F tr , 
(i) Sx - F — (x) 




(3) f k ^.(xJir.O (»5t I), 


(4) If y-a 0 F 0 (*) + a, F t (x)4 -a* F 2 {x) + ..., where a«, a x , ... are real constants, 

t£ r v 

then the mean value of in the interval from .r~ - A to x= + A is (Ldaut&) 

50. If F h (.r) L>e defined as in the preceding example, shew that, when - A <x < A, 


A**" 

/ TTJF 

1 

2nx 

1 

3nx 

r 2 

n ,Im 

ri 

~ 2*“ C0S ~K + 

3 ^ 008 

T + -\ 

A*" + 1 

2 - 

/ . TTX 

1 

2>rrx 

Min . 

1 

3rri 

Z s .*m+ 1 

l B,n T 

2*"**‘ 1 

D1U 7 

ri 

' 3* m +; 

> 8,n_ F 
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THE CONFLUENT HYPERGEOMETRIC FUNCTION 


161. The confluence of two singularities of Riemanns equation. 

We have seen (§ 108) that the linear differential equation with two 
regular singularities only can be integrated in terms of elementary functions; 
while the solution of the linear differential equation with three regular 
singularities is substantially the topic of Chapter xiv. As the next type 
in order of complexity, we shall consider a modified form of the differential 
equation which is obtained from Riemann’s equation by the confluence of 
two of the singularities. This confluence gives an equation with an irregular 
singularity (corresponding to the confluent singularities of Riemanns equation) 
and a regular singularity corresponding to the third singularity of Riemanns 
equation. 


The confluent equation is obtained by making c -*■ oo in the equation 
defined by the scheme 


0 ao C \ 


P 


1 

2 + m 

l 


— c c — k z 
0 k 


The equation in question is readily found to be 


cPu du 
dz 2 + dz 



(A). 


We modify this equation by writing u**e * z W km (z) and obtain as the 
equation* for W kim (z) 


dfW 

dz' + 


-1 + 7 + 




W= 0 


(B). 


The reader will verify that the singularities of this equation are at 
0 and oo , the former being regular and the latter irregular; and when 2m 
is not an integer, two integrals of equation (B) which are regular near 0 and 
valid for all finite values of z are given by the Beries 




1 + 


$ + m — k 
1 !(2m + l) 


2!(2m+l)(2m + 2) 


* This equation was given bj Whittaker, Bulletin American Math. Soc. i. (1004), pp. 125-134. 
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M ki _ m (z) = z* m e **1 + 


^ — m — k _ — m — k) (j — in — k) 

1 !(1 - 2 m )* + 2 ! (1 - Tm ) (2 - 2m) Z + 


These series obviously form a fundamental system of solutions. 


[Note. Series of the type in { } have been considered by Kuramer* and more recently 
by Jacobethalt and Barnes | ; the special series in which £ = 0 had been investigated by 
Lagrange in 1762-1765 (Oeuvres, i. p. 480). In the notation of Kmnnier, modified by 
Barnes, they would be written iFi{£±m-/{;; ±2 m+l; z) ; the reason for discussing 

solutions of equation (B) rather than those of the equation z —(* —p) oy=0, of 

which iFx(a) p ; z) is a solution, is the greater appearance of symmetry in the formulae, 
together with a simplicity in the equations giving various functions of Applied Mathe¬ 
matics (see § 16 2) in terms of solutions of equation (B).] 


1611. Rummer 's formulae. 

(I) We shall now shew that, if 2m is not a negative integer, then 
* - 1 ' m M k , m (z) -(-*)-»' (- z), 

that is to say, 

A. . fr + m-fc (| + m-A)(j + TO- fl;) 
l l!(2m + l) 2!(2wi + i)(2«i + 2) 

_ ^ + m + A: (i + m + /;) (i| + m + &) t 

TT(Tm + 1) * + 2~! (2m + 1) (2m + 2) Z ~ 


For, replacing e~ z by its expansion in powers of z , the coefficient of z n in 
the product of absolutely convergent series on the left is 



: + m — k, — n ; 2m + 1; 


\ _ (—) n F (2m + 1) r (m 4- \ + k + n) 
/ n ! r (m + £ + k) T (2m -hi +n)' 


by § 14*11, and this is the coefficient of z 11 on the right§; we have thus 
obtained the required result. 


This will be called Rummer’s first formula. 


(II) The equation 


1 + 2* r^T(n7TFj(m"" +~2)TA(m + p)\ ' 


valid when 2m is not a negative integer, will be called Rummer's second 
formula . 

To prove it we observe that the coefficient of 2 *+™+* in the product 


X F X (m + £ ; 2 m + 1; z), 


• Journal filr Math. xv. (1896), p. 199. 
t Math. Ann. lti. (190B), pp. 129-154. 
t Trans. Camb. Phil. Soc . xx. (1908), pp. 253-279. 

§ The result is still true when m +J + fc is a negative integer, by a Blight modification of the 
analysis of § 14-11. 
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of which the second and third factors possess absolutely convergent expansions, is (§ 373) 


(t + ”0 (}+>”)••■ (n-CT+j ) _ 
n ! (2m + l)(2m + 2) ... (2m + n) 1 ’ 


— 2m 


n; -n + £-m; $) 


(j+g) + , 

n! (2m+l)(2m + 2)...(2m + n) * 


-n + J-m; 


1 ), 


by Kummer’s relation* 


^(2a, 2/9; a+0+*; ^ = ^{ 0 , 0; a + 0 + J ; 4*(l-tf)}, 

valid when and so the coefficient of + w + l (by § 14*11) is 

(j + m) (jj + m ) .. . (ft-m + fr) r(- n4-^-m)r(^) 
n! (2m-l-1) (2m4-2)... (2m + ?i) r (£-m --£tt) F (jr - £n) 

= _ r(i-m)rfl) _ 

n ! ( 2 m 4 - 1 ) ( 2 m + 2) ... (2m + n) r (£ — ?n - i») r(i~i«)’ 

and when n is odd this vanishes ; for even values of n ( = 2jp) it is 


_ t __ r tt-m)(-t ) (-g)...(t-p ) _ 

2/j ! 2 2 * ) (m + i) (m + $) (m+p —■$) (m + 1) (za + 2) ... (m+/>) r ($ — ni-p) 

_ 1,3... [2p — 1) __ __ 1 _ 

~2p\ 2 3p [m + 1) (m+2)... (m +p) 2 Kv .p\ (m + 1) (m + 2)... (m+/?) * 


1612. Definition^ of the function W k>m (*)• 

The solutions M k ±m (z) of equation (B) of § 16 1 are not, however, the 
most convenient to take as the standard solutions, on account of the 
disappearance of one of them when 2 m is an integer. 

The integral obtained by confluence from that of § 14*6, when multiplied 
by a constant multiple of e^ z , isj 

It is supposed that argz has its principal value and that the contour is so 
chosen that the point t= — z is outside it. The integrand is rendered one- 
valued by taking j arg (— t) j ^ it and taking that value of arg (1 + tjz) which 
tends to zero as t 0 by a path lying inside the contour. 

Under these circumstances it follows from § 5 32 that the integral is an 
analytic function of z . To shew that it satisfies equation (B), write 

v -[ <0+> (- e)-*~l + m (l +t/z) k -* +m e~ t dt; 

J ce 

* See Chapter xiv, examples 12 and 13, p. 290. 

t The function W itm (z) was defined by meant* of an integral in this manner by Whittaker, 
loc. cit. p. 125. 

X A suitable contour has been chosen and the variable t of § 14*6 replaced by - 1. 
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and we have without difficulty* 

d*v (2k ^\dv 1 - m 2 + k (k — 1) 

S? + b- 1 j£ + --F"--• 




-} 


dt 


0, 


since the expression in j) tends to zero as t -»■ + » ; and this is the condition 
that e~^‘z k v should satisfy (B). 

Accordingly the function TV*, (z) defined by the integral 


t\k-i + m 


1 dt 


is a solution of the differential equation (B). 

The formula for IF* m ( z) becomes nugatory when k — * — m is a negative 
integer. To overcome this difficulty, we observe that whenever 

R (k - \ - m) « 0 

and k — * — m is not an integer , we may transform the contour integral into 
an infinite integral, after the manner of § 12 22; and so, when 

R (k - \ $ 0, 


*Wi+-r 

— k + m) J 0 V - 




^ k,m (^) p ^ 

This formula suffices to define W k>m (z) in the critical cases when 
m + g — k ia a positive integer, and so W k m (z ) is defined for all values of 
k and m and all values of z except negative real valuesf. 

Example . Solve the equation 

d 2 u ( b c\ 
d ? + ( a+ - g + ?) u=0 

in terms of functions of the type W ky (z), where a, 6, c are any constants. 


162. Expression of various functions by functions of the type W ktm (z). 

It has been shewn J that various functions employed in Applied Mathe¬ 
matics are expressible by means of the function W k m (z); the following are a 
few examples: 

* The differentiations under the eign or integration are legitimate by § 4-44 corollary. 

+ When z ia real and negative, W k m (z) may be defined to be either )l\ m (z+0i) or 
If7, ,* (2 - Oi), whichever ia more convenient. 

X Whittaker, Bulletin American Math, Soc. x; this paper contains a more complete account 
than ia given here. 
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16 - 2 ] _ 

(I) The Error function* which occurs in connexion with the theories of 
Probability, Errors of Observation, Refraction and Conduction of Heat is 
defined by the equation 

Erfc (a:) = j e~ [t dt, 

where x is real. 

Writing t^x x {w^— 1) and then w = &jx in the integral for ^Or 8 ), 
we get 

= j -«’ s ) dw 

= 2 e~ >i ds, 

and so the error function is given by the formula 

Erfc (x) = ^ x ~ ~ ^ W _ ^ j (a? a ). 

Other integrals which occur in connexion with the theory of Conduction 

r b 

of Heat, e g. I e~ t2 ~ xi l ti dt , can be expressed in terms of error functions, and 
J a 

so in terms of W k m functions. 

Example. Shew that the formula for the error function is true for complex values of x. 

(II) The Incomplete Oamma function, studied by Legendre and others f, 
is defined by the equation 

p y(7L,x)=[ t n ~ l e~ r dt. 

J o 

By writing £ = s — x in the integral for (n _ ^ (x), the reader will 

verify that 

7 («. *) - r («) - ** e - 4- ir 4 (n _ 1)f iH (x). 

(III) The Logarithmic-integral function, which has been discussed by 
Euler and others* is defined, when | arg (- log z\ | < tt, by the equation 

li( 2 ) -/.‘i»fr 

* This name iB also applied to the function 

f * <Jir 

Erf (x) =r I e~' z dt = \ - Erfc (r). 

f Legendre, Exercicea , i. p. 339; HoCevar, Zeitachrift fiir Math, und Phya. xxi. (1876), p. 449; 
Schlomilch, Zeitachrift fiir Math, und Phys. xvi. (1071), p. 2G1; Prym, Journal fiir Math, lxxxii. 
(1877), p. 165. 

t Euler, Inat. Cole. Int. i.; Solduer, Monatliche Correspondent, von Zach (1811), p. 182; 
Briefwechael zwiachen Gausa und Bessel (1880), pp. 114-120; Bessel, KUnigsberger Archiv, i. (1812), 
pp. 369-405; Laguerre, Bulletin de la Soc. Math, dt France, vii. (1879), p. 72; Stieltjes, Ann. dt 
VEcole norm. ntp. (3), in. (1886). The logarithmic-integral function iB of considerable importance 
in the higher parte of the Theory of Prime Numbers. See Landau, Primzahlen, p. 11. 
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On writing s — log z = u and then u = — log t in the in tegihl for 

W^'O (-kgs), 

it may be verified that 

li (z) = - (- log z)' M W_ o (- log z\ 

It will appear later that Weber’s Parabolic Cylinder functions (§ 16'5) and 
Bessel’s Circular Cylinder functions (Chapter XVil) are particular cases of the 
Wt, m function. Other functions of like nature are given in the Miscellaneous 
Examples at the end of this chapter. 

[Notk. The error function has been tabulated by Encke, Berliner aat. Jahrbuck , 1834, 
pp. 248-304, and Burgess, Trane. Roy. Soc. Edin. xim. (1900), p. 257. The logarithmic- 
integral function has been tabulated by Bessel and by Soldner. Jahnke und Emde, 
Funktione.Mafdn (Leipzig, 1909), and Glauber, Factor Tables (London, 1883), should also 
be consulted.] 

16'3. The asymptotic expansion of W km (*), when \z \ is large. 

From the contour integral by which was defined, it is possible 

to obtain an asymptotic expansion for W km (z) valid when |argr| < it. 

For this purpose, we employ the result given in Chap, v, example 6, that 


(, - t\ k , At X(X-l)...(X-* + l)f" - 

{ l+ z ) =1 + w + - + -- ? + Rn(t,*), 

Rr > (t, *) = - 1 ] n j' (X — (i + « n (1 + u)-*-'du 


where 


Substituting this in the formula of § 1612, and integrating term-by-term, 
it follows from the result of § 12 22 that 

if.,. <«)..- ji + g - - *> ■+ 1”»-- iL - la if- h^ ,. 

|m a - (A - (m a - (Jc - $)») .. ■ (w* - (A; - n + j)‘ ) 
n ! z n 

provided that n be taken so large that R — k — ^ + tti^J > 0. 

Now, if | arg z | ^ it - a and | z | > 1, then 

1 $ | (1 + tjz) |^1 +t R(z)^0 

| (1 + t/z) | ^ sin a R (z) ^ 0 ' 


and so* 

| Rn (t , z) | ^ 


\(\-l )...(\-n) 


r i aix) i 

(1 + t ) 1A1 (cosec a) 1A1 u n (1 + it ) 1A1 du. 

J o 


It is supposed that X is real; the inequality has to be slightly modified for complex values of X. 
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Therefore 

l-M*. *)l 




since 

Therefore, when | z \ > 1, 


(1 + tf) ,A| (cosec a) |x| | (t/z) | 4+1 (1 + £) |A| (» + l) -1 , 
1 + u < 1 + t. 


l dt 


= 0 jV* + i + m + K (l + <) 2|M M' n ~ 1 e' , <fc} 

-0 

since the integral converges. The constant implied in the symbol 0 is 
independent of argz, but depends on or, and tends to infinity as a—►O. 

That is to say, the asymptotic expansion of W kiin (z) is given by the formula 

w k m (z) ~ 2 * jl + V i)-] j} )‘l ... |w» - ( t -»+ 


»=1 1>'- z 
for large values of\z \ when | arg z | ^ tt - a < tt. 


16 31. The second solution of the equation for W k m (z). 

The differential equation (B) of § 16 1 satisfied by W km (z) is unaltered if 
the signs of z and k are changed throughout. 

Hence, if | arg (— z) | < tt, W_ k m (— z) is a solution of the equation. 

Since, when | arg z | < tt, 

W kitn {^e-^z k {\ + 0{z- l )\, 
whereas, when | arg ( - z) | < 7r, 

z) = e* I (-z)- k [\ + 0(z- 1 )), 

the ratio W k ^ m {z)/W- kim (- z) cannot be a constant, and so W k m (z) and 
z) form a fundamental Bystem of solutions of the differential 

equation. 

16-4. Contour integrals of the Mellin-Barnes type for W kiW (z). 

Consider now 

e~i 2 z k r-« r (i) r ( - s - k - m + j) T (- s - k + m + c 

1 2iri J_«i r(-A-m + n r (- A ' + wl + i) ’ 

where | argz | < - 7r, and neither of the numbers k ±m + ^ is a positive integer 
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or zero*; the contour has loops if necessary so that the poles of T (a) and 
those of T s - k — in + T 8 — k + m + ^ are on opposite sides of it. 

It is easily verified, by § 13’6, that, as s —>oc on the contour, 

r(«)r(-«- jt- m + *) r (-«-* +»»+J) = 0(«-**i , ij«r “-*) 1 

and so the integral represents a function of z which is analytic at all pointsf 
3 3 

in the domain | arg z \ < 2 7r - a < 

Now choose N so that the poles of T s — k — m + ^ r|-s-l + 7n + ^ 

are on the right of the line R (s) = — N — ^ ; and consider the integral taken 

round the rectangle whose corners are + fi, — N — * + fi, where f is positive J 
and large. 

The reader will verify that, when j arg z \ $ ? tt — a, the integrals 


j _ ti J i 


-N-J + t* 


tend to zero as f—► qc ; and so, by Cauchy’s theorem, 

e -i^ k f-f r (.s-> r (- H-k-- m + £) r (- «- a- + m + j) 


1’ (- A' — m + £) 1’ (— k + m + 


— z* ds 


r £ 


t i r _ N •* + x ‘ no r (-.? - a- - m +p r( - s -A- + m + p 
+ 2 iriJ . _ j _ x ,■ r (— — m + p C (— A; + 7 « + p 

where R n is the residue of the integrand at s = — n. 

Write s = — N — } + and the modulus of the last integrand is 

where the constant implied in the symbol 0 is independent of z. 

/■ ±0D 

Since I r -a,n 1 1 \ s ~' lk dt converges, we find that 


z 8 ds > , 


I=e-^z k \ £ a. + Ofl*!-*- 1 ) 

n =0 


* In these cusps tlie series uf § l(J-3 terminates ami (r) is h combination of elementary 

functiuns. 

t The integral is rendered one-valued when 11 (z)c 0 by specifying arg z. 

I The line joining rtfi may liave loops to avoid poles of the integrand as explained above. 




THE CONFLUENT HYPERGEOMETRIC FUNCTION 


345 


But, on calculating the residue R n , we get 

R = ^(n - k - m + $) T (n - k + m + $) _ n 
" n!r(-fc-m + i)IV* + ™ + *) (_) * 

_ K -(*.•-*> •! |ro«- (A--f)*| ... (i»» —(fc — n + ty} 
n ! z n 

and so I has the same asymptotic expansion as TF* m (z). 

Further I satisfies the differential equation for W km (z)\ for, on 

substituting J r(s)r(-s-k- m + T s - k + in + ^ z‘ds for t- in 
the expression (given in § 1612 ) 


we get 

J J (s) r s — k — m + ^ r s — k + m + ^ z t ds 

— I r(s +1)r s — k — m + ^ ^^ +1 ^ 

= ( L,rJi-.t ) r (s> r ( - • ■* - m +J) r (- * - * + m +i) *‘ ds - 

Since there are no poles of the last integrand between the contours, and 
since the integrand tends to zero as ! s j —► x>, s being between the contours, 
the expression under consideration vanishes, by Cauchy’s theorem ; and so 
I satisfies the equation for W kin (*)• 

Therefore I = A W k>m {z) 4- B W_ k m (- z), 

where A and B are constants. Making | z —► oo when R(z)> 0 we see, from 
the asymptotic expansions obtained for I and W± k m (+ z), that 

A = l f B = 0. 

Accordingly, by the theory of analytic continuation, the equality 

/ = W k vt (z) 

persists for all values of z such that 1 arg z < ir ; and, for values* of arg z 
such that 7 r ^ | arg z | < ? tt, W k w (z) may be defined to be the expression /. 

Example 1. Shew that 

»r (\ ”' r i ®~ l ’ ] r (~ H - ,;, ±iLT ( - 9 + m + h) j. 

k ' m Z 2ni I _ ri r (-!■-m + i) r(-/■ + «! +Jj 

taken along a suitable contour. 


* It would have been possible, by modifying the path of integration in $ 16*8, to have shewn 
that that integral could be made to define an analytic function when arg _ ■ ijir. But the 
reader will see that it is unnecessary to do so, as Barnes’ integral affords a simpler definition 
of the function. 
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Example 2. Obtain Barnes’ integral for W kim (z) by writing 

_L. (“ 

2m J - r(-k-m+\) 

for (1 + ;in the integral of $ 16'12 and changing the order of integration. 

16'41. Relations betiueen W k>m (z) and M k ±m (z). 

If we take the expression 

F(s ) = r («) r s - k - m + ^ r s - k 4- m + ^ 

which occurs in Barnes’ integral for TT* im (s), and write it in the form 

__ TT a r (s) __ 

r (s + k + m + i) r (* + k — m + J) cos (a + & + m) 7r cos (s + k — m) 7r ’ 
we see, by § 13*6, that, when R (s) ^ 0, we have, as | * | —> x>, 

F(s) = 0 |^exp |^— s — ^ — 2&j log s + sj sec (5 + k + m) 7r sec (5 + k — m) 7 r. 

Hence, if |argz|<~7r, jF(s)z s d$, taken round a semicircle on the 

right of the imaginary axis, tends to zero as the radius of the semicircle 
tends to infinity, provided the lower bound of the distance of the semi¬ 
circle from the poles of the integrand is positive (not zero). 

Therefore W k (z) = - _— - z _ 

in ere fore W ktm (z) r k _ w + j) p (_ k + m + j) - 

where %Rf denotes the sum of the residues of F(s) at its poles on the 
right of the contour (cf. § 14 5) which occurs in equation (C) of § 1G 4. 

Evaluating these residues we find without difficulty that, when 

I z | < | 7 r, 

and 2m is not an integer *, 

lir / x T(—2m) s , . T (2m) , r , x 

Wk ' m_ Mk ' m( ) + rTTTm-T ) Mk - 

Example ]. Shew that, when | arg and 2m is not an integer, 


r (- 2 m) 


r(i + m+£) 


:| + nUm+i) z )- 

(Barnes t.) 

Example 2. When - Aw < arg z < %n and - < arg ( - z) < \n, shew that 


1 r /,n _r (2 m +1) Wi ijr / 2 \. r (2 m-4-1) 

Mk mw ■ r (l + m-k) e w - ( 2)+ r(f + m + k) e 


+ " + * ,w WY .»(*)• 


* When 2m is an integer sonit of tlie poles are generally double poles, and Lheir residues 
involve logarithms of z. The result has not been proved when A A a positive integer or 

zero, but may be obtained for such values of k and m by comparing the terminating series for 
U r 4 m ( 2 ) with the series for M k ±tll (z). 

t Barnes' results are given in the notation explained in § 161. 
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Example 3. Obtain Rummer's first formula (g 1611) from tbe result 


(Barnes.) 


16*6. The parabolic cylinder functions. Webers equation. 
Consider the differential equation satisfied by w = z 

d \d(wz^)\ I 1 '2k , . 

scHsr + -i + ? + P 


this reduces to + |2£ — ~ z a j w = 0. 

Therefore the function 

satisfies the differential equation 

d?D„(z) , ( ,i l A n / \ n 

__ + ^ + i_.^ J D n ^) = 0 . 

Accordingly D n (z) is one of the functions associated with the parabolic 
cylinder in harmonic analysis*; the equation satisfied by it will be called 
Weber’s equation. 

From § 16 41, it follows that 

» _r(i)2*" + **-* , fl,\ , r(-j)2*"^x-t 1# A A 


> ) _ru) 2«»^s-i A N 

' n( ) r(*-*n) '“l-' + i.-H* / 


when | argz | < 6 tt. 


r(-*n) 




G* 1 ) 


l« + i. 1 (-i 2 *) 


. - 4 n 1 1 . 3 . 1 J 

2 ze 1^1 ’ ^ 2 n - 2’ 2 2 J 


and these are one-valued analytic functions of z throughout the z-plane. 
Accordingly D n (z) is a one-valued function of z throughout the z-plane; and, 

3 

by § 1G'4, its asymptotic expansion when | arg z \ < - tt is 

), n(n-l) »(n-l)(»-2)(n-3)_ 1 

C Z il ~ 2z* " + " 2.4^ ■"J • 


16*61. The second solution of Weber s equation. 

Since Weber's equation is unaltered if we simultaneously replace n 
and z by - n — 1 and ± iz respectively, it follows that D_ n _, (iz) and 
Z)_ n _! (— iz) are solutions of Weber's equation, as is also D n (— z). 

* Weber, Math. Ann. i. (1869), pp. 1-36; Whittaker, Proe. London Math, Soc ■ xxxv. (1903), 
pp. 417-427. 
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It is obvious from the asymptotic expansions of D n (?) and ZL TI _, (ze^ ri ), 

3 1 

valid in the range —- 7 r< arg*< - 7 r, that the ratio of these two solutions is 
not a constant. 

16 a 611. The relation betvjeen the functions D n (z), Z)_ n _, (± iz). 

From the theory of linear differential equations, a relation of the form 
D„ (z) = (iz) + 6Z)_ n _! (- tz) 

must hold when the ratio of the functions on the right is not a constant. 

To obtain this relation, we observe that if the functions involved be 
expanded in ascending powers of z , the expansions are 


and 


+ 5 



v Z 4 . 

r(-i«) 


r(-^)2-4"- 1 

r(i + i»j + 

r (* + **) 1 

r(^)2-4"-4 

r(-$)2-4 n - x 




r<i+i»o ru + 4*) 

Comparing the first two terms we get 

a = (27r)-*r(n + l)e* B,ri , 6 = (2w)-* T(n+ 1) e~* nr ‘, 


and so 


I)„ (z) = 


r(» 


+\) r 

!tt) [' 


e±” Ti D_ n _, (iz) + e -* nri D_„_, (- is) 


V(2t r) 

16 62. The general asymptotic expansion of D n (z). 

So far the asymptotic expansion of D„ (z) for large values of z has only 

9 

been given (§16*5) in the sector | argz| < 4 7r. To obtain its form for values 

of arg z not comprised in this range we write — iz for z and — 71 — 1 for n in 
the formula of the preceding section, and get 

A, (z) = e nri Dn(- Z) + •* < n + ’> "■ 1 .(- iz). 

' Now, if ^ 7r > arg z > l - ir, we can assign to - z and — iz arguments between 

3 2 

±^ 7 r; and arg (— z) = argz — 7 r, arg (— iz) = arg z — - ir ; and then, applying 

the asymptotic expansion of § 165 to D n (—z) and iz), we see that, 

■ r 5 1 

if 4 ir > arg z > 4 7r, 


D n (z)~ e~**V jl -- 
V(2tt) 


(n — 1) (n — 1) (n — 2) (n — 3) 


r (-n) 




2z a 
.-n-1 


1 + 


2.4^ 

(n + l)(n + 2) 
.2*“ 




(n + 1) (?< + 2) (n + 3) (n -I- 4) 

+ 274 “? + 


-1 
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This formula ib not inconsistent with that of § 16 5 since in their common range of 
validity, viz. Jtt <argz <|ir, e^ 1 z" 3 " -1 iH o (2~ OT ) for all positive values of ?n. 

To obtain a formula valid in the range — * tt > arg z > — * 7r, we use the 
formula 

D n (z) = e~ «" D n (- z) + e - i (n + 1 ) ri (t», 

and we get an asymptotic expansion which differs from that which has just 
been obtained only in containing e~ nrl in place of e nrt . 

Since D n (z ) is one-valued and one or other of the expansions obtained 
is valid for all values of arg z in the range — ir ^ arg z ^ tt, the complete 
asymptotic expansion of Z)„ ( z ) has been obtained. 

16 *. A contour integral for ( z ). 


Consider f e lt 4* z (— J ) - " -1 dt, where | arg ( - t) I ^ n ; it represents a oue-valued 

J Ob 

analytic function of z throughout the 2 -plane (§ 5 32) and further 

the differentiations under the sign of integration biding easily justified; accordingly the 
integral satisfies the differential equation satisfied by <-^ z D n (z) : and therefore 

e~ l* 2 J e~ zt ~ 4* 2 ( - dt^uD^ (s) + bD_ n _ l (iz), 
where a and b are constants. 


Now, if the expression on the right be called E n ( 2 ), we have 

E n (0)- j i<>+) e-l** (0) = j l<>+> e- t 1 ’ (-()-• dt. 

To evaluate these integrals, which are analytic functions of n, we suppose first that 
R ( n ) <0 ; then, deforming the paths of integration, we get 

E n (0)« - 2i sin (n +1) n j e ~ 4 (2 I ~ " ~ 1 dt 

^2“4 n t sin nrr j e~ u u~ ^ du 
= 2 ~ i sin {nrr) T ( — Jh). 

Similarly E % ' (0)= - 2* ” *" »" sin (nrr) T (4 - i»). 

Both sides of these equations being analytic functions of > 1 , the equations are true for 
all values of »; and therefore 

fc«0, a = ^ — 2 ~ i sin {nn) r (- £n) 

r (i) 2 * H 

= 2iT ( —n) sin 11 it. 

Therefore ^ ( s ) = - e - *** f ,l,+> e -zt-i < 2 (- -1 rf*. 

"" ZlTl J ^ 
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16*61. Recurrence formulae for A (*)• 

From the equation 

= | l#+) |- s (-1)-"- 1 + (-1)-» + (n +1) (- *)-»-*. e-- V’dt, 

after using § 16 * 6 , we see that 

D n +i (*) - z D n (z) + n D„_, ( 2 ) = 0. 

Further, by differentiating the integral of § 16*6, it follows that 

Df O) + \zD n (z)~ nAv-i (z) = 0. 

Example. Obtain these results from the ascending power series of § 16 5. 

16'7. Properties of D n ( z ) w/ien n is an integer. 

When n is an integer, we may write the integral of § 16 6 in the form 


If now we write t = v — z, we get 


h'- 


dt. 


(« + ) £ 

(W — 2) U+1 


= n 

a result due to Hermite*. 

Also, if m and n be unequal integers, we see from the differential 
equations that 

D n (z) D m " (z) - D m (z) Dn (z) + (m-n) D m (z) D n (z) = 0, 

and so 

(m-n)J D m ( 2 ) D ,, ( 2 ) dz = j D n (z) D m ' ( 2 ) - D m (z) D n ' ( 2 )J 

= 0 , 

by the expansion of § 16 5 in descending powers of z (which terminates 
and is valid for all values of ar gz when n is a positive integer). 

Therefore if m and n are unequal positive integers 


[ D m (z) Dn (z) dz = 0. 
J — <K 


* Comptea Rendu j, Lvm. (1864), pp. 266-278. 
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On the other hand, when m * n, we have 

(n + l)J (£„(*)}• dz 

= J D„ (z) |d'„ + , (*) + \ zD n +y (*)j dz 

= ( z ) D n+i (*)] + f ( z ) A .+1 00 ~ A.+] (*) A.' (*)J dz 

=r {D„ +1 (*)} a <fc, 

J — 00 

on using the recurrence formula, integrating by parts and then using the 
recurrence formula again. 

It follows by induction that 

f [D n {z)Ydz-n\ f (A0))* dz 

J — ao J — « 

= n! f e~^dz 

J —an 

= (27t)* n !, 

by § 1214 corollary 1 and § 12 2. 

It follows at once that if, for a function f(z\ an expansion of the form 
f(z)^a 0 D 0 (z)-\-a 1 D ] (z) + ... + a n D n (z) + ... 

exists, and if it is legitimate to integrate term-by-term between the limits 
— xi and x , then 

an = ( 27 rfn\\. K Dn{t) ^ t)dt 

REFERENCES. 

A. Ehd^lyi, MuC/l ZS. xlii (1936), p. 125 : xm (1937), p. 641 : Math. Ann. cxm (1936), 
p. 347: Mon. f. M. u. P. xlv (1936), p. 31 : xlvi (1937), pp. 1, 132: Proc. Amst. Ac. 
XXXIX (1936), p. 1092: xli (1938), p. 481 : Wien Sitz 1 la, CXLVi (1937), p. 431 : Proc. 
Camb. Phil. Soc. xxxiv (1938), p. 28. 

C. S. Meijer, Nieuw . Arch. v. WiskS 1 ) xvin (Heft 2) (1934), p. 36: < 2 ) xyiii (Heft 4) 
(1936), p. 10: Proc. Amst. Ac. xxxvil (1934), p. 805: xxxvm (1935), p. 528: 
XXXIX (1936), pp. 394, 519 : XL (1937), pp. 133, 259, 871 : XLI (1938), p. 42 : Quart. 
./. M. vi (1935), p. 241: Math. Ann. cxn (1936), p. 469. 
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Miscellaneous Examples. 

1 . Shew that, if the integral is convergent, then 

2. Shew that M kitn (z)^zi + m e~ 4 Z lim F{\ + m- 1c, J + m — lc + p ; 2m + l; zjp). 


3. Obtain the recurrence formulae 

W k, mW =* 4 m-lW+(i-* + m ) ^A-l.mW. 

*n, »«-(*-**) 

4. ‘ Prove that JT* tm (x) is the integral of an elementary function when either of the 
numbers k — J + m is a negative integer. 

5. Shew that, by a suitable change of variables, the equation 

(<z 2 + i 2 x) ^ + (a,+*! *) ^ + (Ofl + 6 0 x) y =0 


can be brought to the form 


f 5? +(c_f) ^ _o, “ 0: 


derive this equation from the equation for /’(a, 6 ; c; ,v) by writing x = (/b and making 
b -► a). 

6 . Shew that the cosine integral of Schlomilch and Beaso (Oiomale di MatemcUiche , 
Vi), defined by the equation 

, , f “ cos ?! . 

a M-J, — *- 

is equal to 4 *-* e i“ + i ,ri F_ 4> JT _ 4 0 (u). 

Shew also that Schlomilch’s function, defined (.Zeitschrift fiir Math, und Phyrik, iv. 
(1859), p. 390) by the equations 

S {v y z) = f (1 + t)~ l 'e— tt dt = z t '~ 1 e t f — du, 

J 0 J»u y 


is equal to 


**” “ 1 e* r W 


- Jr, 4 - ' 


7. Express in terms of m functions the two functions 

9> W = d‘, Ei ( 2 ) m j* ~ dt. 

8 . Shew that Sonine’B polynomial, defined {Math, Ann. xvi. p. 41) by the equation 

2* Z H ~ 1 r» ~ 2 

T "fzl*__ +_ 

mW n!(m+»)! 0 ! (n- 1 )! (m + n-1)! 1 ! (n- 2 )l (m + »- 2 )! 2 ! "" 

“ e< l Ualt0 n i' (W + 1) ei ‘ W n+lm + l, 4-n M- 
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9. Shew that the function <£ m (z) defined by Lagrange in 1762-1765 {Oeuvt'ts, I. 
p. 620) and by Abel (Centres, 1881, p. 284) as the coefficient of h ui in the expansion of 
(1 - A )" 1 in equal to 

(-)"«■ 4 * iC " r « + * 1 oW/»!. 

10 *. Shew that the Pearson-Cunningham function (Proc. Royaf Soc. lxxxi. p. 310), 
M, defined as 


J, _ (H±j»0 («- jm) (n + bn) (n + bn — 1) (it - bn) (n - bn 

r(a-4« + l) | 1- 2 + " ’ 2 !~ 



is equal to 


[~)" j-l (m +1) e -1* 

T (n - bn + 1 ) 


IF, 


n + A, 


W- 


11. Shew that, if | args | < Jtt, and | arg(l +0 | ^ it, 

D, (2)=( M+ >‘ (1 +I) - il« -1 (1 _ o* <» -1) rf, 

2“5( rt - 1 ) 7r e J -« 

(Whittaker.) 

12. Shew that, if n be not a positive integer and if | arg z \ < Jn-, then 

1 si* ■■ ■ f!‘„ m '' *' 

/ ( 0 -) 

, the contours 

enclosing the ixdea of r ( - t) hut not those of r (\t — $n). 

13. Shew that, if | arg a I < i rr, 

J l(l+, e ( i- ft ) zt z <»D H {z)dz 


r ( - m) T (\m - Jm +1) a* (" l + 


F ( — bi, bn 4- A ; bn — -f 1 ; 1 — Aa~*). 


14. Deduce from example 13 that, if the integral is convergent, then 

/ Q e-*** A»+i («) cfc - (v/2)" 1 " m T (m + 1) sin (J - Jim) tt. 

15. Shew that, if n be a positive integer, and if 


(Watson.) 


F,i (■*) = j e (z-. r) 1 Z) H (*) cfc, 

then (j?) - ± w**" n /(2tt) r (w +1) e “ * ,r * M _ 2 (+ i.r) f 

the upper or lower signs being taken according as the imaginary part of .r is positive 
or negative. (Watson.) 


16. Shew that, if n be a positive integer, 

D n (x)m. (- y* 2 n " t_ ^(2 it) - ^ e^ x2 l u 71 €~ u " C0B (2.ni) tin, 

J u 81,1 

where* fi is or £(u— 1 ), whichever iB an integer, and the cosine or sine is taken as n is 

even or odd. (Adamoff.) 


The results of examples 8, 9, 10 were communicated to ub by Mr Bateman. 
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17. Shew that, if n be a positive integer, 

Dn (*) •- (■- r (*")- » (» n ' +1 •- *" (/, + J, - J a ), 

where J\=\ g “ n (® “ *)’ 008 (j~v Jn) dv, 

J sin v v ' ’ 

J,= [ a (v) (jrv Jn) dv, 

J o Bin 

J'-f e -»(e-l)-coe 

J -m sin ^ 7 7 

and cr (y) = v 11 — e ~ n ( v ~ (Adamoff.) 

18. With the notation of the preceding examples, shew that, when x is real, 

J x mm n ~ l 6 “ ^ xS COfl (x >Jn ); 

sm v ^ 7 

while if] satisfies both the inequalities 

|4,|<2 e -V{MV»}, l J, il<(£) 1 *"" 

Shew also that as v increases from 0 to 1, tr(v) decreases from 0 to a minimum at 
v=l — A] and then increases to 0 at v=l ; and as v incren^es from 1 to co, a(y) increases 
to a maximum at l + A^ and then decreases, its limit being zero; where 

M«)<W(A> l>/(a<*V(s)- 

and | a (1 -A,) | < An ' <r (1 +A 2 ) < An ~ 1, where A =00742.... (Adamoff.) 

19. By employing the second mean value theorem when necessary, shew that 

D n (s/w) m e~ i n j^cos (xr& + 

where <u B (.r) satisfies l>oth the inequalities 

I (*) I < ^ 2 » I (0) I <^ n “ 

when x is real and n is an integer greater than 2. (Adamoff.) 

20. Shew that, if n be positive but otherwise unrestricted, and if m be a positive 
integer (or zero), then the equation in z 

D n M-0 

has m positive roots when 2?/i - 1 < n < 2m +1. 


(Milne.) 
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BESSEL FUNCTIONS 


171. The Bessel coefficients. 

In this chapter we shall consider a class of functions known as Bessel 
functions or cylindrical functions which have many analogies with the Legendre 
functions of Chapter xv. Just as the Legendre functions proved to be parti¬ 
cular forms of the hypergeometric function with three regular singularities, so 
the Bessel functions are particular forms of the confluent hypergeoinetric 
function with one regular and one irregular singularity. As in the case of 
the Legendre functions, we first introduce* a certain set of the Bessel functions 
as coefficients in an expansion. 

For all values of z and t (t — 0 excepted), the function 



can be expanded by Laurent’s theorem in a series of positive and negative 
powers of t. If the coefficient of t n , where n is any integer positive or 
negative, be denoted by J n ( z), it follows, from § 5 6, that 

: ( u -9, 




To express J n (z) as a power series in z , write u — 2t/z ; then 


l /i \ n r<°+> r z 2 

■ / - W “ss(3*) J r ""' ex P f-4< 


dt; 


since the contour is any one which encircles the origin once counter-clockwise, 
we may take it to be the circle 1 11 = 1; as the integrand can be expanded 
in a series of powers of z uniformly convergent on this contour, it follows 
from § 47 that 

y -w-ES^. S ?r(i‘) / <— 

Now the residue of the integrand at £ = 0 is {(n + r)!} -1 by § 61, when 
n + r is a positive integer or zero; when n 4- r is a negative integer the 
residue is zero. 

Therefore, if n is a positive integer or zero, 




r=o r!(n + r)! 


z n 

2^nl 


1 - =r-.- 


-j; 


2M(n+l) 2 4 .1.2 (ti + 1)(71 + 2) 

* This procedure is due to Schlomilch, Zeitschrift Jiir Math, und Phyi. 11. (1857), pp. 137-165. 
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whereas, when n is a negative integer equal to — m t 

T ( z \= v (-) r ( l * Y r - m ^ 5 (-)-+* 

" r r m r!(r — wi)! ,„ 0 (m + *)!«! ' 

and so J n (z) - (z). 

The function J n (z\ which has now been defined for all integral values 
of n, positive and negative, is called the Bessel coefficient of order n; the 
series defining it converges for all values of z. 

We shall see later (§ 17 *2) that Bessel coefficients are a particular case of a class of 
functions known as Bessel functions. 

The series by which J n ( z ) is defined occurs in a memoir by Euler, on the vibrations 
of a stretched circular membrane, Novi Comm. Acad. Petrop. x. (1764) [Published 1766], 
pp. 243-260, an investigation dealt with below in § 16 51 ; it also occurs in a memoir 
by Lagrange on elliptic motion, Hist, de VAcad. R. des Sci. de Berlin , xzv. (1769) [Published 
1771], p. 223. 

The earliest systematic study of the functions was made in 1824 by Bessel in his 
Untersuchung des Theils der planet arise ken Stomngen welchcr aus der Bewcgung der Sonne 
entsteht ( Berliner Abh. 1824); special cases of Bessel coefficients had, however, appeared in 
researches published before 1769 ; the earliest of these is in a letter, dated Oct. 3, 1703, from 
Jakob Bernoulli to Leibniz* in which occurs a series which is now described as a Bessel 
function of order J ; the Bessel coefficient of order zero occurs in 1732 in Daniel Bernoulli's 
memoir on the oscillations of heavy chains. Comm. Acad. Sci. Imp. Petrop. VI. (1732-1733) 
[Published 1738], pp. 108-122. 

In reading some of the earlier papers on the subject, it should be remembered that the 
notation has changed, what was formerly written J n (z) being now written J n ( 2z). 


Example 1. Prove that if 

26(1+0*) 


then 


(l-2 u 3-6*)* + 4V6*’‘ A ' + A2e + * 3ff ‘ + '"’ 
c™ sin bz=AiJ^ {z) +A 2 J 2 (z) +A 3 J 3 (z) + .... 


(Math. Trip. 1896.) 

[For, if the contour D in the w-plane be a circle with centre m = 0 and radius large 
enough to include the zeros of the denominator, we have 


,“K). 


26 


(4+jg) 


2 e 


\ U U V u* 




the series on the right converging uniformly on the contour; and bo, using § 4 a 7 and 
replacing the integrals by Bessel coefficients, we have 


v u u*) + u* 


*A X J\ {*>) + A 2 J 2 (z) + A 2 J 3 (z)+ — 


Published in Leibnizem Get. I Vcrkc, Dritte Folge, iii. (Halle, 1665), p. 76. 
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17-11] 


In the integral on the left write — u” 1 ) — so that as u describes a circle of 
radiuB eP, t describes an ellipse with seuiiaxes cosh £ and sinh# with foci at -a±i; then 
we have 


I A n J n (z) 

«>i 


1 f^ + ^bdt 

2ir i J * 8 +6 2 5 


the contour being the ellipse just specified, which contains the zeros of t 2 + b s . Evaluating 
the integral by § 6*1, we have the required result.] 

Example 2. Shew that, when n is an integer, 

•*»(.V + *)“ 2 

Bl=-X 

(K. Neumann and Schliifli.) 

[Consider the expansion of each side of the equation 

eI P |i (y+‘) (t- 7)} =exp (t - ■ eip 1^2 (t - .] 

Example 3. Shew that 

gucoa * = J u (-) _|_ 2 1 cos 0 J x (e) -I- 2 i 2 cos 20 J 2 (z) + .... 

Example 4. Shew that if r^-r 2 -|-y a 

■^0 ( r ) = *4 0*0 ^0 (y) — 2 x/jj (x) J t (y) + 2^4 (x) i/| (y) — .... 

(K. Neumann and LommeL) 


1711. Bessel's differential equation . 

We have seen that, when n is an integer, the Bessel coefficient of order n 
is given by the formula 

JM - IS (HT r ’” “ p (‘ - s) * 

From this formula we Bhall now shew that J n {z) is a solution of the 
linear differential equation 

2+;t+ (*-?>-»■ 

which is called Bessel's equation for functions of order n. 

For we find on performing the differentiations (§ 4 2) that 
d*Jn (*) L 1 dJ n (z) ^ ^ ^ ^ 


dz 1 


dz 


—sa G')" / ” a I 1 """ “ p (‘ - s)} dt 


dt 


= 0, 


since t~ n ~ l exp(f — ^/4i) is one-valued. Thus we have proved that 

^ ! ) + i ^ £ ) + ( 1 _ i ;) J . nW . 0 

The reader will observe that z ■* 0 is a regular point and z — x an 
irregular point, all other points being ordinary points of this equation. 
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Example 1. By differentiating the expansion 

_ j (z) 

n = - « 

with regard to z and with regard to shew that the Bessel coefficients Batisfy Bessel’s 
equation. (St John’s, 1899.) 


Example 2. The function P n m ^1 — ^ 


satisfies the equation defined by the scheme 

° i 

jm M, 


f 4/i 2 x 0 

P -| n + 1 £ 

l-^m — n —Am J 

shew that J m (z ) satisfies the confluent form of this equation obtained by making n -► oc 


17 2. The solution of Bessel's equation when n is not necessarily an 
integer. 

We now proceed, after the manner of § 15*2, to extend the definition of 
J n (z) to the cose when n is any number, real or complex. It appears by 
methods similar to those of § 17 11 that, for all values of n, the equation 


<Py 

dz 2 


1 dy 

- / + 
z dz 



y = o 


is satisfied by an integral of the form 



provided that £ -n_1 exp {t — z*/4/t) resumes its initial value after describing C 
and that differentiations under the sign of integration are justified. 

Accordingly, we define J n (2) by the equation 



the expression being rendered precise by giving arg z its principal value and 
taking | arg 1 1 ^ w on the contour. 

To express this integral as a power series, we observe that it is an 
analytic function of z\ and we may obtain the coefficients in the Taylors 
series in powers of z by differentiating under the sign of integration (§§ 5*32 
and 4 44). Hence we deduce that 


Jn(z)- 


(~r 


2* r r I 


■ /•( o+) 




“ _ (—)’\z n+Ir 

= r r« 2 n+tr r) r'(« + r + 1) ’ 
by § 12 22. This is the expansion in question. 
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Accordingly , for general values of n, we define the Bessel function J n (z) 
by the equations 

1 /I \ n f(°+) / z z \ 

• / '“ W "2s(i') /_. r " _1 ex p( <_ 4t)^ 

= | _ (-)r g n+2r 

r =o 2 n+ar r! r(n + r + l)" 

This function reduces to a Bessel coefficient when ?i is an integer; it is 
sometimes called a Bessel function of the first kind. 

The reader will observe that since Bessel’s equation is unaltered by 
writing — n for n, fundamental- solutions are J n (z), J_ n (z), except when 
n is an integer, in which case the solutions are not independent. With this 
exception the general solution of Bessels equation is 

(z) +£/-« (z), 

where a and y8 are arbitrary constants. 

A second solution of Bessel’s equation when n is an integer will be given 
later (§ 17*6). 


1721. The recurrence formulae for the Bessel functions. 

As the Bessel function satisfies a confluent form of the hypergeometric 
equation, it is to be expected that recurrence formulae will exist, corresponding 
to the relations between contiguous hypergeometric functions indicated in 

§ 147. 

To establish these relations for general values of n, real or complex, we 
have recourse to the result of § 17'2. On writing the equation 

r(o+) d 


»-/: 


dt 


t~ n exp ( t — 


U 


dt 


at length, we have 

0 = j ^ t~ n + \ exp ^ t — dt 

= 2 ?ri |(2^- 1 ) ,, - , / n _ 1 (z)+^r 2 (2r- 1 ) n+1 J n+1 (z) - n (2*“ l ) B J n (*)j, 


and i 


271 

J n_] ( Z ) + t/ 7l +j ( z ) = J n (z) 

z 


•(A). 


Next we have, by § 4'44, 

d \z~ n J 
dz 1 Jn 


1 d 
2 n+1 7 ri dz 

/•<«+> / 
J t -11-1 exp ^ 


) dt 

z 

f(°+ ) / 

r"- J expfi 


dt 

2™fri . 

W 

“ “ Z 11 J H+l 

W. 
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and Consequently, if primes denote differentiations with regard to 


Jn (S)-~J»(*)-J"x(*) .(B)' 

z 

From (A) and (B) it is easy to derive the other recurrence formulae 

= (C), 

and ( z ) = (z)--J n (z) .(D). 

z 

Example 1. Obtain the.se results from the power series for J H ( z ). 

Example 2. Shew that ^ [z H J n {z)} = z n J H ^i{z). 

Example 3. Shew that Jq (2) = - J\ (2). 

Example 4. Shew that 


16 (z) = J n _ 4 (z) - 4 J H _ 2 ( 2 ) + 6 J n ( 2 ) - 4,/„ + 2 (z) + J m «. 4 (z). 


Example 5. Shew that 
Example 6. Shew that 


J 3 (z) — J 0 ( 2 ) — 2 J” (z). 


J 2 (z)**> JJ ( 2 ) - 2 - 1 J 0 ' ( 2 ). 


17 211. Relation between two Bessel functions whose orders differ by 
an integer. 

From the last article can be deduced an equation connecting any two 
Bessel functions whose ciders differ by an integer, namely 

z- n ~'J n + r (z) = (-) r {2 _n ./» 0)}, 

where n is unrestricted and r ijs any positive integer. This result follows at 
once by induction from formula (B), when it is written in the form 

Z- n -‘Jn+l (Z) = ~-~f z \*~ n Jn (*)}■ 


17212. The connexion between J n (z) and, W^,,, functions. 

The reader will verify without difficulty that, if in Bessel's equation we 
write y = z ~ * v and then write z = x/2 i, we get 


d- v ( 1 ] — n 3 \ 

dx‘ + \~* + — j^ 0 ’ 

which is the equation satisfied by W QiH (x)\ it follows that 
J n (O = A.z~ * Jlf,, ,, (2t?) + Bz ~ Uf 0i _(2 iz). 
Comparing the coefficients of z ±n on each side we see that 


■Jn (Z) = 


2 2 " + *i» + * r (n + 1) 


(2 iz). 
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except in the critical cases when 2n is a negative integer; when n is half of 
a negative odd integer, the result follows from Rummers second formula 
(§1611). 


17*22. The zeros of Bessel functions whose order n is real. 

The relations of § 17’21 enable us to deduce the interesting theorem that 
between any two consecutive real zeros of z~ n J n (z), there lies one and only one 
zero* of z~ n J n+t (z). 

For, from relation (B) when written in the form 
z n J n+l (z) = — j ^[2 n J n (z )}, 


it follows from Rolle’s theorem f that between each consecutive pair of zeros 
of z~~ n J n (z ) there is at least one zero of z~ n J n+l (z). 

Similarly, from relation (D) when written in the form 
Z n+l J„ (z) = — {z n+ 'J n +1 0)1, 


it follows that between each consecutive pair of zeros of z n+1 J n+1 (, z ) there is 
at least one zero of z n+1 J n (z). 

Further z~ n J n (z) and ~ {z~ n J n (z)) have no common zeros; for the 


former function satisfies the equation 

.^ + (2 » 


dz' 


+ i)£ + *y«°. 


and it is easily verified by induction on differentiating this equation that if 
both y and ft vanish for any value of z t all differential coefficients of y vanish, 
and y is zero by § 5 4. 

The theorem required is now obvious except for the numerically smallest 
zeros ± f of z~ n J n (z), since (except for z = 0), z~ n J n (z) and z n+i J n (z) have the 
same zeros. But z = () is a zero of z~ n (z), and if there were any other 

positive zero of z~ 1l J n+l (z), say which was less than £, then z n+1 J n (z) 
would have a zero between 0 and £,, which contradicts the hypothesis that 
there were no zeros of z n +'J n (z) between 0 and £. 


The theorem is therefore proved. 

[See also § 17 3 examples 3 and 4, and example 19 at the end of the chapter,] 


* Proofs of this theorem have been giveu by Bocher, Dull. American Math . Soc. iv. (1897), 
p. 206 ; Gegenbauer, Monatshefte /Hr Math. vm. (1897), p. 383; and Porter, Bull. American 
Math. Soc. iv. (1898), p. 274. 

t This is proved in Burnside and Pan ton s Theory of Equatiom (x. p. 157) for polynomials. 
It may be deduced for any functions with continuous differential coefficients by UBing the First 
Mean Value Theorem (g 4*14). 
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17 23. Bessels integral for the Bessel coefficients. 

We shall next obtain an integral first given by Bessel in the particular 
case of the Bessel functions for which n is a positive integer; in some respects 
the result resembles Laplace’s integrals given in § 15 23 and § 15*33 for the 
Legendre functions. 

In the integral of § 17*1, viz. 

1 /■((> + ) Jzfu 

Jn(2) = ^n] U ~"~' e U du ’ 

take the contour to be the circle I u I = 1 and write u = e iB t so that 




de. 


Bisect the range of integration and in the former part write - 0 for 0; 
we jret 

1 r* 1 r n 

Jn (z) = 5 - / e' li0 - iz * ind d0 + — e- nid+iZBi " 9 d0, 

Lit J 0 Lit J o 

1 f n 

and so J n (z) =- I cos (?i0 — z sin 0) d0, 

7T J o 

which is the formula in question. 

Example 1. Shew that, when z is real and n is an integer, 

Wni?) Kl- 

Example 2. Shew that, for all values of // (real or complex), the integral 


satisfies 


y = - f con(n0 - z Hu\0)dd 
"* J 0 

d*y 1 dy /, n l \ sin nn (1 ?i\ 


which reduces to Bessers equation when n is an integer. 

[it is easy to shew, by differentiating under the integral sign, that the expression 
on the left is equal to 

- 1 lo ie {(? + “0 Hin {ne ~ 1 sin *>} M ] 

17*231. The modification of Bessels integral when n is not an integer . 

We shall now shew that*, for general values of n, 

J n (z)=- [ cos (7i0 — z sin 0) d0 — 6 * n U1T f e~ n0 ~ ZBlnb0 d0 ...(A), 

7T J 0 7r J 0 

when R(z) > 0. This obviously reduces to the result of § 17*23 when n is 
an integer. 

Taking the integral of § 17*2, viz. 

2 n r(0+) / 

* This result iB due to Schliifli, Math. Ann. m. (1871), p. 148. 
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and supposing that z is positive, we have, on writing t = £iiz, 



But, if the contour be taken to be that of the figure consisting of the real 
axis from — 1 to — oo taken twice and the circle | u j = 1, this integral re¬ 
presents an analytic function of z when R ( zu ) is negative as | u | —► qo on the 

path, i.e. when |argf | < \ tt\ and so, by the theory of analytic continuation, 

the formula (which has been proved by a direct transformation for positive 
values of z) is true whenever R ( z ) > 0. 

Hence 

Jn(z) =2^- {Ll + f c +/_*} M ' n '‘ e *p {H u - 31 du > 

where C denotes the circle | w | = 1, and argi/ = — tt on the first path of 
integration while arg u = + tt on the third path. 



Writing u = te^ wi in the first and third integrals respectively (so that in 
each case arg t = 0), and u = e is in the second, we have 


Tn{Z) 2t r|_. 


e -m*+u»ln9 £() + 


g(?i+l) iri g—»ri 


2wi 


2 7 ri 


/; 


4 * 


t~ n ~' e 


(-*0 


dt. 


Modifying the former of these integrals as in § 17'23 and writing e? for t 
in the latter, we have at once 

J n (z) = - f COS (nd — z sin 6) dd + , 9 ^ n ( n ^ -3 7r f g-ne-zainbe 
TT J0 7T Jo 

which is the required result, when | arg z | < i tt. 


When | arg z | lies between £n- and tr, since J n (z)~c ±7lnt J n ( - z), we have 

COS (n0+z sin G)d6- sin nir J e~ nB+K%inh9 .(B), 

the upper or lower sign being taken as arg z>$w or 

When n is an integer (A) reduces at once to Bessels integral, and (B) does so when we 
make use of the equation J 9 (z) = (— )** J _„ (z), which is true for integer values of n. 
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Equation (A), as already stated, is due to Schlafli, Math. Ann. ill. (1071), p. 148, and 
equation (B) was given by Sonine, Math. Ann. xvi. (1800), p. 14. 

These trigonometric integrals for the Bessel functions may be regarded as corresponding 
to Laplace’s integrals for the Legendre functions. For (§ 1711 example 2) J m (t) satisfies 
the confluent form (obtained by making n-*-ao ) of the equation for P n m (1 — z*l2n l ). 

But Laplace’s integral for this function is a multiple of 

lo [’ - 2T- + {(* - fi) ! - 4 4 008 * J 008 m * *+ 

= I jl + ^ cofl<£ + 0 (n“ 2 )| cos 

The limit of the integrand as n— oc is e xs co,, * , cos m<£, and this exhibits the similarity 
of Laplace’s integral for /V" (*) to the Bessel-Schlafli integral for J m (z). 


Example 1. From the formula J 0 (. r) = ~ ( g- 1 ****^ by a change of order of 

2»r J — w 

integration, shew that, when n is a positive integer and cos0 >0, 

P »(cos ^^ rfa + l ) f 0 e ~ ZCO * >J o( IS ' n0 ') x ' d:c - 

(Callandreau, Bull, dee Sci. Math. (2), xv. (1891), p. 121.) 

Example 2. Shew that, with Ferrers’ definition of P n m (cos 0), 

P n '“ (cos 6) - — + - j ^ t~ zan> J„,(x sin 0)x n dx 

when n and m are positive integers and cos 6 > 0. 

(Hobson, Proc. London Math. Soc. xxv. (1894), p. 49.) 


17*24. Bessel functions whose order is half an odd integer. 


We have seen (§ 17 2) that when the order n of a Bessel function J n (z) 
is half an odd integer, the difference of the roots of the indicial equation at 
z = 0 is 2n, which is an integer. We now shew that, in such cases, J n (z) is 
expressible in terms of elementary functions. 


For 




z 4 

2 . 3 . 4.5 



and therefore (§ 17*211) if k is a positive integer 

1/4+1 w -s— 

On differentiating out the expression on the right, we obtain the result that 
■A + i (*) = Pk sin z + Q k cos z t 
where P*, Q* are polynomials in z~ b. 

Example 1. Shew that J _ 4 (z) = ^ cos z ■ 



BESSEL FUNCTIONS 


965 


17-24, 17-3] 


Example 2. Prove by induction that if k be an integer and n—£ + then 
I/% /2\*f , , i x f, . . (-r(4n»-l«)(4R«-3») ...{4»i , -(4r-l)'n 

+ - — 2r)>. --- U \ 

(_)r( 4 n 2 _i 2 ) (4n* — 3 2 ) ... {4n 2 - (4r — 3) 1 } 


■fain (z-\nw- Jw) 2 


(2r — 1)! 2® r - s z*- 1 


0- 

the summations being continued as far as the terms with the vanishing factors in 
the numerators. 

/cor £\ 

Example 3. Shew that —j is a solution of Bessel’s equation for 




Example 4. Shew that the solution of + j +y a 


of *“ + *T-=TTT +V-0 is 


! I CpV- m -i (2a p **)+£J m+l (2a,;*)}, 

pxil) * * 


where Co, c l9 ... c**, are arbitrary and no, aj, ... ajm are the roots of 

a*™ +1«i. 


(Lommel.) 


17'3. Hauled’ s contour integral * for J n (z). 

Consider the integral 

r( i+,-i-) . 

y = z n \ —l) n *cos(^)df, 

where A is a point on the right of the point t = 1, and 

arg(f — 1) = arg ■+ 1) = 0 

at A ; the contour may conveniently be regarded as being in the shape of 
a figure of eight. 

We shall shew that this integral is a constant multiple of J n (z). It is 
easily seen that the integrand returns to its initial value after t has described 
the path of integration; for (t - l) n_ * is multiplied by the factor after 

the circuit (1 +) has been described, and (£ + l) 7, “* is multiplied by the 
factor e-*™- 1 ) 1 * after the circuit (— 1 —) has been described. 


Since 


z> 

2 

7- = 0 


(~ y w 

(2 r)\ 




converges uniformly on the contour, we have (§ 4’7) 




n+rr /■(! + ,-!-) 


(2r) 


H 




To evaluate these integrals, we observe firstly that they are analytic 
functions of n for all values of n, and secondly that, when R (n + >0, we 


may deform the contour into the circles 1 1 — 11 = 8, 1 1 + 1 | = £ and the real 
axis joining the points t = + (1 — 8) taken twice, and then we may make 
S —► 0; the integrals round the circles tend to zero and, assigning to t — 1 


* Math. Aim. I. (1869), pp. 467-501. 
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and £+1 their appropriate arguments on the modified path of integration, 
we get, if arg (1 — £*) = 0 and t * = it, 

IT 1 


dt 


<*■((’- l) n 'tdt 

= e (n-i)Tij V(1 dt + e-^-i^f 1 t* (1 -r) n ~* 

— — 4i3in ^ 7r j" t n (1 — t a ) n ~ 1 dt 

» — 2isin ^ 7r j w r “l(l — u) n ~^du 

= 2i sin ^ tt T ^ T + ^y/r (n + r + 1). 

Since the initial and final expressions are analytic functions of n for all 
values of n, it follows from § 5 5 that this equation, proved when 


R 


(*+J)>0, 


is true for all values of n. 

Accordingly 

(—) r z n+2T ' 2i‘ sin (n + i) -nT (V + J) T(n + 1 


y = 1 

r = 0 


on reduction. 


(2r)!T(n + r + l) 

2 n+l i sin ^ irr ^ T ^ J n (z), 


Accordingly, when ■ T ^ — ■ =/= 0, we have 


J»(*)■ 




2iriT (i) 


7 


(t 7 — 1 ) n ‘ i cos ( zt) dt. 


Corollary. When 72(n + J,)>0, we may deform the path of integration, and obtain 
the result 




2 ■ (Ml 


[>• 
I Jo 


ain 2n <p cos (z cos <p) dip. 


r(»+*)r(l). 

Example 1. Shew that, when /£ (« + J) > 0, 

Example 2. Obtain the result 

^ w = r( » + i W) jo' coa(2C08 0) 8inI * 

when A(n)>0, by expanding in powers of z and integrating (§ 4‘7) tcnn-by-term. 
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Example 3. Shew that when - \ < n < J n (z) has an infinite number of real zeros. 
[Let z = (m+J) ir where m is zero or a positive integer; then by the corollary above 

2r+1 

where u,.—| (1 — f a )"~* cos ((m + j) nt} dt | 

*m+l 

so, since n- J<0, u m > v^-i > u m -2 > and hence J n (wirr + 4*r) has the sign of (-) m . 
This method of proof for w = 0 is due to Bessel.] 

Example 4. Shew that if n be real, J n (z) has an infinite number of real zeros ; and 
find an upper limit to the numerically smallest of them. 

[Use example 3 combined with § 17 22.] 


17 '4. Connexion between Bessel coefficients and Legendre functions. 

We shall now establish a result due to Heine* which renders precise the statement of 
§ 17'11 example 2, concerning the expression of Bessel coefficients as limiting forms of 
hyjjergeometric functions. 


When | arg (1 ±z) | < ir, n is unrestricted and m is a positive integer, it follows by 
differentiating the formula of § 15 22 that, with Ferrers’ definition of iV"(z), 

Yfn + m + \) 


Pn m {z)* 


2 m .7?i! r(n-w + l) 
and so, if | arg z | < | arg (1 — £z 2 /?i 2 ) | < rr, we have 

r (n + m + l)* m tt-™ / z 2 


(1 -z)*’" (1 + z)* m F( —n+m, w + 1 4-w ; m + 1; J-^z), 


,/ z 2 \ P (n + m + l)z m n~ m ( z 2 y m , _ , „ 

r (n — ~ m +1) 0 - 4?) F{n + m ’ n + ' + m ’ m + 1 i 


Now make + ® (n being positive, but not necessarily integral), so that, if = 
continuously through positive values. 

Then -*-l, by § 13 6, and (^1 - ^) -*-1. 

r (n- m + l)n m * J 3 ’ \ 47i a / 


Further, the (r+l)th term of the hypergeometric series is 
(-) r (l - wi8)(l+ma + rfl){l - ( w + l) 2 5 2 j {1 - (m + 2) 2 3 2 }... {1 - (m + r - l) 2 fi 2 } 
(m-Hi) (m + 2 )... (m -hr) .r! 


(i^) ar ; 


this is a continuous function of & and the series of which thiB is the (r+l)th term is 
easily seen to converge uniformly in a range of values of 8 including the point i = 0; so, 
by § 3 32, we have 


Jim^[n-^( 1 - 2 4 2 )] 


which is the relation required. 


g * ( -)r fa)r 

2 m . m 1 r=0 (m + 1) (m + 2) ... (m + r)r ! 

4W. 


Example 1. 


Shew thatf 

K h “ [”’ m p ' ,m ( cos J ~ Jm W- 


* The apparently different result given in Heine's Kugelfunktionen is dae to the difference 
between Heine’s associated Legendre function and Ferrers' function. 

t The special case of this when m = Q was given by Mehler, Journal fUr Math, lxviii. (1868), 
p. 140; see also Math . Ann. v. (1872), pp. 141-144. 
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Example 2. Shew that Bessel's equation is the confluent form of the equations 
defined by the schemes 

0 QD C 

h 4 o P\ 

[ — n \ - 2ic 2ic- 1 

the confluence being obtained by making c-*-cc . 


o 

s 

r> 


n ic i + ic zj , 
[-n -ic J-tc j 



0 x 

■ Am A(c-h) 0 £*l, 

.-Am -^(c + h) n + 1 j 


17 5. Asymptotic sei'ies for J n ( z ) when \ z | is large. 

We have seen (§ 17'212) that 

^ ~ 2' iB + M tT T (h +1) " V °'” 

1 9 

where it is supposed that | arg z | < tt, - % v < ar g (^ l2 ) < 2 Wm 
But for this range of values of z 

J '-» ‘ 2 “> - TST#' 1 "' w - < 2 “> + TWT$ w " <- 2 “> 

3 1 

by § 16‘4I example 2, if - % rr < arg (— 2 iz) < ^ rr\ and so, when | arg z j < tt. 

J n (*) = —-—7 l ei (B+ J) " w °..(*>*) + e- 4 (»■+ ii)« w„ „ (- 2m)J. 

(2 to)* 

But, for the values of z under consideration, the asymptotic expansion of 
W tiH (± 2 iz) is 

,,« j, , (*"»-! ■) , (^-l 3 ) Q» 5 -3 3 ) , 

1 1 8w 2!(8w)» I "‘ 

(± l) r (4n J — l 2 ) !4u 2 -3 2 } ... J4n 2 — (2r — l) 2 } 1 

+ + U ^ )]' 
and therefore, combining the series, the asymptotic expansion of J n (z), when 
| z | is large and | arg z | < 7r, is 

Jn ^ ~ (w) 1 [ C0S i* ~ '2 nir ~ 4 77 ) 

f ' (-x(4» 2 -p; {4 h 2 — 3 2 ) ... [4n 2 -(4r-!)») ] 
t + ,=, (2r)!2*«- } 

M v (-)-{4n J -l«}I4n*-3»)...(4n»-(4 ) --3) 2 }-] 

+ Sin T a ^ J r r, (2r-l)!2“-»z— J 

= (^) [ c °s (* - ^ iwr - \ n j . Un (*) - sin [z - \ nir -1 it) . V n (z) J , 

where U n (z) t — V n (z) have been written in place of the series. 

The reader will observe that if ?j is half an odd integer these series 
terminate and give the result of § 17 24 example 2. 
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Even when 2 is not very large, the value of J % (z) can be computed with great accuracy 
from this formula. Thus, for all positive values of z greater than 8, the firet three terms 
of the asymptotic expansion give the value of J 0 (z) and Jj (z) to Bix places of decimals. 

This asymptotic expansion was given by Poisson* (for n = 0) and by Jacobit (for 
general integral values of n) for real values of 2 . Complex values of z were considered by 
Hankel| and several subsequent writers. The method of obtaining the expansion here 
given is due to Barnes§. 

Asymptotic expansions for J n ( 2 ) when the order n is large have been given by Debye 
(Math. Ann . LXVii. (1900), pp. 535-558, Miinchener Sitzungsberichte , XL. (1910), no. 5) and 
Nicholson (Phil. Mag. 1907). 

An approximate formula for J H (nx) when n is large and 0 < x < 1, namely 

:r*exp {n J{\ — a: 2 )} 

(2 w n)*(l-.r‘)*{l+V(l 


was obtained by Carlini in 1817 in a memoir reprinted in Jacobi 5 ** Oea. Werke> vii. 
pp. 189-245. The formula was also investigated by Laplace in 1827 in his Mtcanique 
Celeste v. supplement [ Oeuvres , v. (1882)] on the hypothesis that x is purely imaginary. 

A more extended account of researches on Bessel functions of large order iB given in 
Proc. London Math. Soc. (2), XVI. (1917), pp. 150-174. 


Example 1. By suitably modifying Hankel’s contour integral (§ 17*3), shew that, when 
| argz | <i»r and ^(w + £)>0, 




r(« + 4) ( 2 **)' 





1-w-J 

Jo \ 

w J 


and deduce the asymptotic expansion of J n ( 2 ) when | 2 | is large and | arg z\<\n. 

[Take the contour to be the rectangle whose corners are ±1, ± 1 + iN, the rectangle 
being indented at + 1, and make A-*-® ; the integrand being (1 - r 2 ) n_ * e*.] 

Example 2. Shew that, when | arg 2 | <and It (n + A) > 0, 

J n ( 2 ) = ———-—7 c -2 * 001 * cos" - * 0 cosec 21141 (p sin [z- (n- £) 0 ) d<\>. 

r ( n + i) w* J ° 

[Write u = 2z cot in the preceding example.] 

Example 3. Shew that, if | arg z | < Air and R (n + J) > 0, then 


Ae‘*z n j" «"-* (1 + »»)"-* e~ ivz dv + Be~' z z n j ‘ (1 -xof 


’ dv 


is a solution of Bessel’s equation. 

Further, determine A and B so that this may represent J n ( z ). 

(Schafheitlin, Journal filr Math, cxiv.) 

17‘6. The second solution of Bessel'8 equation when the order is an integer. 
We have seen in § 17 2 that, when the order n of Bessel’s differential 
equation is not an integer, the general solution of the equation is 

aJ n (z) + (z), 

where a and are arbitrary constants. 

# Journal de Vltcole Poly technique (1), cah. 19 (1823), p. 350. 
f Aatr. Each, xxvin. p. 94. 

J Math. Ann. i. (1869), pp. 467-501. 
g Trans . Camb. Phil. Soc. xx. (1908), p. 274. 
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When, however, n is an integer, we have seen that 

and consequently the two solutions J n {z) and J- n (z) are not really distinct. 
We therefore require in this case to find another particular solution of the 
differential equation, distinct from J n ( z ), in order to have the general 
solution. 

We shall now consider the function 


Y n ( z ) = 2ne n 


■ J n (z) COS 717T - J_ w ( Z) 
sin 2m r 


which is a solution of Bessel’s equation when 2 n is not an integer. The 
introduction of this function Y n (^) is due to Hankel*. 

When n is an integer, Y n ( z ) is defined by the limiting form of this 
equation, namely 

Y n (z) = lint 2ire (n+,) -* co ^ + ^ (z) 

e o sin2(n-fe)7r 

2 

* lim e" 1 {J n+ . (z) - (-)" J-n^, (z)j. 

f -^0 

To express Y n (z) in terms of W k rn functions, we have recourse to the 
result of § 17 5, which gives 

Y„(z)» lim — [~+ ' + n+t (2iz) + e ~ * (ri + e + W wl W 0t B+l (- 2iz)} 

. —o (27rr)“ L 

- (-)" { e i (-" -' £ + *) ■" W titl+ . (2tz) + c - i < - n -'+»)« W 0i n+1 (- 2iz)}J, 

remembering that W km = W kt - m . 

Hence, sincef lim W 0t7l+a (2 iz) = W Qilx (2iz), we have 
(-►o’ 

Y n (z) = {£) ,e(in + f)T< W °- n(2iz) + «" (i " + "W r ».,(- 2w)}. 

This function (n being an integer) is obviously a solution of Bessel’s 
equation; it is called a Bessel function of the second kind. 

Another function (also called a function of the second kind) was first used 
by Weber, Math. Ann. Vi. (1873), p. 148 and by Schlafli, Arm. di Mat. (2), vi. 
(1875), p. 17 ; it is defined by the equation 

Y ( \ = i z 1 008 n7r _ J~ n i z ) * Yn {z) cos mr 

n ' Z ' sin 7i7r ire 1lwi 9 


* Math. Ann. i. (1869), p. 472. 

t ThiB is moBt easily seen from the uniformity of the oonvergenoe with regard to e of 
Barnes' contour integral (§ 16*4) for W Q m+i (2iz). 
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or by the limits of these expressions when n is an integer. This function 
which exists for all values of n is taken as the canonical function of the 
second kind by Nielsen, Handbuch der CyUnderfunktionen (Leipzig, 1904), 
and formulae involving it are generally (but not always) simpler than the 
corresponding formulae involving Hankel’s function. 

The asymptotic expansion for Y n ( z), corresponding to that of § 17 5 for 
J n (z), is that, when | arg^| < 7r and n is an integer, 

Y n (z) ~ j^sin - \ nir - j ir') . U n (z) + cos (^z - \ mr- j tt) . V n (z)J , 

where U n (z ) and V n (z) are the asymptotic expansions defined in § 17 5, their 
leading terms being 1 and (4?i a — l)/8 z respectively. 

Example 1. Prove that 

X * W_ dn ( > ~dv~' 

where n is made an integer after differentiation. (Hankel.) 

Example 2. Shew that if Y n ( z ) be defined by the equation of example 1, it ia a 
solution of Bessel’s equation when n ia an integer. 


17'61. The ascending series for Y n (z). 

The series of § 17 6 is convenient for calculating Y n (z) when j z | is large. 
To obtain a convenient series for small values of jz |, we observe that, since 
the ascending series for J± (n + r , (z) are uniformly convergent series of analytic 
functions * of e, each term may be expanded in powers of e and this double 
aeries may then be arranged in powers of e (§§ 5 3, 5 4). 

Accordingly, to obtain Y n (z), we have to sum the coefficients of the first 
power of e in the terms of the series 

" (-Y (^z) n+i r+t _ 5 _(-) r (^)- n+ ^-; _ 

r =o 1 r (^ 4- € + r 4-1) r= o v ! F (— n — t + r + 1) 


Now, if 5 be a positive integer or zero and t a negative integer, the 
following expansions in powers of e are valid : 

V 71+2T 


r (. t +1) , i 

E r<* + i> + -'-) 

1 — e y + 2 m~' ) 


r(s + e + l) r(s + l)( 

1 

"iqr+T) 


+... 


r (t+e +1) 


_ _ r ^_ e >_(—)<+> e p(— t) + ... p 


where y is Euler’s constant (§ 121). 


The proof of thia ia left to the reader. 
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Accordingly, picking out the coefficient of e, we see that 

Y „(*)™iog (-z) r £ tLM^L , ( Y 

\ 2 / Lr-or ! T (n + r + 1) ' ' rsMn r ! T (— n + r + 1)J 

r -0 r ! r(n + r + 1) \ T mazl ) 

r!r(-n+r + l)V 7 »-i ) 

ft - 1 f'.y /1 n-HJr 

+ (-)» 2 LjL\UI -(-)r-n+i r (n-r). 


r=o r ! 

and so 

y.w-1 tm^j 21 o g (!,) +2T --r--'-i™-} 

r =o r!(n + r)! 6 V 2 / „t=i ».=i j 

_ V (jf)^ (n-r-1)! 
r=o r! 

When n is an integer, fundamental solutions # of Bessel’s equations, regular 
near z * 0, are ( z ) and F n ( 2 ) or Y„ (r). 

Karl Neumannf took as the second solution the function F |n) (z) defined 
by the equation 

F ,n > (z) = g Y w (z) + Jn (z) . (log 2 - y) J 
but F n (r) and Y n (z) are more useful for physical applications. 

Example 1. Shew that the function Y n (z) satisfies the recurrence formulae 

» T n (*)={ Y n+ , ( 2 ) + r*_i (£)}, 

Shew alao that Hanlcd's function Y„(z)and Neumann’s function J 7 *"! (z) satisfy the 
same recurrence formulae. 

[These are the same as the recurrence formulae satisfied by J n W-] 

Example 2. Shew that, when | arg z \<\n y 

„Y m (z) = j sin (z sin 9 - nO) dd - j * ■inli • { c "^ + (-)" e~ n0 }d0. 

(Schl&fli, Math. Ann. hi.) 

Example 3. Shew that 

7<oi (*)= J 0 (z) log 2 + 2 {./ 2 (*) - J-/ 4 (») + Ke W " ■ • 


17*7. Bessel functions with purely imaginary argument. 


The function}: 


I n {z) = i~ n Jn (»f) = £ 

r = U 


($*) w+g 
r ! (n + r)! 


* Euler gave a second solution (involving a logarithm) of the equation in the special cases 
n = 0, n=l, Intt. Calc. Int. 11 . (Petersburg, 1769), pp. 187, 233. 
t Theorie der Beatel’Mchen Funktionen (Leipzig, 1867), p. 41. 

Z This notation was introduced by Basset, Hydrodynamic* 11 . (1888), p. 17 ; in 1886 he had 
defined I n (*) as i"«r„(tz); Bee Proc. Camb. Phil. Soc. vi. (1889), p. 11. 
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ia of frequent occurrence in various branches of applied mathematics; in 
these applications z is usually positive. 

The reader should have no difficulty in obtaining the following formulae : 

(i) 

(ii) ^ {*"/»(*)} = z n I »-1 O- 

(iii) j z \z~"In (*)} = z~"I*+x (^)- 
(v) When R (n + J) > 0, 


7 - {2) =2"TTirr(^H)/o C08h ( * cos sin! " W 

3 1 

(vi) When — 2 tt < arg z < 2 7 r, the asymptotic expansion of J n (<r) is 

r -* |\ a. ? , y {W-V} (fa »-3»)-{4w»-(2r-i yn 

* () ’(2^L + r-i (_) ^2-r- J 




(2irz)^ 


1 + 2 

r=l 


j4„2_l»| [4w 2 - 3 2 | ... (4w 1 -(2r- 1)» 




» 


the second series being negligible when |argz|<^7r. The result is easily 


3 3 

seen to be valid over the extended range — 2 tt < arg z < 2 tt if we write 

e ± ( n + l) Tl f or e -(* + t) Tl F the upper or lower sign being taken according as 
arg 2 is positive or negative. 

17'71. Modified Bessel functions of the second kind. 

When n is a positive integer or zero, J_ u (z) =I n (z) ; to obtain a second 
solution of the modified Bessel equation (iv) of § 177, we define* the function 
K n (z) for all values of n by the equation 

K n ( z ) = {^ z ) cos mr W, n (2^), 

so that K n (z) = \ 7T [/_„ ( 2 ) - I n (s)} cot IITT. 


* The notation A \(z) was used by Basset in 1880, Proc. Co mb. Phil. Sor. vi. (1880), p. 11, to 
denote a function which differed from the function now defined by the omission of thr factor 
coBTiir, and Basset’s notation h&B since been used by various writers, notably Macdonald. The 
object of the insertion of the factor is to make I M (c) and K n [z) satisfy the same recurrence 
formulae. Subsequently Basset, Hydrodynamics n. (1888), p. 19, used the notation K n {z) to 
denote a slightly different function, but the latter usage has not been followed by other writers. 
The definition of K n (z) for integral values of n which is given here is due to Gray and Mathews, 
Bessel Functions, p. 68 , and is now common (see example 40, p. 384), but the corresponding defi¬ 
nition for non-integral values has the serious disadvantage that the function vanishes identically 
when 2 n is an odd integer. The function was considered by Riemann, .4mi. der Phys. xcv. (1855), 
pp. 130-130 and Hankel, Math. Ann. 1 , (1869), p. 498. 
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Whether n be an integer or not , this function is a solution of the modified 
Bessel equation, and when | arg z i < 2 rr it possesses the asymptotic expansion 


if,i (z) ~ e ~ z coa ( n7r ) 1+2 


f4 w» - V] f4n a - 3»1 ... [4n a - (2r - 1)» 
r! 2* r z r 


for large values of | z |. 

When n is an integer, K n (z) is defined by the equation 

K n (z) = litn \ -rr | (z) - /„+. (z)] cot 7re, 

«-»o 

which gives (cf. § 17‘61) 

V {m\ _V 1 . „ 1 _ 1 


K n (z) = - 2 


; 1 log 2 Z + 7 — 2 2 rn -1 - 2 2 JU 1 


r -or I (n + r)! { 6 2 ' 

I*: 1 /! \(n — r — 1 ) ! 


' 2 r ?oG Z ) 


as an ascending series. 

Example. Shew that K H («) satisfies the same recurrence formulae as I n (z). 

17'8. Neumanns expansion* of an analytic function in a seines of Bessel 
coefficients. 

We shall now consider the expansion of an arbitrary function f(z)> 
analytic in a domain including the origin, in a series of Bessel coefficients, in 
the form 

/(z)=a,/ 0 (z) + a 1 /,(z) + a i J 1 (z)+ 

where a^, « lP a 2 , ... are independent of z. 

Assuming the possibility of expansions of this type, let us first consider the expansion 
of 1 l(t-z) ; let it be 

~~ Oo (e) Jo (*) + 20, (t) J, (z) + 20, (0 /,(*) + ..., 

where the functions ()„(*) are independent of z. 

We shall now determine conditions which 0 n ( t) must satisfy if the series on the right 
is to be a uniformly convergent series of analytic functions ; by these conditions 0 n ( t ) 
will be determined, and it will then be shewn that, if O n (t) is so determined, then the 
series on the right actually converges to the sum \/{t — z) when | z | <| 1 1. 


we have 


f? c\ 1 
\ct + a z) ~z~ 0. 


Oj/ (0 Jo ( 2 ) + 2 2 0 n (t) J n {z) + 0$ (t) J Q (z) + 2 2 O n (t) J n [z) s 0, 

»=i n=l 


so that, on replacing 2•/„'( 2 ) by i/ n _, (z)-^ n + 1 (zj, we find 

W (0 + 0 X (0} J 0 W + 2 {20,' (I) + O n + 1 (0 - 0*., (0) Jn W *0. 

*=1 

* E. Neumann, Journal fUr Math, lxvii. (1667), p. 910; Bee also Kapteyn, Ann . de Vicolt 
norm. sup. (9), x. (1699), p. 106. 
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Accordingly the successive functions 0 j (£), 0 2 (*), 0 3 (t ),... are determined by the recurrence 
formulae 

Oi (0- - <V (0. ♦1 («)-<>—, (0 - ±01 (r), 

and, putting z = 0 in the original expansion, we see that 0„(f) nr ro b<' defined by the 
equation 

OoM-i/t. 

These formulae shew without difficulty that O n ( t ) is a polynomial of degree n in 1 jt. 
Wc shall next prove by induction that 0*(f), bo defined, is equal to 


»/: 


e~ tu [{uW(u 2 + l)} n + {u- s/(« 2 +l)) n ] du 


when R{t)> 0. For the expression is obviously equal to 0 {) it) or 0 j (t) when n is equal to 
0 or 1 respectively; and 

r qki t r «■ 

il e~ tH {u± K /(u 2 + l )} n ~ 1 dn — j- I c~ lH {u±^(u 2 +l)} n du 

= i f e >u { m ±n/(“ j + 1))" _i {l + 2ii'-±2u > /(i( , + l)(rf« 

= ^ j e~‘“ [u± s /(u i + 1)(“ + 1 du, 

whence the induction is obvious. 

Writing it—sinhfl, we see that, according as n is even or odd*, 

* [!« + v'(«- +1)}“ + {« - s'(“ 2 +1)}’] = n6 

, f . . „ ?i (n — 1) . . _ n (n — 1 ) (n— 2) (n — 3) . . . A ) 

.2— + »>.' l ‘ ,l -^ + ^TT(2n- 2 ) ( 2^4)- ,, ‘ nh <, + ---) ’ 

and hence, when R(t)> 0, we have on integration, 

2"" 1 n ! f l t 2 t t* \ 

0.(0—jim- {' + 2(2 ji-2) + 2.4 (2>i~ 2)~(2h^T) + '"J ’ 

the series terminating with the term in t* or f" - ' 1 ; now, whether R (t) be positive or not, 
O n (t) is defined as a polynomial in 1 jt ; and so the exjwinsion obtained for 0„(t) is the 
value of O n (/) for all values of t. 

Example. Shew that, for all values of t , 




c [ {x + Ji.v 2 -M 2 )}" + f.r - v '(.r 2 -I- r 2 )}"] dr, 


and verify that the expression on the right satisfies the recurrence formulae for 0 H (t). 


17'81. Proof of Neumanns expansion. 

The method of § 17 8 merely determined the coefficients in Neumann’s 
expansion of 1 /(t — z), on the hypothesis that the expansion existed and that 
the rearrangements were legitimate. 

To obtain a proof of the validity of the expansion, we observe that 

( 12V 1 9h-i i] 1 

J n (z) =^f (1 + 6n}, O n (t) = [1 + *»). 


Cf. Hobson, Plant Trigonometry (11)18), §§ 79, 2C4. 
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where 8 n —* 0, —* 0 as n —> ao , when z and t are fixed. Hence the series 

O„(t)J 0 (z)+ 2 2 0 n (t) J n (z) = F (z, t) 

*=l 

is comparable with the geometrical progression whose general term is z n /t n+l , 
and this progression is absolutely convergent when \z\<\t\, and so the 
expansion for F(z , t) is absolutely convergent (§ 2 34) in the same circum¬ 
stances. 

Again if | z | ^ r, 1 1 | > R, where r < R, the series is comparable with the 
geometrical progression whose general term is r ll /R n + l , and so the expansion 
for F(z, t) converges uniformly throughout the domains \z \ and 1 1 1 ^ R 
by § 3 34. Hence, by § 5 3, term-by-term differentiations are permissible, 
and so 

{it + i D F(Z ' t] = 0 ° (0 J ° {Z) + 2 nl ^ ^ ^ {Z) 

+ 0 Q (t)J t '(z) + 2 £ On(t)J n ’(z) 

*-1 

»{O 0 '(«) +0,(0) */»(*) + £ {20 n \t) + 0 n+l (t)-0 n - 1 (t)}j n (z) 
»=1 

= 0, 

by the recurrence formulae. 

Since + 


it follows that F(z } t) is expressible as a function of t — z \ and since 

F(0, *)“0o = 

it is clear that F ( z , t) = 1 /(t — z). 

It is therefore proved that 

J_ = O 0 (I t) J 0 (z) + 2 £ On (t) Jn (z), 
t — z n =l 

provided that | z | < 1 1 \. 

Hence, if/ (z) be analytic when \z\ we have, when | z | < ?•, 



1 

2tti 


O„(t)J 0 (z) + 2 2 0„(t)J n (z) 
11=1 


dt 


= 0 )+ l^^\o n {t)f{t)dt, 

n = \ 7rl J 


by § 4*7, the paths of integration being the circle 1 1 \ = r ; and this establishes 
the validity of Neumann’s expansion when \ z\ < r and/(r) is analytic when 
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coe z = J 0 (z) - (f) + 2/ f (i) -...» 

sin t * 2^i (*) - 2Ja (z) + i/ 6 (z) - .... 


(K. Neumann.) 


Example 2. Shew that 


(W- * 


(n + 2r). (n+r - 1)! 


Example 3. Shew that, when | z | < 1 1 1, 
^o(0^W + 2 2 0 n (0 J n (z) = 2 


•^ii+arW- (K. Neumann.) 


1 «-*{jr + s /(^ + « 5i )}"(ir 


1 r=^. * J % {.M)\x+j(?+*))rd* 

J 0‘ M=-» 

■I /„ «p(t-*)* 


(Kapteyn.) 


17'82. /ScAZoWZcA’a expansion of an arbitrary function in a series of Bessel coefficients 
of order zero. 

Schltimilch* has given an expansion of quite a different character from that of 
Neumann. His result may be stated thus : 

Any function f{x\ which has a continuous differential coefficient with limited total 
fluctuation for all values of x in the closed range (0, tr), may be expanded in the series 

f (x) - Oo + a, J Q (x) + 02 J 0 (2x) + Og J 0 (3x) + ..., 
valid in this range ; where 

Oq—/(0)+- [ u f* /' (u sin 0) d6 du, 

* J o Jo 

0 * 1 =- [ ucoanu f* /' (u sin 6) d6 du (n> 0). 

* J o Jo 

Schlomilch’s proof is substantially as follows : 

Lot F(x) be the continuous solution of the integral equation 


Then (§ 11’81) 


/ (x) — - (*" F(x sin 0) cZ0. 

n J Q 

F(x)~f( 0) + x J* f'(xMn6)d0. 


In order to obtain Schltimilch's expansion, it is merely necessary to apply Fourier’s 
theorem to the function F(x sin 0). We thus have 

f( x ) = — f* dd> {- f F(u)du+- 2 f cos 7iwcos (nx sin 0) F(u) dvn 
nJO ^ W Jo r n = i J 0 ) 

1 r n 2 ® f* 

= - / F(u)du + — 2 / cos nuFin) J 0 (nx) du, 

njo * n=i J 0 

the interchange of summation and integration being permissible by §§ 4 - 7 and 9’44. 

* Zeitschrift fiir Math, und Phys. n. (1857), pp. 137-105. See Chapman, Quarterly Journal , 
iLiii. (1012), pp. 34-37. 
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In this equation, replace F(u) by itB value in terms of /(«). Thus we have 
/ (x) =~ j/ (0) + u j * f ( u ain 0) cfa 

+ - 2 Jo (tlx) I cos n u {/■(0) + ?t j * f {u sin 8 ) rwl du, 

* n=l JO V JO ) 

which gives Schlomilch’s expansion. 

Example. Shew that, if 0 ^ x ^ tt, the expression 

£- 2 |y 0 (*) + i (3x) + l J „ (»*) + ...} 

is equal to j:; but that, if n ^ x ^ 2 tt, its value iB 

J7 + 2 tt arc cos (ttx~ x ) — 2 - »r 2 ), 

where arc cos (jr.r -1 ) is taken between 0 and - . 

IJ 

Find the value of the expression when x lies between 2rr and 3 n. 

(Math. Trip. 1895.) 

17'9. Tabulation of Bessel function*. 

Hansen used the asymptotic expansion (§ 17 5) to calculate tables of J u (x) which are 
given in Lommel’s Studien itber die BesseV schen Funktionen. 

Meissel tabulated J y) (x) and J x (x) to 12 places of decimals from x = 0 to j;=15’5 (Abh. 
der AJcad. zu Berlin , 1888), while the British Assoc. Report (1909), p. 33 gives tables by 
which J n (.r) and Y n (x) may be calculated when jt> 10 . 

Tables of J ^ (.r), J^ (x\ J _ ^ ( j), (.r) are given by Dinnik, Archiu der Math, und 

Phys . xviii. (1911), p. 337. 

Tables of the second solution of Bessel’s equation have been given by the following 
writers: B. A. Smith, Messenger , xxvi. (1897), p. 98; Phil. Mag. (5), xlv. (1898), p. 106; 
Aldis, Proc. Royal Soc. lxvi. (1900), p. 32; Airey, Phil. Mag. (6), xxu. (1911), p. 658. 

The functions /„ ( x ) have been tabulated in the British Assoc. Reports , (18B9) p. 28, 
(1893) p. 223, (1896) p. 98, (1907) p. 94 ; also by Aldis, Proc. Royal Soc. LXIW (1899); by 
Jsherwood, Proc. Manchester Lit. and Phil. Soc. xlviii. (1904); and by E. Anding, Sechs- 
stellige Tafeln der BesseV schen Funktionen imaginaren Argumentes (Leipzig, 1911). 

Tables of J n (x\Ji), a function employed in the theory of alternating currents in wires, 
have been given in the British Assoc. Reports , 1889, 1893, 1896 and 1912; by Kelvin, Math, 
and Phys. Papers , hi. p. 493; by Aldis, Proc. Royal Soc. LXVI. (1900), p. 32; and by 
Savidge, Phil. Mag. (6), xix. (1910), p. 49. 

Formulae for computing the zeroB of J{){z) were given by Stokes, Camb. Phil. Trans, ix. 
and the 40 smallest zeros were tabulated by Willson and Peirce, Bull. American Math. 
Soc. ill. (1897), p. 153. The roots of an equation involving Bessel functions were computed 
by Kalahne, Zeitschrift filr Math, und Phys. Liv. (1907), p. 55. 

A number of tables connected with Bessel functions are given in British Assoc. Reports , 
1910-1914, and also by Jahnke und Emde, Funktionentafeln (Leipzig, 1909). 
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Miscellaneous Examples. 

1. Shew that 

cos (z sin 6 )« J 0 (z) + 2 J % (z) cos 26 + 2 J A (z) cos 46 -I-..., 

sin (z sin 6) — 2 J x (z) sin 6 + 2J 3 (z) sin 30 + 2 J b (z) sin 5 6+.... 

(K. Neumann.) 

2. By expanding each side of the equations of example 1 in powers of Bin 6 , express z* 
as a series of Bessel coefficients. 

3. By multiplying the expansions for exp j^z^f —and exp j —~z^£ — and 

considering the terms independent of J, shew that 

M» (z)}* + 2 {J, (,)}* + 2 {. J 2 (z))* + 2 [J, (z)) a + ... -1. 

Deduce that, for the Bessel coefficients, 

l-T.MIO, (»>i) 

when z is real. 

1 f r 

4. If = - / 2* cos 1 u cos {mu - z sin u) du 

n J 0 

(this function reduces to a Bessel coefficient when k is zero and 771 an integer), shew that 

where N-^^p is the ‘ Cauchy ’b number 5 defined by the equation 

rn. 1 ,P- j W (e iu + e “ ' M )* ( e iu -e~ iu )r> du. 

Shew further that 

and *7* +J (z) - 2 lmj k + l (,)-S(*+l) {.7* _,(«)- 7* + , (,)}. 

(Bourget, Journal de Math. (2), vl) 

5. If v and M are connected by the equations 

M=*E— e Bin E, cos v = — C — 3 -^ — e -=, where! e|<l, 

1 - e cos E 11 


shew that 


Jf+2 (1 -e 1 )^ 2 I (^e) 1 J m * (me) i sin n\M, 


where J m k (z) is defined as in example 4. 


(Bourget.) 
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6. Prove that, if m and n are integers, 


P. m (cos 6)-^ J m {(x>+y‘)* |) «», 


where z = rcosfl, j^+y*«*r a 8in l 0, and c* w is independent of z. 


7. Shew that the solution of the differential equation 


(Math. Trip. 1893.) 


_ £ d i +P (*'Y_ 1 1 (¥\ _ 1 fry. i ± (r \. (t'yi v _ 0 

<fc« 0rfz + l4U/ 2 *U/ llfi V 4 ’ 


where <f> and yfr are arbitrary functions of z, is 


M/ r (f) + Af_ p (f)}. 


8. Shew that 


y, (»)+/, (*)+y, (.»■) +...-*[•/„ M + j" {J 0 (t)+/, (0) * - i] ■ 


(Trinity, 1908.) 


9. Shew that 


J M / r,w S (-)'‘r(^4v + 2n + l)(4»r^ + ” 

M U U „=o n!r(ji + n + l)r(v + n + l)r(p + v + n + l) 
for all values of ^ and v. 

(Schlafli, Math. Ann. in. (1871), p. 142; and Schbnholzer, Bern dissertation, 1877.) 

10. Shew that, if n is a positive integer and m + 271 + 1 is positive, 

(»»- 1 ) J 0 3f * J * * * (*) J — i (*) dx =• iM * 1 (-A.+1 (•*) y._ i (*) - y.* (*)}+(m+1) j* (x) dx. 

(Math. Trip. 1899.) 


11. Shew that 


12. Shew that 


13. Shew that 




y.+i (- ) = jf_ (if)' (i^ 

Jn (z) * n +1 — n + 2 - n -+- 3 —... ' 


- , x r , s r . . _ . . 2 sin nw 

J-n{ 2 ) ^n-1 (*) -» + l W ^*M=--- • 


(LommeL) 


14. If be denoted by § lt (z), shew that 

\ z ) 


dQn(*) 1 2(W + 1) 


<2m (*) + * {&» (*)}*■ 


15. Shew that, if /P=7 J + - 2/T! cos 0 and r x > r > 0, 

/ 0 (A) » J 0 ( r ) ./„ (r M ) + 2!^ (r) J, (r,) cos n0, 

ji*i 

F 0 (/2)-/ 0 (r) r o (r|) + 2 1 J n (r) T n (r,) coend. 

W«=1 

16. She>v that, if R (n + J) > 0, 


(K. Neumann.) 


J * (2z cos 0) dB = Jir {/.(z)} 1 . (K. Neumanu.) 
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17. Shew how to express 2 *” J„ (z) in the form AJ t (i) + BJ„ (*), where A, B are poly¬ 
nomials in t; and prove that 

J t (6*) +3J 0 (0*) - 0„ 17, (30*) + W, (80*) = 0. 

(Math. Trip. 1896.) 

18. Shew that, if a ^ 0 and n > - 1, 

(o* - F) J* («*) Jn {&s)dx-X |/, (aX) L Jn (fix) - J. (fix) ^ J. (ox)} , 

2a* j x{J n (ax)}* dx — (air 2 — n s ) {J. (ax)} 2 + | x ^ (ax)J • 


19. Prove that, if n > - 1, and (a) =■= (/3)=0 while a 4= /9, 

xJ, (ax) Ox) dx = 0, and j x {./„ (ax)} s dx-J(y. tl (a)} 1 * 

Hence prove that, when — 1, the roots of -/„(.*:)«0, other than zero, are all real and 
unequal. 

[If a could be complex, take 0 to be the conjugate complex.] 

(Lommel, Studien iiber die BeaaeVschen Funlctionen, p. 69.) 


20. Let f(x) have an absolutely convergent integral in the range 0 ^.r^l; let if 
be a real constant and let n > 0. Then, if k x , £ a ,... denote the positive roots of the equation 

k-'{kJ n '(k) + ffJ n (k)} = 0, 

shew that, at any point x for which 0 < x < 1 and f (.t) satisfies one of the conditions of 
§ 9*43,/(*) can be expanded in the form 

/(*)- 2 ArJ^kjX), 

where Ar= \_jo 1 <ir ] f 0 (*r») <&■ 

In the special case when H = —n, A 1 is to be taken to be zero, the equation deter¬ 
mining jfc 2 , ... being J m + j (Jb) = 0, and the first term of the expansion is A^c* where 

J„ = (2n + 2) J^x m * I /(x) dx. 

Discuss, in particular, the case when U is infinite, so that J n (/*)■= 0, shewing that 

^r = 2{/ n + l (* r »- 2 f l xf(x)J n (k r x)dx. 

J 0 

[This result is due to Hobson, Proc. London Math. Soc. (2), vn. (1909), p. 349 ; see 
also W. H. Young, Proc. London Math. Soc. (2), xvm. (1920), pp. 163-200. The formal 
expansion was given with H infinite (when n«= 0) by Fourier and (for general values of n) 
by Lommel ; proofs were given by Hankel and Schlafli. The formula when i/== — n was 
given incorrectly by Dini, Serie di Fourier (Pisa, 1880), the term A 0 X* being printed as A 0t 
and this error was not corrected by Nielsen. See Bridgeman, Phil. Mag. (6), xvi. (1908), 
p. 947 and Chree, Phil. Mag. (6), xvii. (1909), p. 330. The expansion is usually called the 
Fourier-Bessel expansion .] 


21. Prove that, if the expansion 

— A^J 0 (Xj j*) + A 2 Jq (X 2 .r) +... 

exists as a uniformly convergent series when — a $.r ^ a, where Aj, X 2 , ... are the positive 
roots of J 0 (\a)~Q } then 


J m = 8{aX,V ] (X.a)}->. 


(Clare, 1900 .) 
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22 . If k lt k it ... are the positive roots of J n (i:o)—0, and if 


+ 2 A r J % {k r x) % 

r=l 


thU series converging uniformly when 0 $ x ^o, then 

ir= 2 £l ! (4 i , + 4- a V)^ ) . 


(Math. Trip. 1906.) 


23. Show that 


JT r " n _ w) J* J r»(* a ' a e ) coa fc, -*--‘flsin" + 1 0rf0 
when n > wi > - 1. (Sonine, JfarA Ann. xvi.) 

24. Shew that, if <r > 0, 

(Nicholson, Phil . (6), xvm. (1909), p. 6.) 

25. If m be a positive integer and u > 0, deduce from Bessel’s integral formula that 


0 -x>iah *J m (x) dx = e~ mu sech u. 


26. Prove that, when x > 0, 


(Math. Trip. 1904.) 


2 r“ 2 

t/ 0 (x) = - I sin (x cosh f) dt 1 Y 0 (x)— -I cos (x cosh t) dt. 

n J 0 "■ J 0 

[Take the contour of § 17 1 to be the imaginary axis indented at the origin and a 
semicircle on the left of this line.] 

(Sonine, Math. Ann. xvi.) 

27. Shew that 


I x~ l J 0 (xt) sin x djc = \ir 

J u 


and that 


0<<<ll 

*>1 J 


28. Shew that 


is the solution of 


f x~ l «/| (xt) sin xdx=t~ x {1 — (1 — 0 <<<l] 

Jo [ 

-<“ l *>1 J 

(Weber, Journal fiir Math . LXXV.) 


e nr CM *{A+B log (r sin a 0)} d& 


dhi 1 du 

-jn + - ~r - nhi = 0. 

Gtr* r dr 


(Poisson, Journal de l tlcoU Poly technique, XII. (1823), p. 476; see also Stokes, 
Camb. Phil. Trans, ix. (1856), p. [38].) 

29. Prove that no relation of the form 

£ ^.♦ > (*)-o 

S —0 

can exist for rational values of N lt n and x except relations which are satisfied when the 
Bessel functions are replaced by arbitrary solutions of the recurrence formula of § 17'21 (A). 

(Math. Trip. 1901.) 

[Express the left-hand side in terms of J n (x) and «/ w + i(x), and shew by example 12 
that J n +1 (x)jJ m (x) is irrational when n and x are rational.] 
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30. Prove that, when R (») > — $, 


J n r (n + i)r (i) ( l + <fc*) ( * ) ’ 

tr / \ 2" (l /COS^ 

" Y " {2) = 2-T(n + 4)r(i) \ l + dz>) \~T) ■ 

whu ?-/>*•] 

(Hargreave, /Vu7. Trans. 184ft ; Macdonald, Proc. London Math . £oc. xxix.) 


31. Shew that, when R (m + £) > 0, 


(D'/r 


(2 sin (9) sin m+1 0 = J m +l (z)- 


(Hobson.) 


32. Shew that, if 2n+1 > m > - 1, 


33. Shew that 


(Weber, Journal fiir Math. lxix. ; Math. Trip. 1898.) 


£. j 2 Z+i W)+J (.)}*. 

p = 0 * 

34. I 11 the equation 

dhj 1 dy ( 7i*\ 

d? + i dz + ( 1+ zV y “ 0, 

71 is real; shew that a solution is given by 

cos (n logz) - I - (-r^c og ^ -nlogz)- 

7M=1 2 2 " 1 771 ! (1 + 7i z )* (4 +7i z )a.(m z + 7i 2 )* 


(Lommel.) 


where u m denotes 2 arc tan {nfr). 


(Math. Trip. 1894.) 


35. Shew that, when 71 is large and positive, 

J n (») = 2 - l 3 - 1 TT -1 r (J) 71 - i + 0 (n -1 ). 

(Cauchy, Comptes Rendus , xxxvm. (1854), p. 993; Nicholson, Phil. Mag. 
(6), xvi. (1908), p. 276.) 


36. Shew that 


37. Shew that 


^ oC ^ Jo 1+t 1 ' 

(Mehler, Journal filr Math, lxviii.) 


cos ®«2"“ 1 r ( 71 ) 2 {n + k)C. (cos 6) A - " /«+* (X). 
k= 0 


38. Shew that, if 


(Math. Trip. 1900.) 


Jm (**) Jm (bx) J m (cx) X l ~ m dx, 


a, b, c being positive, and m is a positive integer or zero, then 
IT-O (a-&)*><;*, 

W — c-” / 2S6 ! C I_ So 4)"-t (a + 6) s > c* > (a — &)*, 

IF—0 (a + 6)*>c 2 . 


(Sonine, Math. Ann. xvi.) 
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39. Shew that, if n> - 1, m>-J and 

W “J 0 (“•*)(*■*)( Gr )- r ‘ -m <**» 

a, b f c being positive, then 
W-0 (a-&)■><* 

( M ) (a + 6)*> c s > (a -6) ! , 

IF= ($,,)-* a—' i"* 1 c -m mn ( m ~ 1 <■<”-»" (fll i _ t )t (8»-D 

c a >(o + 6) > , 

where ^ = (a a -f 6* - c 3 )/2ab, ^ 

(Macdonald, Proc. London Math . £oc. (2), vii.) 

40. Shew that, if P (m + J) > 0, 


Im W = c 


»/: 


cosh (z coa 0) sin 2 ”* <pd<f>, 


" 2 "*r(m+*)r( 4 ). 

and, if | arg z | < 4fr, 

Prove also that 

K m (z)* ir“* 2™ z"* r(m + 4) coa mrr j (u 3 +z 2 )- m ~i cos ucfa. 

(Math. Trip. 1898. Cf. Basset, Proc. Camb. Phil. Soc. vi.) 
[The first integral may be obtained by expanding in powers of z and integrating term- 
by-term. To obtain the Becond, consider 

/ U-h -H-) , 

where initially *rg(t- 1) — arg(* + 1) = 0. Take 1 1 1 > 1 on the contour, expand (t 3 - 1)*“* in 
descending powers of f, and integrate term-by-term. The result is 
2 ie imwi sin (2mrr) T (2m) 2~ m T (1 -m) /_ m (z). 

Also, deforming the contour by flattening it, the integral becomes 

2m* 1 "” i" sin 2mir j -l)" - * dt + 2ie imwi z™ coa mn j' e ~«'(1 dt ; 

and consequently 

41. Shew that 0 n (z) satisfies the differential equation 

where $r n =z _1 even), g K = nz-* (n odd). (K. Neumann.) 

42. If /(z) be analytic throughout the ring-shaped region bounded by the circles c, C 
whose centres are at the origin, establish the expansion 

/(*)"* fan Jo (z) + ai«/| ( z ) + °j^2 (z) + ... 

+ 0\ (*) + ■•■> 

where o [ /(«) 0,(t)dt, f f(t)J„(t)dt. (K. Neumann.) 

TTl J C J C 

43. Shew that, if x and y are positive, 

e-f** 


/ ” e -PX e ~ir 

— J a (ty)kdt~ — , 


where »■— +</(**+y*) end 0“ + 1) or *%/(l -f) according as k> 1 or 1. 

(Math. Trip. 1905.) 
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44. Shew thAt, with suitable restrictions on u and on the form of the function /(x), 

/(*)-/’ 

[A proof with an historical account of this important theorem is given by Nielsen, 
Cylinderfunktioneru, pp. 360-363. It is due to Hankel, but (in view of the result of § 9'7) 
it is often called the Fourier-Beuel integral.] 

46. If C be any closed contour, and m and n are integers, shew thAt 

l c J m (») J n («) dz~ j c 0 m (z) On (•) dz~f c J m (l) On («) <fe- 0, 

unless C contains the origin and w —n; in which case the first two integrals are still zero, 
but the third is equal to m' (or 2iri if m = 0) if C encircles the origin once counter¬ 
clockwise. (K. Neumann.) 


46. Shew that, if 


and if n be a positive integer, then 


P \ q \ "*•’ 


while 


Z — 2 On-m, K + m-1 ^atn-1 ( 2 ), 

m=i 

s-i 

—OoW + 2 2 a B . 0 2m (z). 

m=1 


(K. Neumann.) 


47. if ’ 

shew that 

(y*-*«)-«-a t (y){J r ,(*)}*+2 2 0.(y){/i(*)J* 

»=1 

when the series on the right converges. (K. Neumann, Math. Ann. III.) 

48. Shew that, if c> 0, R (n) > - 1 and R (a ± 6) 3 > 0, then 

Jn(a)Jn(b)~~. f C+ ^l-'e ip{(<*-o 2 — 6*)/(2i)}. I.(abjt)dt. 
jLiti j c —»i 

(Macdonald, Proc. London Math. Soc. XXXII.) 

49. Deduce from example 48, or otherwise prove, that 
(a 2 + 6 s - 2afe cos 0)”** J n {(a 2 + 6 2 — 2ab cos 0)*} 

-=2«r(n) 2 (m + n)a- n b-»J m + n {a)J m + H (b)C w *(cofie). 

m—0 

(Gegenbauer, Wiener Sitzungeberichte^ LXIX. LIXiv.) 


50. Shew that 


satisfies the equation 


i/-J''J m (t)J.(tzl)t i -'dt 


y 


-o 


4z (z-1) 

if it* J m (t)Jn(tZ^)-t**' JJ (0 J. (&*) + ** I* * ' J m (0 Jn (»«*) 

resumes its initial value after describing the contour. 

Deduce that, when 0<*<1, 

r; *)• 

(Schafheitlin, Math. Ann. xxx. ; Math. Trip. 1903.) 
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THE EQUATIONS OF MATHEMATICAL PIIVSICS 

181. The differential equations of mathematical physics. 

The functions which have been introduced in the preceding chapters are 
of importance in the applications of mathematics to physical investigations. 
Such applications are outside the province of this book; but most of them 
depend essentially on the fact that, by means of these functions, it is possible 
to construct solutions of certain partial differential equations, of which the 
following are among the most important: 

(I) Laplaces equation 

dfV dfV a 2 F_. 

dx 2 dy 2 dz 2 

which was originally introduced in a memoir* on Saturn’s rings. 

If (#, y, z) be the rectangular coordinates of any point in space, this equation is 
satisfied by the following functions which occur in various branches of mathematical 
physics : 

(i) The gravitational potential in regions not occupied by attracting matter. 

(ii) The electrostatic potential in a uniform dielectric, in the theory of electro¬ 
statics. 

(iii) The magnetic potential in free aether, in the theory of magnetostatics. 

(iv) The electric potential, in the theory of the steady flow of electric currents in 
solid conductors. 

(v) The temperature, in the theory of thermal equilibrium in solids. 

(vi) The velocity potential at points of a homogeneous liquid moving irrotationally, 
in hydrodynamical problems. 

Notwithstanding the physical differences of these theories, the mathematical investi¬ 
gations are much the same for all of them: thus, the problem of thermal equilibrium in a 
solid when the points of its surface are maintained at given temperatures is mathe¬ 
matically identical with the problem of determining the electric intensity in a region 
when the points of its boundary are maintained at given potentials. 

(II) The equation of wave motions 

d 2 V dfV d 2 V d 2 V 

dx 2 + dy* dz 1 c 3 dt 2 

This equation is of general occurrence in investigations of undulatory disturbances 
propagated with velocity c independent of the wave length ; for example, in the theory of 
electric waves and the electro-magnetic theory of light, it is the equation satisfied by each 
component of the electric or magnetic vector; in the theory of elastic vibrations, it 
is the equation satisfied by each component of the displacement; and in the theory 
of sound, it is the equation satisfied by the velocity potential in a perfect gas. 

* Mini, de VAcad. det Sciences, 1787 (publiahed 1789), p. 252. 
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(III) The equation 0 /conduction of heat 

dfV &V dfV^\fiV_ 

fix 1 dif dz 2 k fit 

This is the equation satisfied by the temperature at a point of a homogeneous isotropic 
body; the constant k is proportional to the heat conductivity of the body and inversely 
proportional to its specific heat and density. 

(IV) A particular case of the preceding equation (II), when the variable 
z is absent, is 

&V d*V = ld^V 
dx* + fiy 1 ~ c 1 fit 2 ' 

This is the equation satisfied by the displacement in the theory of transverse vibrations 
of a membrane ; the equation also occurs in the theory of wave motion in two dimensions. 


(V) The equation of telegraphy 


&V dV 

LK 4 +KR Tt 


fifV 
fix 1 ‘ 


This is the equation satisfied by the potential in a telegraph cable when the inductance 
X, the capacity K, and the resistance R per unit length are taken into account. 

It would not be possible, within the limits of this chapter, to attempt 
an exhaustive account of the theories of these and the other differential 
equations of mathematical physics; but, by considering selected typical 
cases, we shall expound some of the principal methods employed, with 
special reference to the uses of the transcendental functions. 


18'2. Boundary conditions. 

A problem which arises very frequently is the determination, for one of the 
equations of § 181, of a solution which is subject to certain boundary con¬ 
ditions ; thus we may desire to find the temperature at any point inside a 
homogeneous isotropic conducting solid in thermal equilibrium when the 
points of its outer surface are maintained at given temperatures. This 
amounts to finding a solution of Laplace’s equation at points inside a given 
surface, when the value of the solution at points on the surface is given. 

A more complicated problem of a similar nature occurs in discussing 
small oscillations of a liquid in a basin, the liquid being exposed to the 
atmosphere; in this problem we are given, effectively, the velocity potential 
at points of the free surface and the normal derivate of the velocity potential 
where the liquid is in contact with the basin. 

The nature of the boundary conditions, necessary to determine a solution 
uniquely, varies very much with the form of differential equation considered, 
even in the case of equations which, at first sight, seem very much alike. 
Thus a solution of the equation 


d*V d'V 



388 


THE TRANSCENDENTAL FUNCTIONS [CHAP. XVni 

(which occurs in the problem of thermal equilibrium in a conducting’ 
cylinder) is uniquely determined at points inside a closed curve in the 
zy-plane by a knowledge of the value of V at points on the curve ; but 
in the case of the equation 

yr 18»7 

dx* c* dt 1 " 

(which effectively only differs from the former in a change of sign), occurring 
in connexion with transverse vibrations of a stretched string, where V 
denotes the displacement at time t at distance x from the end of the 
string, it is physically evident that a solution is determined uniquely only if 

dV 

both V and are given for all values of x Buch that 0 $ x ^ l, when t = 0 
(where l denotes the length of the string). 

Physical intuitions will usually indicate the nature of the boundary 
conditions which are necessary to determine a solution of a differential 
equation uniquely; but the existence theorems which are necessary from 
the point of view of the pure mathematician are usually very tedious and 
difficult*. 

18’3. A general solution of Laplaces equation f. 

It is possible to construct a general solution of Laplaces equation in the 
form of a definite integral. This solution can be employed to solve various 
problems involving boundary conditions. 

Let V ( x } y, z) be a solution of Laplace’s equation which can be expanded 
into a power series in three variables valid for points of (x , y, z) sufficiently 
near a given point (x Q) y 0 , z 0 ). Accordingly we write 

x = Xv + X, y = y 0 + F, z =■ z 0 + Z ; 
and we assume the expansion 

V = <x 0 + (i 1 A + b^Y + Ci Z + a? X a + 6 a F a + c a Z a 

+ 2 dtYZ+ 2 e,ZX + 2/ a IF+ 
it being supposed that this series is absolutely convergent whenever 

where a is some positive constantJ. If this expansion exists, V is said to 
be analytic at (x 0 , y 0 , z 0 ). It can be proved by the methods of §§ 3*7, 4 7 

* Bee e.g. Forsyth, Theory of Function v (1918), §§ 216-390, where an apparently simple 
problem iB discussed. 

f Whittaker, Math. Ann. lvii. (1902), p. 333. 

X The functions of applied mathematics satisfy this condition. 
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that; the series converges uniformly throughout the domain indicated and 
may be differentiated term-by-term with regard to X, Y or Z any number of 
times at points inside the domain. 

If we substitute the expansion in Laplace's equation, which may be 
written 

d*V &V 9®F_ 

BX t + BY' + BZ* ’ 

and equate to zero (§ 3'73) the coefficients of the various powers of X, Y 
and Z, we get an infinite set of linear relations between the coefficients, 
of which 

a„ + 6 2 + c 2 = 0 

may be taken as typical. 

There are ^w(n —1) of these relations* between the ^ (n + 2) (n + 1) 
coefficients of the terms of degree n in the expansion of F, so that there 
are only ^ (n + 2) (n + 1) — \n (n — 1) = 2n + 1 independent coefficients in 

the terms of degree n in V. Hence the terms of degree n in V must be 
a linear combination of 2n + l linearly independent particular solutions of 
Laplace’s equation, these solutions being each of degree n in X, Y and Z. 

To find a set of such solutions, consider (Z + iX cos u + iY sin u) n ; it is 
a solution of Laplace’s equation which may be expanded in a series of sines 
and cosines of multiples of u, thus : 

2 g m (X> Y, Z) cos 7/m + 2 h m (X, Y, Z) sin mu, 

m = 0 m = 1 

the functions gm(X, Y, Z) and h m (X, Y, Z) being independent of u. The 
highest power of Z in g m ( X , Y, Z) and Ji m (X, Y, Z) is Z n ~ m and the former 
function is an even function of Y t the latter an odd function, hence 
the functions are linearly independent. They therefore form a set of 
2n + 1 functions of the type sought. 

Now by Fourier’s rulef (§ 912) 

t rg n (X,Y l Z)=j W "(Z + iX cos u + iY sin u) n cos mudu , 

irh m (X, Y, Z) = J (Z + iX cos u + i Y sin u) n sin mudu , 

* If a Tttti (where r + i + t = n) be the coefficient of X T Y*Z t in V, and if the terma of degree 
0i y giy 

n- 2 in he arranged primarily in powers of X and secondarily in powers of Y, 

the coefficient a riB>< does not occur in any term after X T ^Y , Z t (or X r Y*~ 2 Z t if r = 0 or 1), and 
hence the relations are all linearly independent. 

t 2x mast be written for r in the coefficient of g 0 (X, Y, Z). 
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And so any linear combination of the 2n +1 solutions can be written in the 
form 




(Z+ iX cos u -f i’} r sin u) n f n ( u ) du> 

r 

where f n (u ) is a rational function of e iw . 

Now it is readily verified that, if the terms of degree n in the expression 
assumed for V be written in this form, the series of terms under the integral 
sign converges uniformly if | X | 3 -l-1 F| 2 + | Z| a be sufficiently small, and so 
(§ 47) we may write 

V = I £ (Z + i X cos u + i Y sin u) n f n (u) du. 

J -ir n=0 

But any expression of this form may be written 

V =* j F (Z + iX cos u + i Y sin u, u) du , 

J — TT 

where F is a function such that differentiations with regard to X, Y or Z 
under the sign of integration are permissible. And, conversely, if F be any 
function of this type, V is a solution of Laplace’s equation. 

This result may be written 


V = j f(z + ix cos u + iy sin u, u) du, 


on absorbing the terms — z 0 — ix 0 cos u — iy 0 sin u into the second variable ; 
and, if differentiations under the sign of integration are permissible, this 
gives a general solution of Laplace’s equation; that is to say, every solution 
of Laplace’s equation which is analytic throughout the interior of some 
sphere is expressible by an integral of the form given. 

This result is the three-dimensional analogue of the theorem that 

V=j{x+iy) + g(x-iy) 

is the general solution of 

a 2 r 

bx* by 2 

[Note. A distinction has to be drawn between the primitive of an ordinary differential 
equation and general integrals of a partial differential equation of order higher than the 
first* 

Two apparently distinct primitives are always directly transformable into one another 

d 2 y 

by means of suitable relations between the constants ; thus in the case of ^j| + y = 0, we 

can obtain the primitive Csin (x+t) from A cos x 4 B Bin x by defining C and § by the 
equations Csin 0 = C cos 0 —2?. On the other hand, every solution of Laplace’s equation 
is expressible in each of the forms 

J /(x cos t sin t + iz, t) dt, j y iy cos u + 2 sin u + ix, u) du ; 

* For a discussion of general integrals of such equations, see Forsyth, Theory of Differential 
Equations, vi. (1906), Ch. xn. 
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18-31] 


but if these are known to be the same solution, there appears to be no general analytical 
relation, connecting the functions f and g, which will directly transform one form of 
the solution into the other.] 


Example 1. Shew that the potential of a particle of unit mass at (a, fc, c ) is 

J f w _ du _ 

2 n J -n (z - c) + i {x - a) cos u + i (y - b) sin u 

at all points for which z> c. 


Example 2. Shew that a general solution of Laplace’s equation of zero degree in 
jr, y, z is 

/-> B( jtcos f+y Bin t + w)y (t) dt, if j J(t) (it =0. 


,v r+z 

Express the solutions — : — and log- in this form, where r 2 * .r^+y-' + s 2 . 

z + r r — z 


Example. 3. Shew that, in the case of the equation 




^where jo—integrals of Charpit's subsidiary equations (see Forsyth, Differential 


Equation j, Chap, ix.) are 


(i) p* - z = y - = 

(ii) p = q + a 2 . 


Deduce that the corresponding general integrals are derived from 

(i) z = J (x + a) 3 +} (y - a) 3 + F (a)l 
0=(x + a)*-{i/-a) 2 + F'(a) J’ 

(ii) 4z-J (*+y) 3 + 2a 2 (x-y)-a* {x+y)~ l + G (a)l 

0 b 4a (x — y) — 4a 3 (x +y) _ 1 + tr' (a) J ’ 

and thence obtain a differential equation determining the function G (n) in terms of the 
function F(a ) when the two general integrals are the same. 


18 * 31 . Solutions of Laplaces equation involving Legendre functions. 

If an expansion for V, of the form assumed in § 18 3, exists when 

£ o = y 0 = *o * 

we have seen that we can express V as a series of expressions of the type 

j (z + ix cos u + iy sin u) n cos mudu, j (z + ix cos u + iy sin ?t) n sin mudv, 

where n and m are integers such that 0 ^ m ^ n. 

We shall now examine these expressions more closely. 

If we take polar coordinates, defined by the equations 

™ r sin 0 cos </>, y = r sin 0 sin <f>, z = r cos 0 , 


x 
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we have 


J (z + is cos u + iy sin u) n cos mudu 

= r" J (cos 0 + i sin 0 cos ( u — £)] n cos mudu 

rv-t 

= r n I (cos 0 + i sin 0 cos >/r] n cos m(<f> + yfr) dyfr 
= ? ,n J (cos 0 + i sin 0 cos >/r) n cos m (0 + yfr) dyfr 

= r n cos m<f> J (cos 0 + i sin 0 cos ^} n cos my/rdy/r, 

since the integrand is a periodic function of y/r and 

(cos 0 + i sin 0 cos yjr) n sin myfr 

is an odd function of y/r. Therefore (§ 15 61), with Ferrers' definition of the 
associated Legendre function, 

J (z + ix cos u + iy sin u) n cos mudu = r n P n m (cos 0) cos m<f>. 

Similarly 

f (z + ix cos u + iy sin m) m sin mudu *= —^-! r n P n m (cos 0) sin m<f>. 

J-w (n+m)\ 


Therefore r n P n m (cos 0) cos m<f> and r 1l P n m (co9 0) sin m<f> are polynomials 
in x, y } z and are particular solutions of Laplace's equation. Further , by 
§ 183, every solution of Laplace 8 equation , which is analytic near the origin , 
can be expressed in the for m 

V = 2 r n <A n P n (cos0) 4- 2 (A n ,m) cos m<f> + B n m sin m<f>) P n m (cos 0) 

FI’O ( »l = l 

Any expression of the form 


A n P n (cos0) + 2 (A ll ,m) cos + B n {m) sin m<f>) P n m (cos 0), 

m-1 

where n is a positive integer, is called a surface harmonic of degree n ; 
a surface harmonic of degree n multiplied by r n is called a solid harmonic 
(or a spherical harmonic) of degree n. 

The curves on a unit sphere (with centre at the origin) on which /^(cosfl) vanishes 
are n parallels of latitude which divide the surface of the sphere into zones, and so P u (cos 0) 

COS 

is called (Bee § 15T) a zonal harmonic ; and the curves on which . vufr. P m m (cos 0) vanishes 

are n — m parallels of latitude and 2 m meridians, which divide the surface of the sphere 
into quadrangles whose angles arc right angles, and so these functions are called tesseral 
harmonics. 
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A solid harmonic of degree n is evidently a homogeneous polynomial of degree n in 
x, y, z and it satisfies Laplace’s equation. 

It is evident that, if a change of rectangular coordinates* is made by rotating the axes 
about the origin, a solid harmonic (or a surface harmonic) of degree n transforms into 
a solid harmonic (or a surface harmonic) of degree n in the new coordinates. 

Spherical harmonics were investigated with the aid of Cartesian coordinates by 
W. Thomson in 1862, see Phil. Trans. (1863), pp. 573-582, and Thomson and Tait, 
Treatise on Natural Philosophy I. (1879), pp. 171-218; they were also investigated 
independently in the same manner at about the same time by Clebsch, Journal fiir Math. 
lxi. (1863), pp. 196-262. 

Example. If coordinates r, 6, 0 are defined by the equations 

x — r cosd, y = (r 2 -1)^ sin ^ cos 0, z = (r a — 1)^ sin 0Bin 0, 
shew that P n m (r) P n m (cos 0) cos ra0 satisfies Lapluce’s equation. 


18’4. The solution of Laplaces equation which satisfies assigned boundary 
conditions at the surface of a sphere. 

We have seen (§ 18 31) that any solution of Laplace's equation which 
is analytic near the origin can be expanded in the form 

V (r, 0, 0) » 1 r n \A n P n (cos 0) 

+ 2 (An*" 11 cos m0 + B n {m) sin m<f>) P n m (cos 0)1 ; 

wt = l ) 


and, from § 37, it is evident that if it converges for a given value of r, 
say a, for all values of 0 and 0 such that 0 $ 0 ^ 7r, — 7r ^ 0 ^ tt, it converges 
absolutely and uniformly when r < a. 

To determine the constants, we must know the boundary conditions 
which V must satisfy. A boundary condition of frequent occurrence is 
that V is a given bounded integrable function of 0 and 0, say /(0, 0), on 
the surface of a given sphere, which we take to have radius a, and V is 
analytic at points inside this sphere. 

We then have to determine the coefficients A n , A u (tn) , B n m from the 
equation 

/(0,0)« 2 a n jA n P n (cos 0) + 2 (A n lm) cos + sin m<f>) P n m (cos 0) 

H = 0 l 111=1 

Assuming that this series converges uniformly f throughout the domain 


multiplying by 


0 $ 0 ^ 7T, — 7T ^ 0 ^ 7T, 

■P»’"(C08 0 ) ^ 


d 9 3* -3 s 

* Laplaoe’B operator 5 '— + ^ ^ is invariant for changes of rectangular axes, 

f This i> usually the case in physical problems. 
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integrating term-by-term (§ 4'7) and using the results of §§ 15'14, 15 51 on 
the integral properties of Legendre functions, we find that 

I" V) -Pn"(cos ff )cos m# sin ffdffd# = ira* ± j \ A n ™, 

/ /./ ^ ) P"™ ( cos sin m< / > ’ sin d'dd'dtp' = Tra" j- • + ’» ) i - 0 """ 1 * 

T l f(^t 0 ')-P»(cos ^)sin 0'd0'd<j>' = 2ira n r .4„. 

J -w J 0 -irt + 1 


Therefore, when r < a, 

v (r ' * « - nsr (;)‘ r_. I /<* « {*• <«* « ^ 

+ 2 J j——P n m (cos 0 ) P n m (cos 9) cos m (<b — d>')l sin 9d9d<f>'. 
m =i (n + m)! J 

The serieB which is here integrated term-by-term converges uniformly 
when r <a, since the expression under the integral sign is a bounded 
function of 0, 9, <£, <f>', and so (§ 4 7) 


4t rV(r, 6, <f>) - j ’ *') £ # ( 2 n + 1) (Q” |p„(cos 0) P„ (cos ff) 

+ 22 7 ^—”7 P„ m (cos 0) P„ m (cos O') cos — <f>')l sin 0'd0'd<f>'. 
m „i(7i + m)! J 


Now suppose that we take the line (6, (f>) as a new polar axis and let 
( 0 ,\ </>/) be the new coordinates of the line whose old coordinates were ( 9 , </>'); 
we consequently have to replace P n (cos 0) by 1 and P n m (cos 0) by zero; and 
so we get 

4irF(r, 0, $)=[’ (’ f(0\ <f>') I ( 2 n + l) f-V P„ (cos*/) sin */<£*/#/ 

J -w J 0 n =0 \ a / 

= [ [ /(0\^) 2 ( 2 n+l)(-) P n (cos 0/) sin 9d9d<f>'. 

J-wJo n-o \ a / 


If, in this formula, we make use of the result of example 23 of Chapter xv 
(p. 332), we get 


4 wV(r, 0, <f») = |’J 7 (^. f) 


a (a 3 — r 2 ) sin 0 * d$ 
(r 1 — 2 ar cos 01 + a 1 )* 


and so 


47t V (r, 0, <f>) 

= a (a* — r*) f" f’_/(^fjsin 0'd0'd£ _ 

J -* J o [r 1 — 2 ar (cos 0 cos 0 * + sin 0 sin 0 * cos (</> — <£')} + a 1 ]* 

In this compact formula the Legendre functions have ceased to appear 
explicitly. 
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The last formula can be obtained by the theory of Green's functions. For properties 
of such functions the reader is referred to Thomson and Tait, Natural Philosophy , 
§§ 499 - 519 . 

[Note. From the integrals for F(r, 0, 0) involving Legendre functions of cos 8{ and 
of cos0, costf' respectively, we can obtain a new proof of the addition theorem for the 
Legendre polynomial. 

For let 

X« (*\ 0') - (cos 6\) ~ jp. (cos e) P n (cos 0) 

+ 2 JS 1 P» m ( coa Pn' (cos 0) cos m (0 - 0')|, 

and we get, on comparing the two formulae for V (r, 0, 0), 

°- j\J\ '/(*, 0')J o (2n + l) Q" Xn (0\ 0') a ^ n O'dffdtf. 

If we take f{8\ 0') to be a surface harmonic of degree n, the term involving r* is the only 
one which occurs in the integrated series ; and in particular, if we take /(0', 0*)» 

we get 

r _ /’{Xn(r, 0')} ,a >O 0dffd4,=O. 

Since the integrand is continuous and is not negative it must be zero; and so 
Xh(6\ 0') = O; that is to say we have proved the formula 

R f Yi _ ft} \ 1 

P H (cos By) « Pn (cos 8) P n (COS 0*) + 2 2 ;- n /V*(CO8 0) P n m (COS 0^ COS 771 (0-0'), 

W-.1 (w+m)! 

wherein it is obviouB that 


cos 0 ,' = cos 6 cos 0 ' + sin 0 sin & cos ( 0 - 0 '), 
from geometrical considerations. 

AVe have thus obtained a physical proof of a theorem proved elsewhere* (§ 15’7) by 
purely analytical reasoning.] 


Example 1. Find the solution of Laplace’s equation analytic inside the sphere r=l 
which has the value sin 30 cos 0 at the surface of the sphere. 

(COB 6) cos 0 - J rP\ 1 (cos 0 ) cos 0 .] 

Example 2 . Let / n (r, 0, 0 ) be equal to a homogeneous polynomial of degree n 
in j?, y, z. Shew that 


j[ r J’f. («, e, 0 ) P, ( cos 0 cos ff + sin 0 sin 0 / cos (0 — 0 ')} a* sin 8d8cUp 


4tt a 2 

2 rt +1 


/.(«, 0)- 


[Take the direction (0', 0 ') as a new polar axis.] 


18 5 . Solution# of Laplace 1 8 equation which involve Bessel coefficients. 
A particular case of the result of § 18‘3 is that 


/: 


g*(z+i*co«w+iV«lnwj cos mu du 


is a solution of Laplace's equation, k being any constant and in being any 
integer. 

* The absence of the factor (-)■• which occurs in § 15-7 is due to the fact that the functions 
now employed are Ferrers’ associated functions. 
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Taking cylindrical-polar coordinates ( p , 0, r) defined by the equations 
x = p cos <f>, y = p sin 
the above solution becomes 



glfcpOO* («-<*) CQB mU d U 


e kz j e xkpcM V cos m (v + 0) . dt/ 

2^ | e' 4 '* co * 0 cos mv cos dv 
Jo 


= cos e a f lC0§v coB mvdv, 

and so, using § 17'1 example 3, we see that 2iri w cos (m<f >). J m (kp) is a 
solution of Laplace’s equation analytic near the origin . 

Similarly, from the expression 


/: 


gilz+ixoMH-Hyainu) g j n mu( £u, 


where m is an integer, we deduce that 2iri in e* z sin . J m (Icp) is a solution 
of Laplace’s equation. 


18'51. The periods of vibration of a uniform membrane *. 

The equation satisfied by the displacement V at time t of a. point (j*, y) of a uniform 
plane membrane vibrating harmonically is 

BU' &V 1 0* V 

dx* + iy^c'W’ 

where c is a constant depending on the tension and density of the membrane. The 
equation can be reduced to Laplace’s equation by the change of variable given by z*=cti. 
It follows, from § 18'6, that expressions of the form 


T n \ COS COS , 

•An (*p) ■ Ckt 

sin am 


satisfy the equation of motion of the membrane. 

Take as a particular case a drum , that is to say a membrane with a fixed circular 
boundary of radius R. 

Then one possible type of vibration is given by the equation 
V**J m ( kp ) cos cos ckt , 

provided that V «0 when p = R\ so that we have to choose k to satisfy the equation 

J m {kR)~ 0. 

This equation to determine k has an infinite number of real roots (§ 17’3 example 3), 
h\, £a> £31 ••• say- A possible type of vibration is then given by 

V**J m (kfp) cos 7 n 0 cos ckyX (r=l, 2, 3, ...). 

This is a periodic motion with period 2nj(ck r ) ; and so the calculation of the periods 
depends essentially on calculating the zeros of Bessel coefficients (see § 17*9). 


* Euler, Novi Comm. Acad. Petrop. x. (1764) [published 1766], pp. 243-260; Poisson, M£m. 
de I’Acadtmie, vm. (1829), pp. 867-570; Bourget, Ann. dt VEcolt norm . sup. m. (I860), pp. 55-95. 
For a detailed discussion of vibrations of membranes, see also Rayleigh, Theory of Sound , 
Chapter ix. 
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Example. The equation of motion of air in a circular cylinder vibrating per¬ 
pendicularly to the axis OZ of the cylinder is 

<FV <PV 1 _ <PV 
bx? by* * c* bf* 1 

V denoting the velocity potential. If the cylinder have radiuB R } the bouudary condition 

dV 

is that when p^R. Shew that the determination of the free periods depends on 

finding the zeros of J m ' (£) = 0. 

18 ’ 6 . A general solution of the equation of wave motions. 

It may be shewn* by the methods of § 18 3 that a general solution of 
the equation of wave motions 


d*v dfv d 2 v_ i yr 

dx 2 + dy 1 + dz 2 c 2 dt 2 



where /is a function (of three variables) of the type considered in § 18'3. 

Regarding an integral as a limit of a sum, we see that a physical 
interpretation of this equation is that the velocity potential V is produced 
by a number of plane waves, the disturbance represented by the element 
f (x sin u cos v - y sin u sin v + z cos u + ct , u , t;) 8u8v 
being propagated in the direction (sin u cos v, sin u sin v, cos u ) with velocity c. 
The solution therefore represents an aggregate of plane waves travelling in 
all directions with velocity c . 

18 61. Solutionis of the equation of wave motions which involve Bessel 
functions. 

We shall now obtain a class of particular solutions of the equation of 
wave motions, useful for the solution of certain special problems. 

In physical investigations, it is desirable to have the time occurring by 
means of a factor sin ckt or cos ckt, where k is constant. This suggests that 
we should consider solutions of the type 

V = [ I con v+ynnu v+z cob u+ct) f^ u , v) dudv 

J - w J 0 

Physically this means that we consider motions in which all the elementary waves 
have the SAme period. 

Now let the polar coordinates of (x, y, z) be (r, 8 , <f>) and let (g>, yfr) be the 
polar coordinates of the direction (u, v) referred to new axes such that 
the polar axis is the direction (8, <f> ), and the plane ijr = 0 passes through 
OZ ; so that 

cos gj = cos 8 cos u -I- sin 8 sin it cos (<f> — v), 
sin u sin (<f> — v) = sin tu sin y/r. 

* See the paper previously cited, Math. Ann. lvii. (1902), pp. 342-345, or Mtncnyer of Mathe¬ 
matics, ixxvi. (1907), pp. 98-106. 
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Also, take the arbitrary function f(u,v) to be S n (u, v) sin u, where S n 
denotes a surface harmonic in u t v of degree n; so that we may write 

S n (u, v) = S n (0, 0; &), 0-). 

where (§ 1831) S n is a surface harmonic in to, y/r of degree n. 

We thus get 

V^e^J J e** rco# “ S n (0, 0; a), 0) sin coda)dyfr. 

Now we may write (§ 18 31) 

Sn (0, 0; ft), y/r) = A„ (0, 0) . P n (cos ft)) 

+ £ (A n ,m) ( 6 , 0) cos m-0 + P n ,m) (0, 0) sin mi/r] P n TO (cos cu), 

m*=l 

where A n {0, 0), A„ |m) (0, 0) and (0, 0) are independent of yfr and g). 
Performing the integration with respect to y/r, we get 

V = 2we iket A n (0, 0) [ P n (cos w) sin &xf&) 

J 0 

= 2Tre' tcl A„(0, 4>) f* P n (/*) 

- W*» A. <«, ♦)/* t «*- £. </■' - > )■ <fe. 

by Rodrigues’ formula (§ 1511); on integrating by parts n times and using 
Hanked integral (§ 17*3 corollary), we obtain the equation 

v ■= , e ika A„(0, f) (1 - ,*»)» 

- (2tt) 3 i n e ,ic( (frr) " * 7 n + j (At) ^4 n (0, 0), 

and so V is a constant multiple of e 0 * 1 r~l J n + ^ (hr) A n (0, 0). 

Now the equation of wave motions is unaffected if we multiply x, y, z 
and t by the Bame constant factor, i.e. if we multiply r and t by the same 
constant factor leaving 0 and 0 unaltered ; so that A n (0, 0) may be taken 
to be independent of the arbitrary constant k which multiplies r and t. 

Hence lim e *** i (&r) (0, 0) is a solution of the equation 

of wave motions; and therefore r n A n (0, 0) is a solution (independent of J) 
of the equation of wave motions, and is consequently a solution of Laplace’s 
equation; it is, accordingly, permissible to take A n (0, 0) to be any surface 
harmonic of degree n; and so we obtain the result that 

r~bJ R +1 ( kr) (cos 0) C ? 8 m0 C0S ckt 

* = ' sin sin 

is a particular solution of the equation of wave motions. 
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10 * 611 . Application of § 18*61 to a physical problem. 

The solution just obtained for the equation of wave motions may be used in the 
following manner to determine the periods of free vibration of air contained in a rigid 
sphere. 

The velocity potential V satisfies the equation of wave motions and the boundary 
condition is that ^ — 0 when r = a, where a is the radiuH of the sphere. Hence 


V=r~ij n , * (It) /V" (cos 6) C0S nuf> C ° 8 ckt 
H +* v ' sin ^ sin 

gives a possible motion if k is so chosen that 


This equation determines k\ on using § 17 24, we see that it may be written in 
the form 

tan ka =/„ (ka\ 

where f n (ka) is a rational function of ka. 

In particular the radial vibrations, in which V is independent of 0 and 0, are given bj r 
taking n —0; then the equation to determine k becomes simply 

tan ka = ka ; 

and the pitches of the fundamental radial vibrations correspond to the roots of this 
equation. 
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Miscellaneous Examples. 

I. If V be a solution of Laplace’s equation which is symmetrical with respect to 0Z y 
and if V=f(z } on 0Z y shew that if /{£} be a function which is analytic in a domain of 
values (which contains the origin) of the complex variable £, then 

F— - f f{z + i (^+y 2 )^ cos 
n J o 

at any point of a certain three-dimensional region. 

Deduce that the potential of a uniform circular ring of radius c and of mass M lying in 
the plane NOY with its centre at the origin iB 

Ml' 
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2. If V be a solution of Laplace's equation, which is of the form where 

(p, 0, z ) are cylindrical coordinates, and if this aolrtion is approximately equal to 

near the axis of z , where f(() is of the character described in example 1, 

shew that 

F “ F (l+i)r^) f/ (l+ipcoat) tdL (DcrngaU.) 

3. If u be determined as a function of x , y and z by means of the equation 

Ax+ By+Cz- 1, 

where A, B, C are functions of u such that 

J’ + ^ + C 1 -0, 

shew that (subject to certain general conditions) any function of u is a solution of 
Laplace’s equation. 

(Forsyth, Messenger x xxvil. (1890), pp. 99-118.) 

4. A , B are two points outside a sphere whose centre is C. A layer of attracting 
matter on the surface of the sphere is Biich that its surface density a p at P is given by 
the formula 

<r p *:{AP.BP)-K 

Shew that the total quantity of matter is unaffected by varying A and B so long as 
CA . CB and ACB are unaltered ; and prove that this result is equivalent to the theorem 
that the surface integral of two harmonics of different degrees taken over the sphere 
is zero. 

(Sylvester, Phil . Mag. (5), II. (1076), pp. 291-307.) 

6. Let V (x, y, z) be the potential function defined analytically as duo to particles 
of masses X + ip, X — ip at the points (a+ta', b + ib\ c + ic') and ( a — ia\ b-ib\ c — ic') 
respectively. Shew that V (x, y, z) is infinite at all points of a certain real circle, and 
if the point (x, y, z) describes a circuit intertwined once with this circle the initial 
and final values of V (x, y, z) are numerically equal, but opposite in sign. 

(Appell, Math. Ann. xxx. (1887), pp. 155-156.) 


6 . Find the solution of Laplace’s equation analytic in the region for which a<r<A, 
it being given that on the spheres r«*a and r = A the solution reduces to 

2 c» P, (cos 0), 2 C % P n (cos 0), 

»-0 n =0 

respectively. 

7 . Let O' have coordinates (0, 0, c), and let 


Shew that 
P m ( cos*) 

j/m-1 


POZ-6 , PQZ-&, P0-r } P0W. 

P.(co8tf) , N e/ 1 , + , (cos 6) , (n+1) (n + 2) <?P n + t (cos 6) , 

r « + l ^ + 2 -r 21 ^T +3 

( >■/ 1 I tn I 1 \ r P\ t 008 0) , {n+\)(n + 2)r*P % {co*6) . 1 

|?Ti + ^ n + l ' c « + 2 + 2 ! c* + a 


according as r>c or r<c. 

Obtain a similar expansion for r'"/V (cos 0). (Trinity, 1893.) 

8. At a point (r, 0, <f>) outside a uniform oblate spheroid whose Bemi-axes are a, 6 and 
whose density iB p, shew that the potential is 

lirja’frl" 1 — f » (coBtf) I m< 1 

p [_3r 3.5 r 3 ^5.7 r 4 J 1 


where and r>ra. Obtain the potential at points for which r<m. 

(St John’s, 1899.) 
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0 . Shew that 

-($«)* ! i* ( 2 n + l) P. (cob 6) J K+ i (r). 

»“0 

(Bauer, Journal fur Math, lvi.) 

10*. Shew that if x ± iy—h cosh (£ ±i'ij), the equation of two-dimensional wave motions 
in the coordinates f and 17 is 

&v &v a* ... . /T » v 

^ + ^ = ( Lam4 > 

11. Let jt=(c + r cos 0) cos0, y«(c + r cosd) Bin 0, z = r sind; 

shew that the surfaces for which r, 0 , 0 respectively are constant form an orthogonal 
Bystem; and shew that Laplace's equation in the coordinates r } 0, 0 is 

i f ( c+r C0B 6)d i} + 1 re { (c+r008d) U } + W i=0 ‘ 

(W. D. Niven, Messenger, x.) 

12 . Let P have Cartesian coordinates (x, y , e) and polar coordinates (r, 0 , 0 ). Let 

the plane POZ meet the circle z = 0 in the points a, y\ and let 

aPy*=*a, log (Pa/Py) — <r. 

Shew that Laplace’s equation in the coordinates o-, », 0 is 


0 ( sinho- 
Sir (cosh tr — cos o) da ) 
and Bhew that a solution is 


_iin 0 ( ainhcr d P'1 ^ _1_ ^.O- 

Q) Bo- J (cosh 0 --cos w J "^sinh o’ (cosher-cos w) 50* p 


V r =(cosh(r-cos ci))^cosrua coswi0/ ,7a (cosh o). 

"“a 


(fP+p a -27^cos0 + c2)-i= 2 


(Hicks, /’Ail Trans. CLXXII. pp. 617 et seq.) 

13. Show that 

* . ~ l m,r * r * r» 

(fP + p*-27fy> cos0-Pc 2 )”i = 2 - I dk I e"* J m (kp)e k cmK coamudu, 

m=o w y 0 J -» 

and deduce an expression for the potential of a particle in terms of Bessel functions. 

14. Shew that if a, 6, c are constants and X, p, v are confocal coordinates, defined 1 
the roots of the equation in r 

.1** y a z* 

+ + - 1, 

then Laplace's equation may be written 

^ (m - ") a If}+(- - x ) 0 ^ {*• (x - { a -1;} “ °- 


Aa = v'{(» > +X)(&> + X)(c» + X)}. 


(Lam4.) 


* Examples 10, 11, 12 and 14 are most easily proved by using Lamp’s result ( Journal de 
I'ficole Polyt. xrv. oahier 23 (1834), pp. 191-288) thAt if (X, p, y) be orthogonal coordinates for 
which the line-element iB given by the formula (3x) , + (^) a + (dr) a =(// 1 3\) a -t-(/f 2 3p) 9 + (ff l 3r) a l 
Laplace’s equation in these coordinates is 


0 1 

(H„H, 

5KN 

u 9 | 

(H l H x dV\ 

lx > 


Sx 1 

{ Hi 

S\ j 

1 

UfT^J 

^ 9r 

{ H, W) 


A simple method (due to W. Thomson, Camb. Math. Journal , rv. (1845), pp. 38-42) of proving 
this result, by means of arguments of a physical character, is reproduced by Lamb, Hydro¬ 
dynamics (1910), g 111. Analytical proofs, based on Lamp’s proof, are given by Bertrand, 
Traits de Calcul Diffirenlisllc (1864), pp. 181-187, and Ooursat, Cours d } Analyse , 1 . (1910), 
pp. 155-159; and a most compact proof iB due to Neville, Quarterly Journal, xlix. (1923), pp. 938- 
352. Another proof is given by Heine, Theorie der Kngelfunetioncn, 1 . (1878), pp. 903-306. 
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15. Shew that a general solution of the equation of wave motions is 

l r -J F{x cos 0+y sin 0 + iz, y + iz sin 6 + ct coe 0 f 6)dB. 

(Bateman, Proc. London Math, Soc. (2) I. (1904), p. 457.) 

16. If £ T —/(x, y, z, t) be a solution of 

J dU d*U d*U &U 

a* dt “ fix* + fy* + "gs » 
prove that another solution of the equation is 

17. Shew that a general solution of the equation of wave motions, when the motion is 
independent of 0, is 

/> z + ip cos 0, ct+p sin 0)d3 

+ /» ttro 8inh (- ^inT* ) ' K 

where p, 0, z are cylindrical coordinates and a, b are arbitrary constants. 

(Bateman, Proc. London Math. Soc. (2) I. (1904), p. 458.) 

18. If V — /(x, y, z) is a solution of Laplace’s equation, shew that 

1 / r 8 -^ r*+a 2 az \ 

~(.r-iy) 4 ' 2 (*-»>)’ 2i (x — ty)' *-»y/ 

is another solution. 

(Bateman, Proc. London Math. Soc. (2) VII. (1909), p. 77.) 

19. If (J=f(x, y, z, t) is a solution of the equation of wave motions, shew that 
another solution is 

u 2 = — \ _/ ( _ J_ , rl zL V 

z — ct J \z - ct' z—ct * 2 (z — cf) ’ 2 c (z — ct)J 

(Bateman, /Voc. London Math. Soc. (2) VII. (1909), p. 77.) 

20. If l = x- iy, m —z + iw7, n = x^ + y^ + ^ + tr 2 , 

X=x+iy, p-z — iio, v = — 1, 
so that JX + mp + nv — 0, 

aWw that any homogeneous solution, of degree zero, of 


tfU tfU tfU ^ 


satisfies 


B»C7 PC/ PC/ 

(WdA Bm Bjj. Bn By 


*nd obtain n .solution of this equation in the form 


- 0 ; 


, , [ <*> *>, c 1 

1 ’* ‘ m **-*»-*'pi a, # y, cl. 

U ?' y J 

(°-c) ({~a% m/i = (c — a) ((-b), n,-(a-b) ((-c). 

(Bateman, Proc. London Math. Soc. (2) VII. (1000), pp. 78-80.) 


where 
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21*. If (r, 0, <p) are Bpheroidal coordinates, defined by the equations 

x = c (fJ + l^ain 0 cos<k y —c (r* + l)^sin 0 sin 0, r — cr cos0, 

where x, y, s are rectangular coordinates and c is a constant, shew that, when n and m are 
integers, 


/>(' 


x ooe f + y sin f 


+ iz \ cc 
/ sii 


mtdt — 2ir P, 

Bin (u+m)I 


^ — P ” (*»■) -P.” (COB fl) nuj>. 


(Blades, /Vac. Edinburgh Math. Soc. xxxm.) 
22. With the notation of example 21, Bhew that, if i % 0, 


/>( 


x cos t + y sin t + cos 
c 


(n — m) I 


^-2. ) ' ftr (»>) p n m (cos 0) 

/sin (n + m)!™ v ' ' sin ^ 

(Jeffery, /Voc. Edinburgh Math. Soc. xxxm.) 


23. Prove that the most general solution of Laplace’s equation which is of degree zero 
in .r, y, z iB expressible in the form 

where /and F are arbitrary functions. 

(Donkin, Phil. Tram . 1857 ; Hobson, Proc. London Math. Soc. (1) XXII. p. 422.) 

* The functions introduced in examples 21 and 22 are known as internal and external 
Bpheroidal harmonies respectively. 



CHAPTER XIX 


MATHIEU FUNCTIONS 

191. The differential equation of Mathieu, 

The preceding five chapters have been occupied with the discussion of 
functions which belong to what may be generally described as the hyper- 
geometric type, and many simple properties of these functions are now well 
known. 

In the present chapter we enter upon a region of Analysis which lies 
beyond this, and which is, as yet, only very imperfectly explored. 

The functions which occur in Mathematical Physics and which come 
next in order of complication to functions of hypergeometric type are 
called Mathieu functions ; these functions are also known as the functions 
associated with the elliptic cylinder. They arise from the equation of two- 
dimensional wave motion, namely 

d'V d*V 1 d 2 V 
dx* + fif “c 2 ^F' 

This partial differential equation occurs in the theory of the propagation of electro¬ 
magnetic waves; if the electric vector in the wave-front is parallel to OZ and if E denotes 
the electric force, while {H xy if r , 0) are the components of magnetic force, Maxwell’s 
fundamental equations are 

\bE_<)H v dff x dH x _ dE d_B J = dE 
c* dt dx dy ’ dt ™ dy 1 dt ~ dx' 

c denoting the velocity of light; and these equations give at once 

1 &E PE &E 
c* dt* “ at* + • 

In the case of the scattering of waves, propagated parallel to 0X y incident on an 
elliptic cylinder for which OX and OF are axes of a principal section, the boundary 
condition is that E should vanish at the surface of the cylinder. 

The same partial differential equation occurs in connexion with the vibrations of 
a uniform plane membrane, the dependent variable being the displacement perpendicular 
to the membrane ; if the membrane be in the shape of an ellipse with a rigid boundary, 
the boundary condition is the same as in the electromagnetic problem just discussed. 

The differential equation was discussed by Mathieu* in 1868 in connexion 
with the problem of vibrations of an elliptic membrane in the following 
manner: 

# Journal de Math. (2), im. (1868), p. 137. 
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Suppose that the membrane, which is in the plane XOY when it is 
in equilibrium, is vibrating with frequency p. Then, if we write 

u (x, y) cos (pt + e), 

the equation becomes 

&u d'ht p- 

d? + c» w “ 0. 

Let the foci of the elliptic membrane be ( ±h , 0, 0), and introduce new 
real variables* f, tj defined by the complex equation 

x + iy = h cosh (£ + irj ), 

so that x * h cosh f cos tj, y ■» h sinh £ sin tj. 

The curves, on which £ or rj is constant, are evidently ellipses or hyper¬ 
bolas confocal with the boundaiy; if we take £^0 and — ttKtj^tt, to each 
point (a;, y, 0) of the plane corresponds one and only onef value of (£, tj). 

The differential equation for u transforms intoj; 

&u d*u h'p\ . 

gf.+ ( cosh f ~ cos *) u ~ °- 

If we assume a solution of this equation of the form 

u = F(E)G(, 7). 

where the factors are functions of £ only and of tj only respectively, we see 
that 

ij_ ^ cosh , ti w C08 ,,1 

IFM dr + c f j d v > c* C08 T 

Since the left-hand side contains £ but not tj, while the right-hand side 
contains tj but not £, F(fj) and G (tj) must be such that each side is a constant, 
A, say, since £ and tj are independent variables. 

We thus arrive at the equations 

0 . 


(PG ( v) 

drj* 


- (^- cos > v-a'jg(v ) 1 


By a slight change of independent variable in the former equation, we see 
that both of these equations are linear differential equations, of the second 
order , of the form 

ni 

+ (a + 165 cos 2 z) u = 0, 


* The introduction of these variables is due to Lame, who called £ the thermometric parameter. 
They are more usually known as confocal coordinate 1 . See Lam 6 , Sur let fonctiom invereet des 
transcendantet, l 4r * Levon. 

t This may be seen most easily by considering the ellipses obtained by giving £ various 
positive values. If the ellipse be drawn through a definite point (£, 17 ) of the plane, 17 is the 
eccentric angle of that point on the ellipse. 

t A proof of this result, due to Lam 6 , is given in numerous text-books; see p. 401, footnote. 
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where a and q are constants*. It is obvious that every point (infinity ex¬ 
cepted) is a regular point of this equation. 

This is the equation which is known as Mathieu s equation and, in certain 
circumstances (§ 19'2), particular solutions of it are called Mathieu functions. 

19'11. The form of the solution of Mathieu'8 equation. 

In the physical problems which suggested Mathieus equation, the constant 
a is not given a priori, and we have to consider how it is to be determined. 
It is obvious from physical considerations in the problem of the membrane 
that u(x, y) is a one-valued function of position, and is consequently unaltered 
by increasing rj by 2tt ; and the condition! G (77 4- 2ir) = G (rj) is sufficient to 
determine a set of values of a in terms of q. And it will appear later (§§ 19 4, 
19'41) that, when a has not one of these values, the equation 

G ( 7} + 2?r) = G ( 1 )) 

is no longer true. 

When a is thus determined, q (and thence p) is determined by the fact 
that F (£) = 0 on the boundary ; and so the periods of the free vibrations of 
the membrane are obtained. 

Other problems of Mathematical Physics which involve Mathieu functions in their 
solution are (i) Tidal waves in a cylindrical vessel with an elliptic boundary, (ii) Certain 
forms of steady vortex motion in an elliptic cylinder, (iii) The decay of magnetic force 
in a metal cylinder %■ The equation also occurs in a problem of Rigid Dynamics which 
is of general interest §. 

1912. HilVs equation. 

A differential equation, similar to Mathieu’s but of a more general nature, 
arises in G. W. Hill’s|| method of determining the motion of the Lunar 
Perigee, and in Adams’lT determination of the motion of the Lunar Node. 
Hill’s equation is 

+ (00 + 2 S 0 n cos 2nzj u»0. 

The theory of Hill’s equation is very similar to that of Mathieu’s (in spite 
of the increase in generality due to the presence of the infinite series), so the 
two equations will, to some extent, be considered together. 


* Their actual values are a = A - /i 2 p , /(2c a ), q = h 2 p 3 j{S2c-) ; the factor 16 is inserted to avoid 
powers of 2 in the solution. 

(p 1 / 

t An elementary analogue of this result is that a solution of ^+au = 0 has period 2x if, 

and only if, n is the squnre of an integer. 

X P. C. Maclaurin, Trans. Camb. Phil. Site. xvii. p. 41. 

| A. W. Young, Proc. Edinburgh Math. Soc. xxxii. p. 81. 

I: Acta Math. vm. (1886). Hill’s memoir whb originally published in 1877 at Cambridge, 
U.S.A. 

IT Monthly Notices R.A.S. xixvm. p. 43. 
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In the astronomical applications 6 0 , 9 U ... are known constants, so the 
problem of choosing them in such a way that the solution may be periodic 
does not arise. The solution of Hill’s equation in the Lunar Theory is, in 
fact, not periodic. 

19*2. Periodic solutions of Mathieu s equation. 

We have seen that in physical (as distinguished from astronomical) 
problems the constant a in Mathieu’s equation has to be chosen to be such 
a function of q that the equation possesses a periodic solution. 

Let this solution be G(z)\ then G ( z ), in addition to being periodic, is an 
integral function of z. Three possibilities arise as to the nature of G (z ) : 
(i) G(z) may be an even function of z , (ii) G (z) may be an odd function of z , 
(iii) G (z) may be neither even nor odd. 

In case (iii), ^ {G (z) + G (— z)} 

is an even periodic solution and 

ii <?(*)-©(-*)) 

is an odd periodic solution of Mathieu’s equation, these two solutions forming 
a fundamental system. It is therefore sufficient to confine our attention to 
periodic solutions of Mathieu’s equation which are either even or odd. These 
solutions, and these only, will be called Mathieu functions. 

It will be observed that, since the roots of the iodicial equation at 2 = 0 arc 0 and 1, 
two even (or two odd) periodic solutions of Mathieu’s equation cannot form a fundamental 
system. But, so far, there seems to be no reason why Mathieu’s equation, for sj>ecial 
values of a and q } should not have one even and one odd periodic solution ; for com¬ 
paratively small values of | q | it can be seen [§ 19‘3 example 2, (ii) and (iii)] that Mathieu's 
equation has two periodic solutions only in the trivial case in which </ = 0; the result that 
there ait? never pairs of periodic solutions for larger values of | #y [ is a si>ecial case of a 
theorem due to Hillc, Proc. Loudon Math . Soc. (2) xaiii. (1924), p. 224. See also luce, Proc. 
Camb, Phil. Soc. ixi. (1922), p. 117. 

19*21. An integral equation satisfied by even Mathieu functions*. 

It will now be shewn that, if G (tj) is any even Mathieu function, then 
G ( i )) satisfies the homogeneous integral equation 

G( v ) = \ e kco ^ rM9 G(0)d6, 

J —w 

where k = *J(32q). This result is suggested by the solution of Laplace’s 
equation given in § 18‘3. 


* This integral equation and the expmiBionB of § 19’3 were published by Whittaker, Proc. 
Int. Congrest of Moth. 1912. The integral equation was known to him as early as 1904; Bee 
Trans. Camb. Phil. Soc. xxi. (1912), p. 193. 
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For, if x+iy = hcoah(Z+iv) an d if F(£) and G(n) are solutions of the 
differentia] equations 

- (A + m a h a cosh* £) F (£) = 0, 

^4^ + (4 + m*A* cos* i?) G ( 17 ) = 0, 

OT7‘ 

then, by § 191, ^(f) (? ( 17 ) e m,z is a particular solution of Laplace’s equation. 
If this solution is a special case of the general solution 


f(h cosh £ cos 7) cos 0 -I- h sinh £ sin 77 sin ^ H- iz, 0) d0, 

J — IT 

given in § 18'3, it is natural to expect that* 

/( v, 6) = F(0) e mv (f> (6), 

where <f>(0) is a function of 0 to be determined. Thus 




w 

F( 0 ) <f> (0 ) exp {mh cosh f cos 7} cos 0 

— w 

+ mh sinh £ sin tj sin 0 + miz) d0. 


Since £ and tj are independent, we may put £ = 0; and we are thus led to 
consider the possibility of Mathieu’s equation possessing a solution of the 
form 

G(lj)=f e tii*cos,coe« (f, (#) 


19 22. Proof that the even Matliieu functions satisfy tlie integral equation. 

It is readily verified (§ 5 31) t;hat, if (f)(0) be analytic in the range (- 7 r, it) 
and if G(rj) be defined by the equation 

G (v)=J* e"‘ l ‘ am ' lcaK> <f>(0)dd, 

then G (tj) is an even periodic integral function of tj and 
— 4 (A -|- m a /i 2 cos- 77 ) G ( 77 ) 



| ni 2 /d (sin- 7 j cos 1 0 + cos a 77) — mh cos tj cos 0 -f A ) 


e mh concwO ^(0) J0 


= — (7/1/1 sin 0 cos 77 </> (0) + 0 ' ( 0 )) * com !■!#■• 

+ [ {<f>"(0) + (A + m ,J h a cos* 0) (f)(0)] e” ihcoa ' icot 'd0, 

J — IT 

on integrating by parts. 

* The constant F (0) is inserted to simplify the algebra. 
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But if<f> (0) be a periodic function ( with pmod 2 tt) such that 
<f>" (0) + (A 4- TH a /i 2 cos 2 0) <f> {0) = 0, 

both the integral and the integrated part vanish; that is to say, G (77), defined 
by the integral, is a periodic solution of Mathieu’s equation. 

Consequently G(tj) is an even periodic solution of Mathieu’s equation if 
<f>(0) is a periodic solution of Mathieu’s equation formed with the same con¬ 
stants; and therefore (p{0 ) is a constant multiple of G(0) \ let it be \G(0). 

[In the case when the Mathieu equation has two periodic solutions, if this case exist, 
we have <f) (0) = \G (d) + G ( (0) where G j (0) is an odd periodic function ; but 

j* e »«>co.,co *» Gl {e)(18 

vanishes, so the subsequent work is unaffected.] 

If we take a and q as the parameters of the Mathieu equation instead of 
A and mh, it is obvious that mh = V(32 q) = k\ 

We have thus proved that, if G (tj) be an even periodic solution of 
Mathieu’s equation, then 

G (r)) = \ j G (0) dd, 

which is the result stated in § 19*21. 

From § 11 23, it is known that this integral equation has a solution only 
when \ has one of the ‘characteristic values.’ It will be shewn in § 19 -3 that 
for such values of the integral equation affords a simple means of con¬ 
structing the even Mathieu functions. 

Example 1. Shew that the odd Mathieu functions satisfy the integral equation 
<?(,,) = A /:. sin (1 sin tj sin 0) G (6) dd. 

Example 2. Shew that both the even and the odd Mathieu functions satisfy the 
integral equation 

0(7,) = X j” e f *» in i ,in , G(0)dff. 

Example 3. Shew that when the eccentricity of the fundamental ellipse tends to zero, 
the confluent form of the integral equation for the even Mathieu functions is 

J„(. r) = -!.. [” e' TCM> cos n6de. 

-Ini" J - n 

19'3. The construction of Mathieu functions. 

We shall now make use of the integral equation of § 19 21 to construct 
Mathieu functions ; the canonical form of Mathieu’s equation will be taken as 

d-u 



410 THE TRANSCENDENTAL FUNCTIONS [CHAP. XIX 

In the special case when q is zero, the periodic solutions are obtained by 
taking a — u 2 , where n is any integer; the solutions are then 

1, cosz, cos 2z, , 
sin z, Bin 2 z . 

The Mathieu functions, which reduce to these when fl — O, will be called 

ce,(^q), ceAz,q), ce 2 (z,q\ ■ 

q), se 2 (z, q), .... 

To make the functions precise, we take the coefficients of cos nz and sin nz 
in the respective Fourier series for ce n (z, q) and se n (z, q) to be unity. The 
functions ce n (z, q), se n (z, q) will be called Mathieu functions of order ?i. 

Let us now construct ce 0 (z, q). 

Since ce 0 (z, 0 ) = 1, we see that \^(27r) -1 as q --»0. Accordingly we 
suppose that, for general values of q, the characteristic value of X which gives 
rise to ce n ( z , q) can be expanded in the form 

(2*7rX) _1 = 1 + a x q + a 2 q 7 + ..., 
and that ce 0 (z, 9 ) = 1 + qfi x (z) 4 r// 9 2 (z) 4 , 

where a u a 2i ... are numerical constants and fi x (z), f3 2 (z), ■■■ are periodic 
functions of z which are independent of <j and which contain no constant 
term. 

On substituting in the integral equation, we find that 

(1 4 a, 9 + a 2 q 2 4* ...) |1 4 qfii (z) + q*$ 2 (z) 4- ...) 

1 f w 

— 2^1 U + \/(32^). cos 2 cos 0 4 lGry cos 2 2 cos 2 0 4 ...} 

x {1 4 qfti (0) 4 q^flt (0) 4 ...] dd. 

Equating coefficients of successive powers of q in this result and making 
use of the fact that £, (z), /^(z), ... contain no constant term, we find in 
succession 

a x = 4, /3 X ( 2 ) = 4 cos 2 z, 

a u =14, /8 2 ( 2 ) = 2 cos 4z, 


and we thus obtain the following expansion : 

cos 2z 4 

+ (t 9 ’~Y ?#+ "') cos6r + ( 1 1 g9 4 --- ) cos8 * 

+ (^ 5 « , "") CO8l0 * + 

the terms not written down being 0 ( q fl ) as q 0. 


n a 160 ^ \ 

2 q* - q 4 4 ... J cos 4z 


/ 2 7 29 \ 

ce 0 ( 2 , y) = l + ^- 28 q* 4 — 9 * - ... J 


2 10 . 29 

The value of a is — 32(/ a 4 224r/ 4 — ( - ' 9*4 0 (q B ); it will be observed 

that the coefficient of cos 2z in the series for ce 0 (z, q) is — a/(8q). 
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The Mathieu functions of higher order may be obtained in a similar 
manner from the same integral equation and from the integral equation of 
§ 19 22 example 1. The consideration of the convergence of the Beries thus 
obtained is postponed to § 19 61. 

Example 1. Obtain the following expansions*: 

(i) c*0 (*, J)-1 + r 2 - ^ 3 +l)!t + l)T + 0(? ’ * C0S 2 "’ 

® ( 2 r a r 2 r+l ro r+l 

(») <*,(,, {(T+ijTTT-(r+iyrf^ry: 

9 r 0 r + 2 ) 

+ ( r -i)f (r+2) i + 0 (? r+ ’)} cos (2r + 1) ,, 

® f 2 r o r 2 r 4 1 rg r + i 

(iii) te, (z, y) = ain 2 +^ 2 , 

+ (Try^’^yi+ 0 (? r+3 )} Bi “ ( 2r+1 ^ 

(iv) ce 2 (r, y)= |-2y + yy 3 + 0(y , )| + cos2r 

» [ 2 r + l q r 2 r + 1 r (47^ + 222r-f- 247) y r+a ...} /n 

t?FiV— +< " J >) “* <2r+!K 

where, in each case, the constant implied in the symbol 0 depends on r bat not on z. 

(Whittaker.) 

Example 2. Shew that the values of a associated with (i) ce 0 (z, y), (ii) ce, (z, y), 
(iii) ee } (z, y), (iv) ce 2 (z , y) are respectively : 

2 10 . 29 


(i) - 32y a + 224y 4 ■ 


q'+Otf), 


B 


(ii) l-8j-8g s + 8j s -g} 4 + 0(g*) 1 

(iii) l+By-B9 > -8j 3 -^9 4 + 0 (} 6 ), 

(iv) 4 + ^j*— 6 ^ ? 4 + 0(,«). 


(Mathieu.) 


Example 3. Shew that, if n be an integer, 

<**. + ] ?) = (-)•«'*»+i (* + $"■, “?)■ 

19*31. The integral formulae for the Mathieu functions. 

Since all the Mathieu functions satisfy a homogeneous integral equation 
with a symmetrical nucleus (§ 19*22 example 3), it follows (§ 11*61) that 

j ce m (z, q) ce„ (z, q)dz = 0 (wi + n), 

j ze m (z, q) se n (z, q)dz~0 (m ^ n), 

J ce m (z, q) se„ (z, q) dz - 0. 

* The leading terms of theae aeries, as given in example 4 at the end of the chapter (p. 427), 
were obtained by Mathieu. 
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Example 1 . Obtain expansions of the form : 

(i) e *co»zco.» = I A,ce n (z, q)ce n {6, q), 

n*0 

(ii) cos {k sin z sin 0) = 2 B H ce H (z } q) ce n (0 t 9 ), 

ji = 0 

(iii) sin (i sin z sin 0) = 2 C n se n (z , q) se n {0, q), 

n=0 

where I* =.^(32 q). 

Example 2 . Obtain the expansion 

e" 8in *= j J H (z)e ni * 

R = — ao 

as a confluent form of expansions (ii) and (iii) of example 1. 

19'4. The nature of the solution of Mathien's general equation; Floquefs 
theory. 

We shall now discuss the nature of the solution of Mathieus equation 
when the parameter a is no longer restricted so as to give rise to periodic 
solutions; this is the case which is of importance in astronomical problems, as 
distinguished from other physical applications of the theory. 

The method is applicable to any linear equation with periodic coefficients 
which are one-valued functions of the independent variable; the nature of 
the general solution of particular equations of this type has long been per¬ 
ceived by astronomers, by inference from the circumstances in which the 
equations arise. These inferences have been confirmed by the following 
analytical investigation which was published in 1883 by Floquet*. 

Let g(z), h{z) be a fundamental system of solutions of Mathieus equation 
(or, indeed, of any linear equation in which the coefficients have period 2tt) ; 
then, if F(z) be any other integral of such an equation, we must have 

F (z) = Ag (z) + Bh ( z\ 
where A and B are definite constants. 

Since g (z 4- 27r), h (z 4 2ir) are obviously solutions of the equationf, they 
can be expressed in terms of the continuations of g (z) and h (. z ) by equations 
of the type 

g (z 4 2 tt) = a,g (z) + a^h (z), h ( z + 2 tt) = frg (z) 4* @ 2 h (z), 
where a n a 2> /3 lt £ 2 are definite constants; and then 

F{z + 27t) = (Acit 4 Bffj) g (z) 4 - (Aa 2 4- i?/0 a ) h ( z). 

* Ann. dt VEcolc norm. sup. (2), xn. (1888), p. 47. Floquet’B analysis is a natural sequel 
to Picard’s theory of differential equations with doubly-periodic coefficients (§ 201), and to the 
theory of the fundamental equation due to Fuchs and Hamburger. 

t These solutions may not be identical with g(z), h{z) respectively, as the solution of an 
equation with periodic coefficients iB not necessarily periodic. To take a simple case, u = e J Bin z 
du 

iB a solution of ^ - (1 + cot r) u = 0. 
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Consequently F{z + 2tt) = kF(e), where k is a constant*, if A and B are 
chosen so that 

Act , 4- fl/9] ■= kA, -4a a 4- Bf3i**kB, 

These equations will have a solution, other than A B = 0, if, and 
only if, 

«i - k = 0 ; 

a 3 i 02- k 

and if k be taken to be either root of this equation, the function F(z) can be 
constructed so as to be a solution of the differential equation such that 

F(z 4 - 27r) = kF (z). 

Defining p by the equation k*= e 2 "* 1 and writing cf>(z) for e~ ,u F(z\ we see 
that 

(z 4- 2tt) = F(z 4- 2t r) = <f> (z). 

Hence the differential equation has a particular solution of the form 
e<f> (z), where (p(z) is a periodic function with period 2 tt. 

We have seen that in physical problems, the parameters involved in the 
differential equation have to be so chosen that k = 1 is a root of the quadratic, 
and a solution is periodic. In general, however, in astronomical problems, in 
which the parameters are given, k± 1 and there is no periodic solution. 

In the particular case of Mathieu’s general equation or Hill’s equation, a 
fundamental system of solutions! is then e* 7 <f)(z), e~^ <f>(—z), since the 
equation is unaltered by writing — z for z; so that the complete solution of 
Mathieu's general equation is then 

u = ( z ) 4- (- z), 

where c lt are arbitrary constants, and p is a definite function of a and q. 

Example. Shew that the roots of the equation 

0i =° 

“2 » 02 ~ k 

are independent of the particular pair of solutions, g ( z ) and h (z), chosen. 

19 41. Hill's method of solution. 

Now that the general functional character of the solution of equations 
with periodic coefficients has been found by Floquet’s theory, it might be 
expected that the determination of an explicit expression for the solutions of 
Mathieu’s and Hill’s equations would be a comparatively easy matter; this 
however is not the case. For example, in the particular case of Mathieu’s 
general equation, a solution has to be obtained in the form 

y = e“<p (i), 

* The symbol k ib used in this particular sense only in thiB section. It must not be confused 
with the constant k of § 19 21, which was associated with the parameter q of Mathieu’s equation. 

t The ratio of these eolations ii not even periodic ; still less is it a constant. 



414 


THE TRANSCENDENTAL FUNCTIONS 


[CHAP. XIX 


where 0 {z) is periodic and /z is a function of the parameters a and q. The 
crux of the problem is to determine /z; when this is done, the determination 
of 0 (z) presents comparatively little difficulty. 

The first successful method of attacking the problem was published by 
Hill in the memoir cited in § 1912; since the method for Hill's equation is 
no more difficult than for the special case of Mathieu’s general equation, we 
shall discuss the case of Hill’s equation, viz. 


d*u 

dz % 


4* J(z)u 


0, 


where J (z) is an even function of z with period v. Two cases are of interest, 
the analysis being the same in each : 

(I) The astronomical case when z is real and, for real values of z, J (z ) 
can be expanded in the form 

J(z) = 0 O + cos 2 z -l- 20, cos 4>z + 20 s cos 6z + ...; 


the coefficients 0 n are known constants and £ 0 n converges absolutely. 

(II) The case when z is a complex variable and J (z) is analytic in a 
strip of the plane (containing the real axis), whose sides are parallel to the 

real axis. The expansion of J (z) in the Fourier series 0 O 4- 2 £ 0 n cos2nz 

*■1 

is then valid (§ 911) throughout the interior of the strip, and, as before, 

0D 

£ 0 n converges absolutely. 

n-0 

Defining 0_ n to be equal to 0 n , we assume 

u = £ KeF" 2 

n - — on 

as a solution of Hill’s equation. 

[In case (II) this is the solution analytic in the strip (§§ 10 2, 19 4); in case (I) it will 
have to be Bhewn ultimately (see the note at the end of § 19 42) that the values of b n 

oo 

which will be determined are Buch as to make 2 n i b n absolutely convergent, in order to 

*= —«3 

justify the processes which we Bhall now carry out.] 

On substitution in the equation, we find 

£ 0*+ 2m)*6 n c^ +2n ^ + ( £ 0 n e? nil )( X b n e^ +mi A = 0. 

Multiplying out the absolutely convergent series and equating coefficients 
of powers of to zero (§§ 9'6-9’632), we obtain the system of equations 

(/z + 2ni) J 6 n + £ 0 m b n _ m 


0 


(»-....- 2 ,- 1 , 0 , 1 , 2 ,...). 
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If we eliminate the coefficients b n determinantally (after dividing the 
typical equation by 0 O — 4n 2 to secure convergence) we obtain* Hill’s deter- 
minantal equation: 


(«> + 4)‘-* 0 

-e l 


-0.1 

-0« 

1 

! 

1 

4*-0„ 

4 2 -0„ 

4 s — 0 O 

4‘-0 o 


(.>+2)«-0 o 

-0. 

— 02 

— 0, 

O 

1 

<N 

2 s -0 O 

2 s -0o 

0 

1 

(N 

2*-0 o 

— fl'J 

-0< 

(*» J -0„ 

-01 

-02 

02 - 0 ,, 


02-0,, 

O 

1 

\& 

1)2-00 

— 03 

— 

-0i 

(»M- 2)2- 

7b 

1 

® I 

2 ! -0 o 

2 2 -0 o 

2«-0„ 

22-0 O 

2>-0„ 

-0. 

~ 03 

— 0s 

-0. 

(t>- 4)*-0 ( 

4 2 — 0 O 

4*-0 y 

4*-0 O 

4*-0o 

4 s — 0<i 


We write A (ip) for the determinant, so the equation determining p is 

A (ip) = 0. 


19 * 42 . The evaluation of Hill’s determinant . 

We shall now obtain an extremely simple expression for Hills deter¬ 
minant, namely 

A (ip) = A (0) - sin 2 (£7ri^) cosec 2 (^7r ^0 o ). 

Adopting the notation of § 2*8, we write 


where 


(ip — 2 mY — 0 Q 
"■ T "“ 4m 2 - 0 O 


; ~ Om -n 
4 m* — 0 Q 


(m j* n). 


The determinant [A m u ] is only conditionally convergent, since the product 
of the principal diagonal elements does not converge absolutely (§§ 2*81, 2*7). 
We can, however, obtain an absolutely convergent determinant, A t (ip), by 
dividing the linear equations of § 19 41 by 0 Q — (ip — 2 n) x instead of dividing 
by 0 O — 4a 2 . We write this determinant A i(ip) in the form where 

B„, m = 1, B m , n = ( m + «)• 


The absolute convergence of 2 6 n secures the convergence of the deter- 

n-0 

minant [U mn ], except when p has such a value that the denominator of one 
of the expressions B m , n vanishes. 


* Since the coefficients b n are not all zero, we may obtain the infinite determinant as the 
eliminant of the system of linear equations by multiplying these equations by suitably chosen 
cofactors and adding up. 
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From the definition of an infinite determinant (§ 2 6) it follows that 

Now, if the determinant ^ (ip) be written out in full, it is easy to see 
(i) that A, ( ip ) is ail even periodic function of p with period 2i, (ii) that ^ (i/a) 
is an analytic function (cf. §§ 2 81, 3 34, 5 3) of p (except at its obvious simple 
poles), which tends to unity as the real part of /a tends to ± oo . 

If now we choose the constant K bo that the function D (/a), defined by 
the equation 

D (/a) = A, (i/a) — K [cot ^7r (ip -I- V^o) — cot i 7T (l/A - V^o))» 

has no pole at the point /a = i v^o, then, since D (/a) is an even periodic 
function of /a, it follows that D (/a) has no pole at any of the points 

2ni i t V • 

where n is any integer. 

The function D(/a) is therefore a periodic function of /a (with period 2i) 
which has no poles, and which is obviously bounded as R (/a) — ± oo . The 
conditions postulated in Liouville’s theorem (§ 5 63) are satisfied, and so D(p) 
is a constant; making /a -► + oo , we see that this constant is unity. 

Therefore 


and so 


A, (ip) = 1 +K (cot r (ip + sJ6») - cot J 7r (ip - y^o)}, 

Binjw(i>- v / 0„)sin£7r(i> + Vfl.) n rr 
A M -rin'(jTr V^) + 1 ( * V o) ' 


To determine K , put p * 0 ; then 

A(0)-l + 2/fcot (iTT^o)- 

Hence, on subtraction, 

A (tu) = A (0) — . BiD, (W>) 
W Bin*(i7r V '6 , o)’ 

which is the result stated. 


The roots of Hills determinantal equation are therefore the roots of the 
equation 

Bin" (^ nip) = A (0) . sin a (^tt 

When p has thus been determined, the coefficients 6* can be determined 
in terms of 6, and cofactors of A (ip ); and the solution of Hill's differential 
equation is complete. 
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[In case (I) of § 19-41, the convergence of Z | b n | follows from the rearrangement theorem 

of § 2'82 ; for 2a 1 | b m | is equal to | | 2 | C^o ! + I Co,o|» where C*, * is the cofactor of if*,.* 

in Ai (tjfi) j and 2 | 0 1 is the determinant obtained by replacing the elements of the row 

through the origin by numbers whoee moduli are bounded.] 

It was shewn by Hill that, for the purpoeee of his astronomical problem, a remarkably 
good approximation to the value of p could be obtained by considering only the three 
central rows and columns of his determinant 

10*6. The Lindemann-StieUjes theory of Mathieua general equation . 

Up to the present, Mathieu’s equation has been treated as a linear 
differential equation with periodic coefficients. Some extremely interesting 
properties of the equation have been obtained by Lindemann* by the sub¬ 
stitution £ — cos 1 z, which transforms the equation into an equation with 
rational coefficients, namely 

4f( 1 -{r)^ + 2( 1 -2f)^ + ( a - 1 6 g + 32 g O«* 0 . 

This equation, though it Bomewhat resembles the hypergoometric equation, is of higher 
type than the equations dealt with in Chapters xiv and xvi, inasmuch as it has two 
regular singularities at 0 and 1 and an irregular singularity at ao ; whereas the three 
singularities of the hypergeometric equation are all regular, while the equation for H^^r) 
has one irregular singularity and only one regular singularity. 

We shall now give a short account of Lindemann’s analysis, with some 
modifications due to Stieltjesf. 

19 51. Lindemann 8 form of Floqnet's theorem. 

Since Mathieu’s equation (in Lindemann’s form) has singularities at £=0 
and £™ 1, the exponents at each being 0, J, there exist solutions of the form 

£ Out", yoi = f* Sfcnf 71 , 

y.o = £ O,' (l - rr. y.i=*(i - f )* £ W (l - 0"; 

«-0 n- 0 

the firet two Beries converge when | f | < 1, the last two when 11 — £| < 1. 

When the £~plane is cut along the real axis from 1 to + x and from 
0 to — 00 , the four functions defined by these series are one-valued in the 
cut plane; and so relations of the form 

y 10 - ■ yn * yy M + fyoi 

will exist throughout the cut plane. 

Now suppose that £ describes a closed circuit round the origin, so that the 
circuit crosses the cut from — 00 to 0; the analytic continuation of y l0 is 

* Math. -4nn. ziu. (1888), p. 117. 

t Aitr. Nach. cm. (1694), cole. 145-152, 261-266. The analysis is very similar to that 
employed by Hermite in his lectures at the ^)oole Polytechniqne in 1872-1673 [Oeuvret, in. 
(Paris, 1912), pp. 118-122] in connexion with Lamp's equation. See | 28*7. 
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ay w —/9i/ 0 , (since y w is unaffected by the description of the circuit, but y 01 
changes sign) and the continuation of y n is yy w - 8y 01 ; and so Ay 10 l + By u 1 will 
be unaffected by the description of the circuit if 

A (ayoo + /3y 0] ) 9 + B (yy w + Sy 01 )* = A (ay M - /9y 0 i) 2 + B (y y M - Sy 0l )\ 
is. if Aa/3 + ByS = 0. 

Also Ay l0 * + By u * obviously has not a branch-point at f=l, and so, if 
An£ + 578 = 0 , this function has no branch-points at 0 or I, and, as it has no 
other possible singularities in the finite part of the plane, it must be an 
integral function of f. 

The two expressions 

A^y w + iBly n , A*y M -iBty n 

are consequently two solutions of Mathieu’s equation whose product is an 
integral function of 

[This amounts to the fact (§ 19'4) that the product of <f> (z) and 
*-**(-*) is a periodic integral function of z .] 


19 52. The determination of the integral function associated with Mathieu's 
general equation. 

The integral function F(z) = Ay l0 2 + Sy n 7 , just introduced, can be deter¬ 
mined without difficulty ; for, if y 10 and y u are any solutions of 

their squares (and consequently any linear combination of their squares) 
satisfy the equation* 

% + 3P (O § + l p ' (?) + (?) + 2 [P (?)) a ]^f 

+ 2[Q'(f) + 2P(t)Q(?)]y-0; 

in the case under consideration, this result reduces to 


?( 1 -?)^-+$ 0 - 2 ?) rf ’ jFT(r) 


d? 


dtp 

+ (a - 1 -1+ 32 q£) dI ^f + 16 qF (f) = 0. 


Let the Maclaurin series for /’(f) be 2 c n £'\ on substitution, we easily 

” *=o 

obtain the recurrence formula for the coefficients c n , namely 


where 




^n+i c n+z — ^nCn+i + C n , 

(/i + l )[(n + l)'-fi + 16g] n (n + 1) (2 n -I- 1) 

lQq (2n+l) 1 Vn " “ 32 q (2n - 1) 


* Appell, Comptes Rendu* , ici. (1880), pp. 211-214 ; of. example 10, p. 298 iupra . 
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At first sight, it appears from the recurrence formula that c 0 and c\ can 
be chosen arbitrarily, and the remaining coefficients c,, c,, ... calculated in 
terms of them; but the third order equation has a singularity at f= 1, and 
the series thus obtained would have only unit radius of convergence. It is 
necessary to choose the value of the ratio Cj/c 0 so that the series may con¬ 
verge for all values of f. 

The recurrence formula, when written in the form 


(Cn/Cn+i) “ + - 


(<Wl/ C n+j) 

suggests the consideration of the infinite continued fraction 


Un+i + 


= lim |u n + l '5 + ‘ V - + ™\ • 

+ ••• m a: ^th-i d" • ■ • H" 'W'n+mJ 


The continued fraction on the right can be written* 
u n K (n, n + m)/K (n + 1, n 4- f/i), 


where K (n, n + m ) ™ 


1 , v n+l /u n , 0 

1 , v n+ Ju n+1 , 

0 , - M.'j, , 1 


. -Ki m . 1 

The limit of this, as m -*■ oo , is a convergent determinant of von Koch's 
type (by the example of § 2 82); and since 

v r 


r = n | M r U r _|_i | 

it is easily seen that K (n } oc ) -*• 1 as n 


-0 as n - x , 


■ X ) . 


Therefore, if 


c n _ u n K (n, oo ) 
c n+1 K \n + 1, oo ) ’ 


then c n satisfies the recuiTence formula and, since c n+1 /c n -► 0 as n -► x , the 
resulting series for F (f) is an integral function. From the recurrence formula 
it is obvious that all the coefficients c n are finite, since they are finite when n 
is sufficiently large. The construction of the integral function F(f) has 
therefore been effected. 


19 53. The solution of Mathieus equation in terms of F(f). 
If u\ and w 2 be two particular solutions of 


thenf 


dJU n u du r\ / a 

i< - WiWs' = c exp | - Jo P ( f ) dfj , 


* Sylveater, Phil. Mag. (4), v. (1853), p. 446 [Math. Papers, i. p. 609]. 

t Abel, Journal fiir Math. n. (1827), p. 22. PrimeB denote differentiations with regard to f. 
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where C is a definite constant. Taking w, and w, to be those two solutions of 
Mathieu’s general equation whose product is F(£), we have 

Wt' _ uV __ 0 + «*.' _ F'(K) 

Ufj w t “ (i _ f)4 F(f) ’ w% * (f) ’ 

the latter following at once from the equation u/,u/, ~F(£). 

Solving these equations for w/jw, and w a '/w lt and then integrating, we at 
once get 

where 7 ^ 7 , are constants of integration; obviously no real generality is lost 
by taking c 0 = 7 , - 7 , = 1 . 

From the former result we have, for small values of | f |, 

IV, = 1 + Cp + i (C. + C’K+ 0(f*), 
while, in the notation of § 19*51, we have a^Oo* — £a+ 8 j. 

Hence C *« I 69 — 0 — c,. 

This equation determines C in terms of a, 9 and c*, the value of C\ being 

Z(i i ao) + Kjr(o i co)). 

Example 1. If the solutions of Mathieu’s equation be where </>(*) is 

periodic, shew that 

n ^ ±c j" 0 Fi^7y 

Example 2. Shew that the zeros of F({) are all simple, unless (7*0. 

(Stieltjes.) 

[If F (() could have a repeated zero, v-j and w 3 would then have an essential singularity.] 

19 6. A second method of constructing the Maihieu function . 

So far, it has been assumed that all the various series of § 19’3 involved 
in the expressions for ce N {z , q) and se y (z, q) are convergent. It will now be 
shewn that ce y (z, q) and se y (z, q) are integral functions of z and that the 
coefficients in their expansions as Fomner series are power series in q which 
converge absolutely when | q | is sufficiently small*. 

To obtain this result for the functions ce y (z, q) t we shall shew how to 
determine a particular integral of the equation 
d*u 

jp- -I- (a 4 * 16g cos 2z)u = yfr (a, q) cos Nz 

* The essential part of this theorem is the proof of the convergence of the terie* which occur 
in the coefficient*; it is already known (§§ 10 2, 10-21) that eolations of Mathiea’s equation are 
integral functions of z, and (in the case of periodic Bolations) the existence of the Foarier 
expansion follows from g 0*11. 
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in the form of a Fourier aeries converging over the whole ,r-plane, where 
yfr (a, q) is a function of the parameters a and q. The equation yfr (a, q) = 0 
then determines a relation between a and q which gives rise to a Mathieu 
function. The reader who is acquainted with the method of Frobenius* as 
applied to the solution of linear differential equations in power series will 
recognise the resemblance of the following analysis to his work. 

Write a = N* + 8 p, where N is zero or a positive or negative integer. 
Mathieus equation becomes 
cE*ti 

+ N*u *■ - 8 (p + 2q cos 2 z) u. 

If p and q are neglected, a solution of this equation is u = cos Nz ■* U 0 (z), 

say. 

To obtain a closer approximation, write — 8 (p + 2q cos 2 z) U Q ( z) as a sum 
of cosines, i.e. in the form 

— 8 [q cos (N —2) z + p cos Nz + q cos (N 4- 2) z) = F, (z), say. 
cf* u 

Then, instead of solving + N'u = V x (z), suppress the termsf in F, (z) 

which involve cos Nz ; i.e. consider the function W x {z) where J 

W l ( z ) * F, ( z ) + 8 p cos Nz. 

A particular integral of 


-j— + N*u -- 
az 1 


W,{z) 


ID 

ttt ’ 2 l 1 (i-i\r) coa ( if ~2^' l ' i (i + jf) coa< ^ N +*)*}■ £r i(*).»y- 

Now express — 8 (p -I- 2q cos 2 z) U x ( z ) as a sum of cosines; calling this 
sum V B (z), choose a, to be such a function of p and q that F a (z) + cos Nz 
contains no term in cos Nz ; and let F, (z) + a a cos Nz = (z). 


Solve the equation 


*±+N'u=W t (z), 


and continue the process. Three sets of functions U m ( z), V m (z), W m ( z ) 
are thus obtained, such that U m (z) and W m (z) contain no term in cos Nz 
when m + 0 , and 

W m (z) = V m (z) + a* COB Nz, V m (z) = - 8 (p + 2 q cos 2 z) U„. t (z), 
*^& + N>U m (z) = W m (z\ 

where a,,, is a function of p and q but not of z. 

' Journal /Ur Math. urn. (1873), pp. 314-224. 

f The reuon for this ^oppression ii thit the particular integral of — + y | u = ooi 
contain* non-periodic terms. 

X Unless N = 1, in whioh case W l {z)=V l (z) + Q (p + q) oosr. 
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It follows that 

{® +jr, j.ir-w-j, W.M 

= i V m (z) + ( 1 a m )cos Nz 

m = 1 Vm = l / 

»-l / n \ 

= — 8 (/? -h 2g cos 2 z) 2 (z) + ( 2 ] cos Nz. 

m = U \m=l / 

m 

Therefore, if U(z)= 2 U m (z) be a uniformly convergent series of analytic 

Mt«0 

functions throughout a two-dimensional region in the r-plane, we have 

(§ 5 3) 

+ (<* + 16g cos 2 z) U (z) = yfr (a, q) cos Nz , 

® 

where -f (a, q) = 2 a„>. 

m = l 

It is obvious that, if a be so chosen that yfr (a, q) = 0, then U(z) reduces 
to ce N (z). 

A similar process can obviously be carried out for the functions se N ( z , q ) 
by making use of sines of multiples of z. 

19*61. The convergence of the series defining Mathieu functions. 

We shall now examine the expansion of § 10-6 more closely, with a view to investigating 
the convergence of the series involved. 

When ft ^ 1, we may obviously write 

L\{z)= 1 */9^ r cos (W-2r) z+ 2 o^,.cos (A+2r) z, 

r=l r=l 

the asterisk denoting that the first summation ceases at the greatest value of r for which 
r^\N. 

Si'ioe +jV s | t r .+, (*) = «.+i cos jVi-8(j>+2?cob2*) U.(z), 

it follows on equating coefficients of cos {N ± 2r) z on each Bide of the equation f that 

+ ( a ml+0mi)i 

r(r + W)a. + ,. r -2 {pa^r + q (a* r _, + d) (r«l, 2, ...), 

r (r — W) +1>r = 2 {p0mf+<7 (@n.r—\ + &w.r+i)} 

These formulae hold universally with the following conventions £ : 

(0 a * f 0 =e ^» 1 0 = O ( Tl * 1 > 2 ,...); a ».r = 0*,r = O (r>ft) ? 

(ii) (3 % = jjv-i w heu N is even and r = 

(iii) 0 nf w hen N is odd and r — J(W-l). 


t When N = 0 or 1 these equations must be modified by the suppression of all the coefficients 

ft,.- 

X The conventions (ii) and (iii) are due to the fact that cos z *»cof (- x), oos 2x=coe (- 8z). 
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(II) “'-'“Swi :»)!• 


The reader will easily obtain the following special formulae: 

(I) aj-Bp, (^#1); o,-8(/>+ ? ), 

2 " + 1 o n 

“"•■“'(A!)* ’ (^“ 0 )' 

(III) a^r and are homogeneous polynomials of degree n in p and q. 

If 2 0* r -A r , l fi*.r=B r , 

n=r n«r 

wehave *( 0 , ? )«8y>+8 y (A 1 +.B 1 ) (,/vyi), 

r(r + JV’)A,..2{j>d r + ? (^ r _ 1 -M,. + ,)}. 

r{r - N) iJ r .2{j.fl r + J (fl r _ I + fl r + 1 )) . 

where in"!!]*! and B r is subject to conventions due to (ii) and (iii) above. 

Now write w T =-q {r (r+N)-Zp}~\ w r '~-q {r (r-N)-ip)~\ 

The result of eliminating Ai, A lt ... A r _ u A rti , ... from the set of equations (A) is 
A r \={-) r v iW a ...w r A r , 

where A, is the infinite determinant of von Koch's type (§ 2 82) 


(A), 

■(B), 


A r = 

i , 

«V + 1> 

o , 

0 , ... 


“r + J, 

1 , 


0 , ... 


o , 

«V+ S , 

i , 

“V + 3, 


The determinant converges absolutely (§ 2 82 example) if no denominator vanishes ; 
and A r -*~1 as r-*-<n (cf § 1952). If p and q be given such values that A^O, 
2 p ^ r {r + N), where r = 1, 2, 3, the series 

no 

2 (-) r w x Aj-Ao" 1 cos (jV + 2r) z 

r=l 

represents an integral function of z . 

In like manner B r D 0 *={ — ) T Wx wi... w r 'D r , where J) r is the finite determinant 

I ) ^r + li 0 ) 

w 't + 3) I J , 


the last row being 0, 0, ... 0, 2*^, 1 or 0, 0, ... 0, ip' 4(JV _ 1)t *+^ 4(J >r_i) according as 
N is even or odd. 

The series 2 U n (z) iB therefore 
*=o 

cos Nz + Ao -1 2 (“ ) r Wi ^...uvArCOB (jY+2r) z 

r= 1 

_ r<iN ^ 

+ A 1 2 ^ (— Y w i w-i... V)t O t cos (iV- 2r) z , 

these Beries converging uniformly in any bounded domain of values of z, so that term-by- 
term differentiations are permissible. 

Further, the condition jfr ( a , q) —0 is equivalent to 

i.e. pt^DQ-q {w^D^w^D v A^O. 

If we multiply by 
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the expression on the left becomes an integral function of both p and 9 , ♦ (a, q), say ; the 
terms of ir (a, 9 ), which are of low^t degrees in p and 9 , are respectively p and 


Now expand 


J_ f P c*(ir» + 8p, g ) 

2irt ) 


dp 


*(A^* + 8 p, q) Sp“ 
in ascending powers of 9 (cf. § 7 * 31 ), the contour being a small circle in the p-plane, with 
centre at the origin, and | 9 | being bo small that * (A rl + 6p, 9) has only one zero inside the 
contour. Then it follows, just as in § 7 31 , that, for sufficiently small values of | g |, 
we may expand p as a power Beries in 9 commencing* with a term in 9*; and if | 9 | 
be sufficiently Bmall D Q and A^ will not vanish, since both are equal to 1 when 9*0. 

On substituting for p in terms of 9 throughout the aeries for U (z), we see that the 
series involved in ce N (z, 9) are absolutely convergent when | 9 | is sufficiently small. 

The series involved in se N (z, 9) may obviously be investigated in a similar manner. 


19‘7. The method of change of parameter +. 

The methods of Hill and of Lindemann-Stieltjes are effective in determining p, but 
only after elaborate analysis. Such analysis is inevitable, as /a is by no meanB a simple 
function of 9 ; this may be seen by giving 9 an assigned real value and making a vary 
from - go to +od ; then p alternates between real and complex values, the changes taking 
place when, with the Hill-Mathieu notation, A ( 0 )sin*(£fr Ja) passes through the values 
0 and L ; the complicated nature of this condition is due to the fact that A (0) is an 
elaborate expression involving both a and 9 . 

It is, however, possible to express p and a in terms of 9 and of a new parameter <r, and 
the results are very well adapted for purposes of numerical computation when | 9 1 is small J. 

The introduction of the parameter <r is suggested by the series for ce x ( 2 , 9 ) and »e l ( 2 , 9 ) 
given in § 19*3 example l ; a consideration of these series leads us to investigate the 
potentialities of a solution of Mathieu's general equation in the form y— 0 (z), where 

0(z)*= sin (z — cr) + a 3 cos (3z - a) + 63 sin (3z- rr) + a 6 cos (5z - a) + 5 6 sin ( 62 - ©■) + ..., 
the parameter a being rendered definite by the fact that no term in coS (z- a) is to appear 
in 0 (z); the spocial functions ie x ( 2 , 9 ), ce l (z, 9 ) are the cases of this solution in which 
o* is 0 or Jw. 

On substituting this expression in Mathieu’s equation, the reader will have no difficulty 
in obtaining the following approximations, valid for § small values of 9 and real values 
of xr : 

p = 49 sin 2 o- - I 29 3 sin 2cr - I 29 4 sin 4<r + 0 {xf\ 

a —1 +89 cos 2o , + ( - 16 + 8 cos 4 a) 9 2 - 8 q 3 cos 2<r + — 88 cos 4c) 9 * + 0 ( 9 *), 

a 5 =3 9 s sin 2c + 39 s sin 4c+( — sin 2 ir + 9 sin 6 c) 9 *+ 0 ( 9 *), 

63 = 9 + 9 * cos 2c + ( - ty + 5 cos 4c) 9 3 4 ( —^ cos 2a + 7 cos 6 ir) 9 4 + 0 ( 9 *), 
a B - V 9 3 sin 2c + ff q 4 sin 4 o + 0(q 6 \ 

b * + 2 ir + (-V4 i + ?? CO 84 ‘ T )7 4 + 0 (A 
“7 -ftfe9 4 ain2ir + 0(9 6 ), 67 = t 1 s9 3 + t 1 2 9 4 008 2c + 0 (9*), 

<*9 - 0 (9 6 ), 6 d - q* + 0 ( 9 s ), 

the constants involved in the various functions 0 ( 9 *) depending on a. 


* I! N = 1 this result has to be modified, since there is an additional term q on the right and 
the term q 9 /{N - 1) does not appear. 

t Whittaker, Proc. Edinburgh Math. Soc. xxxn. (1914), pp. 75-80. 

X They have been applied to Hill’s problem by Ince, Monthly Noticet of the R. A. S. lxxv. 
(1915), pp. 436-448. 

§ The parameters q and <r are to be regarded as fundamental in this analysis, instead of 
a and q as hitherto. 
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The domains of values of q and <r for which these series converge have not yet been 
determined* 

If the solution thus obtained be called A (z, a, q) } then A (z, <r, q) and A (z, - w, q) form 
a fundamental system of solutions of Mathieu’s general equation if p* 0 . 

Example 1 . Shew that, if <r=t x 0 5 and j = 0 - 01 , then 

a-1 124,841,4 ..., ix0-046,993,5 ... ; 

shew also that, if <r«-» and £== 0 - 01 , then 

a» 1*321,169,3 ..., p = ixO'145,027,6 .... 

Example 2 . Obtain the equations 

p**4 q sin 2 <r- 4 ^ 03 , 
a =. 1 + 8^ oos 2tr — , 

expressing p and a in finite terms as functions of q , <r, a B and V 
Example 3. Obtain the recurrence formulae 

{ — 4n (n +1) + B£ cos 2ir — ± Bqi (2w +1) (a,-sin 2 <r)} (z fct ^ l +z te + B )«0, 

where 2 lm + 1 denotes 6 ^+i + ta^ + i or + i + acoording as the upper or lower sign is 
taken. 

19*8. The asymptotic solution of Mathieu's equation . 

If in Mathieu’s equation 

^ & coa w « 0 

we write k sin z= £, we get 

where if a = a + 

This equation has an irregular singularity at infinity. From its resemblance to Bessels 
equation, we are led to write u = e'^£ _ * v, and substitute 

1 + (a,/f) + (<hIP) + .. ■ 

in the resulting equation for v ; we then find that 

the general coefficient being given by the recurrence formula 

2 i(r+l)a T + 1 = {i-if* + ^+r(r + l)}+(2r-l)0:*fl r . l -(r*-2r + i)^fl r _ 8 . 

The two series 

■"‘"K ,+ ? + -)• 

are formal solutions of Mathieu’s equation, reducing to the well-known asymptotic 
solutions of Bessel’s equation (}j 17 6 ) when k—0. The complete formulae, which connect 
them with the solutions ff ±>LZ 0 (±z) have not yet been published, though some stei»s 
towards obtaining them have been made by DougalL, Proc. Edinburgh Math. Soc. xxuv. 
(1916), pp. 176-196. 

* It teems highly probable that, if \q\ is sufficiently small, the tenet converge for all real 
values of <r, and alto for oomplex values of a for whioh | I{v) | it sufficiently small. It may be 
noticed that, when q it real, real and purely imaginary values of a correspond respectively 
to real and purely imaginary values of p. 
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Miscellaneous Examples. 

I. Shew that, if i* N /(32^), 

2wc«o (*» y) = ccq (0, q) J cos (k sin z sin 6 ) ce 0 (0, q) d6. 

2. Shew that the even Mathieu functions satisfy the integral equation 

O (i)-A j 1 {ti (cob z + coa fl)) a (6) d6. 

3. Shew that the equation 

(az a + c) ^ + 2 az ^ + (A^^-m) u^O 

(where a, c, X, m are constants) is satisfied by 

u = Je Xza v (a) da 

taken round an appropriate contour, provided that v (a) satisfies 

(a^ + c) ^ + 2as + (A a cj a + m) v («) —0, 

which iB the same as the equation for u. 

Derive the integral equations satisfied by the Mathieu functions as particular cases of 
this result. 

* A complete bibliography in given by Humbert, Fonctiova de Mathieu et functions de Lame 
(Paris, 1926). 
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4. Shew that, if powers of q above the fourth are neglected, then 
ce i tf) — 0081 + 2 006 3* + ? 2 (i cos $2 - cos 32) 

+ q z (tV coa 72 -1 cos bz 4 ^ cos 3z) 

4y 4 cos 9 j- ^ cos 7z4 J cos 5*4^ cos 3z), 
at j ( 2 , y) = sinz4y sin 3z + y 8 (J sin 5z4sin 3z) 

+ q 3 sin ^ sin 62 + ^ sin 3z) 

4- q 4 (via sin + A sin 72 4 J ain bz - ^ sin 3«), 
ce a (2, 9) = cos 2z 4 q (§ cos 42 - 2) 4 i y 2 cos 62 

4^ (A cos 824 J? cos 424^) 

+ ? 4 (-sin coa 10f + ii it coa 6z )- 

(Mathieu.) 


5. Shew that 

ce 3 ( 2 , y) = cos 3z4y (- cos 24 ^ cos 52 ) 

4 q* (cos 24 ^ cos 72) 4 -y 3 ( - £ cos 24 ^0 cos 524 fa cos 02 ) 4 0 (q 4 ), 
and that, in the case of this function 

a = 94 4? 3 -8y 3 4 0(y 4 ). 

(Mathieu.) 


6. Shew that, if y ( 2 ) be a Mathieu function, then a second solution of the corresponding 
differential equation is 

y (*) J {y(t)}~*dt. 

Shew that a second solution * of the equation for ce 0 (z , q) is 
2 ce 0 (z, q) - 4 q sin 2 2 - 3^ 2 sin 42 - . 


7. If y (*) be a solution of Mathieu’s general equation, shew that 
{.y (*+ 2 ir) +y (2 - 2 tt)} ly (2) 

is constant. 


8 . Express the Mathieu functions as series of Bessel functions in which the coefficients 
are multiples of the coefficients in the Fourier series for the Mathieu functions. 

[Substitute the Fourier Beries under the integral sign in the integral equations of 
§ 19-22.] 

9 . Shew that the confluent form of the equations for ce n (z, q) and ae n ( 2 , q), when the 
eccentricity of the fundamental ellipse tendB to zero, is, in each case, the equation satisfied 
by J n (ik cos 2 ). 

10 . Obtain the parabolic cylinder functions of Chapter xvi els confluent forms of the 
Mathieu functions, by making the eccentricity of the fundamental ellipse tend to unity. 

11 . Shew that ce n ( 2 , q) can be expanded in series of the form 

« X 

Z A m cos*" 2 or Z B m cos 8 ’" +1 2 , 
m »0 h»o 

according as n is even or odd; and that these series converge when | cost | < 1 . 


* This solution is oalled in^z, q ); the Beoond solutions of the equations satisfied by Mathieu 
functions have been investigated by Ince, Proc. Edinburgh Math. Soc. xxxm. (1915), pp. 2-15. 
Bee also 8 19-2. 
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12. With the notation of example 11, shew that, if 

<».(*, q)-K 

then A« is given by one or other of the series 


J 0 ^2rX„ 2 


!)’ 

provided that these series converge. 


2m 4 n .OnOk h T ( 2m +!) ! 


m | (m + 1) ! 




13. Shew that the differential equation satisfied by the product of any two solutions 
of Bessel’s equation for Ainctious of order n is 

3 (3 - 2s) (3+2*) w+4i* (3 + 1) w-0, 

where 3 denotes z ^. 

Shew that one solution of this equation is an integral function of z; and thence, by the 
methods of jjg 19*6-19 63, obtain the Bessel functions, discussing particularly the case in 
which n is an integer. 

14. Shew that an approximate solution of the equation 

dhi 

+ (4 +/Hsinh l z) u—0 

is u—(7 (cosechz)^ sin (ir cosh i+*), 

where C and « are constants of integration ; it is to be assumed that k is large, A is not 
very large and z is not small. 



CHAPTER XX 


ELLIPTIC FUNCTIONS. GENERAL THEOREMS AND THE 
WEIERSTRASSIAN FUNCTIONS 

20*1. Doubly-periodic functions. 

A most important property of the circular functions sin;, cos z, tan/,... 
is that, if f(z) denote any one of them, 

+ 2 ir) =»/(*), 

and hence f(z + 2 ntr) =/(r), for all integer values of a. It is on account 
of this property that the circular functions are frequently described as 
periodic functions with period 27t. To distinguish them from the functions 
which will be discussed in this and the two following chapters, they are 
called singly-periodic functions. 

Let o) lF be any two numbers (real or complex) whose ratio* is not purely 
real. A function which satisfies the equations 

f(z + 2 qi0 =/(/), f(z + 2 w 8 ) «/(z), 

for all values of z for which f(z) exists, iB called a doubly-periodic function 
of z, with periods 2o>j, 2o> a . A doubly-periodic function which is analytic 
(except at poles), and which has no singularities other than poles in the 
finite part of the plane, is called an elliptic function. 

[Note. What ia now known as an elliptic integral t occarB in the researches of Jakob 
Bernoulli on the Elastica. Maclaurin, Fagnano, Legendre, and others considered Buch 
integrals in connexion 'with the problem of rectifying an arc of an ellipse; the idea of 
'inverting 1 an elliptic integral (§ 21*7) to obtain an elliptic function iB due to Abel, 
Jaoobi and Gauss.] 

The periods 2 o> lf 2 o > 8 play much the same part in the theoiy of elliptic 
functions as is played by the single period in the case of the circular 
functions. 

Before actually constructing any elliptic functions, and, indeed, before 
establishing the existence of such functions, it is convenient to prove some 
general theorems (§§ 20*11-2014) concerning properties common to all 
elliptic functions; this procedure, though not strictly logical, is convenient 

* If is real, the parallelograms defined in g 20*11 collapse, and the function reduces to 
a slngly-periodic function when is rational; and when uju> l is irrational, it has been shewn 
by Jacobi, Journal filr Math. xiii. (1835), pp. 55-56 [ Get. Werkc, ii. (1882), pp. 25-26] that the 
fnnction reduces to a constant. 

t A brief discussion of elliptic integrals will be found in §g 22-7-22*741. 
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because a large number of the properties of particular elliptic functions can 
be obtained at once by an appeal to these theorems. 

Example. The differential coefficient of an elliptic function iB itself an elliptic 
function. 


2011. Period-parallelograms. 

The study of elliptic functions is much facilitated by the geometrical 
representation afforded by the Argand diagram. 

Suppose that in the plane of the variable z we mark the points 0, 2a) lt 
2oi fl , 2oi! + 2qi 2 , and, generally, all the points whose complex coordinates are 
of the form 2m&i, + 2tko 2 , where m and n are integers. 

Join in succession consecutive points of the set 0, 2u) i , 2q> 1 + 2o> 3i 2g> 3 , 0, 
and we obtain a parallelogram. If there is no point o> inside or on the 
boundary of this parallelogram (the vertices excepted) such that 

f(z + co)=f(z ) 

for all values of z, this parallelogram is called a fundamental period-parallelo¬ 
gram for an elliptic function with periods 2a> lt 2tu 3 . 

It is clear that the z-plane may be covered with a network of parallelo¬ 
grams equal to the fundamental period-parallelogram and similarly situated, 
each of the points 2mo) l 4- 2 noj 2 being a vertex of four parallelograms. 

These parallelograms are called period-parallelograms , or meshes ; for all 
values of z t the points z , z + 2co Y , ... z + 2wig>, + 2mo 2) ... manifestly occupy 
corresponding positions in the meshes; any pair of such points are said to 
be congruent to one another. The congruence of two points z , z is expressed 
by the notation z = z (mod. 2a> lf 2eu a ). 

From the fundamental property of elliptic functions, it follows that an 
elliptic function assumes the same value at every one of a set of congruent 
pointsand so its values in any mesh are a mere repetition of its values in 
any other mesh. 

For purposes of integration it is not convenient to deal with the actual 
meshes if they have singularities of the integrand on their boundaries; on 
account of the periodic properties of elliptic functions nothing is lost by 
taking as a contour, not an actual mesh, but a parallelogram obtained 
by translating a mesh (without rotation) in such a way that none of the poles 
of the integrands considered are on the sides of the parallelogram. Such a 
parallelogram is called a cell. Obviously the values assumed by an elliptic 
function in a cell are a mere repetition of its values in any inesh. 

A set of poles (or zeros) of an elliptic function in any given cell is called 
an irreducible set; all other poles (or zeros) of the function are congruent to 
one or other of them. 
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20'12. Simple properties of elliptic functions. 

(I) The number of poles of an elliptic function in any cell is finite. 

For, if not, the poles would have a limit point, by the two-dimensional 
analogue of § 2 21. This point is (§ 5*61) an essential singularity of the 
function; and so, by definition, the function is not an elliptic function. 

(II) The number of zeros of an elliptic function in any cell is finite. 

For, if not, the reciprocal of the function would have an infinite number 
of poles in the cell, and would therefore have an essential singularity; and 
this point would be an essential singularity of the original function, which 
would therefore not be an elliptic function. [This argument presupposes 
that the function is not identically zero.] 

(III) The sum of the residues of an elliptic function , f{z ), at its poles in 
any cell is zero. 

Let C be the contour formed by the edges of the cell, and let the corners 
of the cell be t, t + 2o^, t + 2a)j + 2 qj 2 , t + 2<u a . 


[Note. In future, the periods of an elliptic function will not be called 2u>2 
indifferently; but that one will be called 2 w l which makes the ratio have a positive 

imaginary part ] and theu, if C be described in the sense indicated by the order of the 
corners given above, the description of C is counter-clockwise. 

Throughout the chapter, wo shall denote by the symbol C the contour formed by 
the edges of a cell.] 

The sum of the residues of f (z) at its poles inside C is 


1 

27TI 




r r f -f 2ui t 

+ 

/■f+aw.-t-aw* 

+ 

[t + 

+ 

r | 

it 

/ t+ 2w, J 

f £+2*., + 2« t j 



f(z) dz . 


In the second and third integrals write z + 2o) lr z + 2o> t respectively for 
z, and the right-hand side becomes 

i rf+2«, 1 r'+2“» , 

2 —J t (/(*)-/(* + 2 “*» dz ~2ri,) t l/(*)-/( z+2 “*)I^. 


and each of these integrals vanishes in virtue of the periodic properties of 
f{z) \ and bo f f(z)dz = 0, and the theorem is established. 


(IV) Liouville's theorem*. An elliptic function , f(z\ with no poles in a 
cell is merely a constant. 

For if f(z) has no poles inside the cell, it is analytic (and consequently 
bounded) inside and on the boundary of the cell (§ 3 61 corollary ii); that is 
to Bay, there is a number K such that \f (z)\<K when z is inside or on the 
boundary of the cell. From the periodic properties of f{z) it follows that 


* Thia modification of the theorem of § 5 63 is the result on which Liouville based hia 
lectures on elliptic functions. 
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f(z) is analytic and | f(t) | < K for all values of z ; and so, by § 5'63, /(*) is 
a constant. 

It will be seen later that a very large number of theorems concerning 
elliptic functions can be proved by the aid of thiB result 


20*13. The order of an elliptic function. 

It will now be shewn that, if f(z) be an elliptic function and c be any 
constant the numbei' of roots of the equation 

/(*)- * 

which lie in any cell depends only on f(t\ and not on o; this number is 
called the order of the elliptic function, and is equal to the number of poles 
of f(z) in the cell. 


By § 6*31, the difference between the number of zeros and the number 
of poles of f(z) — c which lie in the cell C is 


J_ [ /'(*) 

2 yriJc /(*) — c 


dz. 


Since /' (z + 2w 1 ) —/' (r + 2a t ) * /' (r), by dividing the contour into four 
parts, precisely, as in § 2012 (III), we find that this integral iB zero. 


Therefore the number of zeros of /(*)-c is equal to the number of 
poles of /(*) — c; but any pole of f(z) — c is obviously a pole of f(z) and 
conversely; hence the number of zeros of f(z)—c is equal to the number 
of poles of /(*), which is independent of c; the required result is therefore 
established. 


[Note. In determining the order of an elliptic function by counting the number of 
its irreducible poles, it is obvious, from § 0 a 31, that each pole has to be reckoned according 
to its multiplicity.] 

The order of an elliptic function is never less than 2 ; for an elliptic 
function of order 1 would have a single irreducible pole; and if this point 
actually were a pole (and not an ordinary point) the residue there woyld 
not be zero, which is contrary to the result of § 2012 (III). 

So far as singularities are concerned, the simplest elliptic functions are 
those of order 2. Such functions may be divided into two classes, (i) those 
which have a single irreducible double pole, at which the residue is zero in 
accordance with § 2012 (III); (ii) those which have two simple poles at which, 
by § 2012 (III), the residues are numerically equal but opposite in sign. 

Functions belonging to these respective classes will be discussed in thiB 
chapter and in Chapter XXII under the names of Weierstrassian and 
Jacobian elliptic functions respectively; and it will be shewn that any 
elliptic function is expressible in terms of functions of either of these 
types. 
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2014. Relation between the zeros and poles of an elliptic function. 


We shall now Bhew that the sum of the affixes of a set of irreducible 
zeros of an elliptic function is congruent to the sum of the affixes of a set of 
irreducible poles . 


For, with the notation previously employed, it follows, from § 6'3, that 
the difference between the sums in question is 

Ittt* 

<+*iJ /(*) 

1 [*+•»'jef'(t) (z + 2 a),)/' (z + 2 w,) | 

2m Jc (/(*) /(* + 2«y) .1 


( ft+lm, 

ft+ 2*1+1-! 

[*+ 

[ 

+ 

+ 


+ 


1 t+ 

/ t+2-,+2-. 

Jt 


_ J_ C***-(«/'(*) («+j 

2tH 


_ •&*,)/'(* + , 

\fO) /(»+ 2®>) I 

rm 

= 2^ 1“ 2 “' + 2».[log/(*)] ( *-}, 


on making uBe of the substitutions used in § 2012 (III) and of the periodic 
properties of f(z) and f (.z ). 


Now f(z) has the same values at the points £ + 2ah, t + 2o>, as at t, so 
the values of log/(z) at these points can only differ from the value of lo gf(z) 
at t by integer multiples of 2t ri, say - 2 n 7 ri, 2mwi; then we have 

2^/e/Uy^ = 27710,1+ 2TU “ a ’ 

and so the sum of the affixes of the zeros minus the sum of the affixes of 
the poles is a period; and this is the result which had bo be established. 


20'2. The construction of an elliptic function. Definition of fp (z). 

It was seen in § 201 that elliptic functions may be expected to have 
some properties analogous to those of the circular functions. It is therefore 
natural to introduce elliptic functions into analysis by some definition 
analogous to one of the definitions which may be made the foundation 
of the theory of circular functions. 

One mode of developing the theory of the circular functions is to start 
from the series 2 (z - tott) - * ; cnlling this series (sin z)~\ it is possible 

m- - oo 

to deduce all the known properties of sin z \ the method of doing so is briefly 
indicated in § 20 * 222 . 
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The analogous method of founding the theory of elliptic functions- is to 
define the function by the equation* 


^ Z ' [(z — 27710)! — 2no) a ) 2 (27710)! + 2no) a y 

where tu,, a) a satisfy the conditions laid down in §§ 201, 2012 (111); the 
summation extends over all integer values (positive, negative and zero) of 
m and ?i, simultaneous zero values of m and n excepted. 

For brevity, we write in place of + 2no) 2 , so that 
p(z)=z-”+ S' {(s-n m , n r s -n~? n ). 

in, n 

When m and n are such that |fl m>n | is large, the general term of the 
series defining p (z) is 0 (| n | _s ), and so (§3 4) the series converges 
absolutely and uniformly (with regard to z) except near its poles, namely 
the points ft,* n . 

Therefore (§ 5 3 ), p (z) is analytic throughout the whole z-plane except 
at the points ft mjTII where it has double poles. 

The introduction of this function p(z) is due to Weierstrassf; we now 
proceed to discuss properties of p (z), and in the course of the investigation 
it will appear that p(z) is an elliptic function with periods 2a),, 2a) a . 


For purposes of numerical computation the scries for p ( z ) is useless on account of the 
slowness of its convergence. Elliptic functions free from this defect will be obtained in 
Chapter xxi. 


Example. Prove that 

■M 


p w " (£)'[■ J+ n=L cosec! C ') “ J ’~ coseci ? -] ■ 


20 21. Periodicity and other properties ofp(z). 

Since the series for p (z) is a uniformly convergent senes of analytic 
functions, term-by-term differentiation is legitimate (§ 5 3), and so 


The function p' (z) is an odd function of z\ for, from the definition of 
p' ( z\ we at once get 

p'(-z) = 2 t (z + n m>n r*. 


* Throughout the chapter 2 will be written to denote a summation over all integer values 

m, n 

of m and n, a prime being inserted (2') when the term for which m=n = 0 has to be omitted 

m, m 

from the summation. It is also customary to write §?' (z) for the derivate of p (z). The UBe of 
the prime in two senses will not cause confusion. 

f Werke, n. (1895), pp. 245-255. The subjeot-matter of the greater part of thiB chapter U 
due to Weierstrass, and is contained in his lectures, of which an account has been published by 
Schwarz, Formeln und Lehndtze turn Oebrauche der elliptiachen Fnnktionen , Nach VorUtungen 
und Aufzeichnungen dct Herm Pro/. K. Weieratraja (Berlin, 1893). See also Cayley, Journal de 
Math. x. (1845), pp. 885-420 [Math. Papers, i. pp. 156-182], and Eisenatein, Journal /Ur Math. 
xxxv. (1847), pp. 187-184, 185-274. 
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But the set of points — fl mi n is the same as the set fl mi n and so the 
terms of p '(— z) are just the same as those of — p'(z), but in a different 
order. But, the series for p (z) being absolutely convergent (§ 3 4), the 
derangement of the terms does not affect its sum, and therefore 

IP'(- *) = -?'(*)■ 

In like manner, the terms of the absolutely convergent series 

2 ' + 
vi, n 

are the terms of the series 

7n, n 

in a different order, and hence 

= (Z ); 

that is to say , p (z) is an even function of z. 

Further, p (z + 2^) = — 2 2 (z — + 2&> 1 ) —8 ; 

m, n 

but the set of points H m>n — 2^ is the same as the set (!„,*, so the series 
for p' (z -f 'Zcoj) is a derangement of the series for p' (z). The series being 
absolutely convergent, we have 

P (z + 201,) = p' (z ); 

that is to say, p' (z) has the peinod 2^ ; in like manner it has the period 2&> 2 . 

Since p' (z) is analytic except at its poles, it follows from this result that 
p'(z) is an elliptic function. 

If now we integrate the equation p'(z + 2 co 1 ) = p'(z), we get 
p(z + 2co l ) = p(z) + A, 

where A is constant. Putting z = — and using the fact that p (z) is an 
even function, we get A = 0, so that 

p(z + 2<o l ) = p(z); 
in like manner p (z + 2 <u 2 ) = p (z). 

Since p{z) has no singularities but poles, it follows from these two results 
that p (z) is an elliptic function. 

There are other methods of introducing both the circular and elliptic functions into 
analysis ; for the circular functions the following nmy be noticed : 

(1) The geometrical definition in which sin z is the ratio of the side opposite the angle 
z to the hypotenuse in a right-angled triangle of which one angle is z. This is the definition 
given in eleincutary text books on Trigonometry ; from our |>oint, of view it has various 
disadvantages, some of which are stated in the Ap[>endix. 

(2) The definition by the power series 
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(3) The definition by the product 

“—0 "?») ( x -ife) ( x - s£*) -■ 

(4) The definition by ‘inversion’ of an integral 


f “to* i 

-/ (l-*)“*ift. 


The periodicity properties may be obtained easily from (4) by taking suitable paths of 
integration (of. Forsyth, Theory of Functions, (1916), § 104), but it iB extremely difficult to 
prove that sin r defined in this way is an analytic function. 

The reader will see later (§§ 22 62, 22 1, 20 42, 20 22 and § 20'63 example 4) that 
elliptic functions may be defined by definitions analogous to each of these, with corre¬ 
sponding disadvantages in the coses of the first and fourth. 

Example. Deduce the periodicity of p (z) directly from its definition as a double series. 
[It is not difficult to justify the necessary derangement.] 


20 22. The differential equation satisfied by p (z). 

We shall now obtain an equation satisfied by p (z) t which will prove to 
be of great importance in the theory of the function. 

The function p (*) — r -1 , which is equal to 2 ' \{z - „)”* — is 

m, n 

analytic in a region of which the origin is an internal point, and it is an 
even function of z. Consequently, by Taylor’s theorem, we have an expansion 
of the form 

V (*) - *“* = ^ + & 9'* + 0 (**) 

valid for sufficiently small values of | z |. It is easy to see that 
<7 ,=60 r n~\, g, =140 r 

in, n m, » 

ThuB (P (z) = z~* + + 

differentiating this result, we have 

ip' (z) = - 2 i-* + Lg i z + ) j g ,z* + 0 (*•). 

Cubing and squaring these respectively, we get 

!>■ (z) = z- + J p.z- + ^g, + 0 (z*), 


jp'* (z) = 4z“* - ? g,z^ -tg,+ 0 (z*). 

Hence (p' , .(*) - 4jf»* (z) = -^.z"* - + 0(z*), 

and bo jp'* (z) - 4f>* (z) + g,p (z) + g, = 0 (z*). 

That is to say, the function p ,% {z) — 4p* (z) + g t p (z) + g tt which is 
obviously an elliptic function, is analytic at the origin, and consequently 
it is also analytic at aII congruent points. But such points are the only 
possible singularities of the function, and so it is an elliptic function with 
no singularities) it is therefore a constant (§ 2012 , IV). 

On making x—►O, we see that this constant is zero. 
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Thus, finally, the function f (z) satisfies the differential equation 
p'* (g) = 4p* (z) -g,f (z) - g„ 

where g t and g, (called the invariants) are given by the equations 

<7, = 60 S' n-‘„, g, = 140 i' n~\. 

■ns, n m, n 

Conversely, given the equation 

(dyV 


(£) 


if numbers to lt can be determined * such that 

ft- 60 S' n-\, g, = 140 S' n. 9 ., 

m, n m, n 

then the general solution of the differential equation is 

V = f (± * + a), 

where a is the constant of integration. This may be Been by taking a new 
dependent variable u defined by the equation^ y = p ( u ), when the differential 

equation reduces to = 1- 

Since p(z) is an even function of z , we have y = jp(*± a )> and so the 
solution of the equation can be written in the form 

V = P (* + «) 

without loss of generality. 

Example . Deduce from the differential equation that, if 


jP(*) = z-*+ 2 c*,* 2 ", 

■=i 


then Ci a &/ 2 S . 5 , 
3^2 <73 


** 2*. 5.7.11’ Cl0 ‘ 


Ci-ft/V.7. 


c,=^V2 4 - 3.5», 
, •*»* 


2 5 .3.6 3 . 13 2*. 7 J . 13’ 


__ g ?'?' 3 _ 

C|3 — 2 4 .3.5*. 7 . 11 ’ 


20*221. 77ie integral formula for p (z). 

Consider the equation 

Z= j ~ ~ 9 *) 

determining z in terms of f; the path of integration may be any curve which 
does not pass through a zero of 4J* — g a t — g t . 

On differentiation, we get 

is)'-*?-**-*- 

and so p (z + a), 

where a is a constant. 

* The difficult problem of establishing the existence of such numbers and u 3 when g a and 
p B are given is solved in g 21-7B. 

t This equation in u always has solutions, by g 2013. 
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Make f — ► oo ; then z—*0, since the integral converges, and so a is a pole 
of the function jp; i.e., a is of the form and so f= p(z + n min ) = p(z). 

The result that the equation z = j (4^ — g^t — gf)~^dt is equivalent to 
the equation is sometimes written in the form 


r * 

= (Aff — gJ—g 3 )~*dt. 

J §p ( Z) 


20-222. An illustration from the theory of the circular functions. 

The theorems obtained in §§ 20‘2-20-221 may be illustrated by the corresponding 
results in the theory of the circular functions. Thus we may deduce the properties 

of the function cosec 2 z from the series 2 ( z-nirr)~ 2 in the following manner: 

m= - * 

Denote the series by f{z ) ; the series converges absolutely and uniformly* (with regard 
to z) except near the points mn at which it obviously has double poles. Except at these 
points, f (z) is analytic. The effect of adding any multiple of rr to z is to give a series 
whose terms are the same as those occurring in the original series; since the series 
converges absolutely, the sum of the series is unaffected, and so f{z) is a 'periodic function 
of z with period n. 

Now consider the behaviour of f{z) in the strip for which - \n ^ R (z) ^£tt. From 
the periodicity of f(z), the value of f{z) at any point in the plane is equal to its value at 
the corresponding point of the strip. In the strip f (z) has one singularity, namely z = 0 ; 
and f {z) is bounded as z-*- cc in the strip, because the terms of the series for / (z) are 

small compared with the corresponding terms of the comparison series 2' m~ 2 . 

771 = - * 

In a domain including the point z = 0, f (z) - z~ 2 is analytic, and is an even function; 
and consequently there is a Maclaurin expansion 

/(z)-z-*= X 

n—Q 

valid w'hen | z | < it. It is easily Been that 

«*, = 27r- 2n - 2 (2n+l) 2 m 

777 =1 

and bo u<)= J, a 2 = 6 tt -4 2 m~ K = ^ ■ 

771 = 1 

Hence, for small values of | z |, 

/ W - Z - 1 + J + A z 2 + 0 (z 4 ). 

Differentiating this result twice, and also squaring it, we have 

/" (z) = 6z" 4 + rt + 0 ( 2 *), 

It follows that /" (z) — G/ 2 (z) + 4/(z) = 0 ( z l ). 

That is to Bay, the function /" (z) - 6/ 2 (z) + 4/ (z) is analytic at the origin and it is 
obviously jieriodic. Since its only possible singularities are at the points witt, it follows 
from the periodic property of the function that it is an integral function, 


By comparison with the series 2' m ~*. 
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Further, it is bounded as in the strip - ^ R (z) ^Jtt, Bince f(z) is bounded 

and bo is* f" (z). Hence f”(z) — 6f a (z') + 4f(z) is bounded in tho strip, and therefore from 
its periodicity it is bounded everywhere. By Liouville’s theorem (§ 5’63) it is therefore 
a constant. By making z-*-0, we ace that the constant is zero. Hence the function 
cosec* z satisfies the equation 

/"(*) = 6/* (z) — 4/ (z). 

Multiplying by 2 f (z) and integrating, we get 

/'* ( z ) — 4/ 2 ( 2 ) {/(z)-lH-c, 

where c is a constant, which is easily seen to be zero on making use of the power series 
for /' (z) and / (z). 

We thence deduce that 2 z—\ t~ 1 (t — r/f, 

J /(«) 

when an appropriate path of integration is chosen. 


Example 1. If y = j? ( z) and primes denote differentiations with regard to z, shew that 

~ A {Cy——«2)~ z +Cy - o—Cy - ** 2 )” 1 (y—«a) _1 , 

where e u e a , e 3 are the roots of the equation g 2 t — 

[We have y ' 2 = 4y 3 -g 2 y- g s 

= 4(y-ci)(y-^) (y-e-s). 

Differentiating logarithmically and dividing by y\ we have 

2y",y 2 = 2 (y-fv)' 1 - 

r=l 

Differentiating again, we have 

y 3 y r=i 

Adding this equation multiplied by J to the square of the preceding equation, 
multiplied by 1 \ r , we readily obtain the desired result. 

It should be noted that the left-hand side of the equation is half the Schwarzian 
derivativet of z with respect to y; and so z is the quotient of two solutions of the 
equatiou 

$ + {4 i, v=0.] 

Example 2. Obtain the ‘properties of homogeneity’ of the function jp (z) ; namely that 

KHxl]) =x ‘*K z l3’ p(Xz; x-4 ^’ x_6 ^ )=x_2 p ( * ; *»•*»)> 

where p (z j denotes the function formed with periods 2u>,, 2wj and fp ( z ; tj t , <J:t) 
denotes the function formed with invariants g 2l g 3 . 

[Tho former is a direct consequence of the definition of p ( z) by a double series ; the 
latter may then be derived from the double series defining the g invariants.] 


* The series for f"{z) may be oompared with 2' m~ 4 . 

m— - = 

t Cayley, Comb. Phil. Trans, xm. (1883), p. 6 [Math. Papera, xi. p. 148]. 
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20 * 3 . The addition-theorem for the function p (z). 

The function p (z) possesses what is known as an addition-theorem ; that 
is to say, there exists a formula expressing p (z + y) as an algebraic function 
of p(z) and p(y) for general values* of z and y. 

Consider the equations 

p'(z) = Ap (z) + B, p’(y) = Ap (y) + B, 

which determine A and B in berms of z and y unless p (z) = p (y), i.e. unless f 
z = ±y (mod. 22<u 2 ). 

Now consider p (f) - Ap (f) - B , 

qua function of It has a triple pole at f = 0 and consequently it has 
three, and only three, irreducible zeros, by § 2013; the sum of these is a 
period, by § 2014, and as f = z, £=y are two zeros, the third irreducible zero 
must be congruent to — z —y, Hence - z — y is a zero of p' (f) - Ap (f) — B, 
and so 

p (- z - y) = Ap (- e - y) + B. 

Eliminating A and B from this equation and the equations by which A 
and B were defined, we have 

I pW p'OO 1 =0. 

V ( y) f>' ( y) i 

p(z + y) -p'(z + y) 1 

Since the derived functions occurring in this result can be expressed 
algebraically in terms of p ( z ), p (y), p (z + y) respectively (§ 20 22), this 
result really expresses p(z + y) algebraically in terms of p (z) and p (y). 
It is therefore an addition-theorem. 

Other methods of obtaining the addition-theorem are indicated in §20 311 
examples 1 and 2, and § 20 312. 

A symmetrical form of the addition-theorem may be notioed, namely 
that, if u -I- v + w = 0, then 

p (it) p' ( u) 1 =0. 

p(v) p'(v ) 1 

p (w) p' (w) 1 

20 * 31 . Another form of the addition-theorem. 

Retaining the notation of § 20*3, we see that the values of f, which make 
p' (f) — Ap (f) — B vanish, are congruent to one of the points z y y, —z — y. 

# It is, of course, unnecessary to consider the special caBes when y, or z, or y +z is a period, 
t The function p{%) - jp(y), qua function of z, has double poles at points congruent to z = 0, 
and no other singularities; it therefore (§ 30-13) has ouly two irreducible aeroe ; and the points 
congruent to z = ± y therefore give all the seroB of p (z) - p (y). 
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Hence f^(£) — {-4.jp (?) + B} 1 vanishes when £ is congruent to any of the 
points z % y t - z — y. And so 


V(£)-AV i (£)-(2A5 + ^ l )jp(f)-(^ + 17.) 


vanishes when p (£) is equal to any one of p (z), p (y), p (z + y). 

For general values of z and y, p (z), p (y) and p (z + y) are unequal and 
so they are all the roots of the equation 

4 Z' - A'Z 8 - (2AB + g % ) Z-(B*+g l ) = 0. 

Consequently, by the ordinary formula for the sum of the roots of a cubic 
equation, 


(p (*) + p (y) + fp (* + y )=j 

and so p (z + y) = \ -p(s)-p (y), 

on solving the equations by which A and B were defined. 

This result expresses p (z + y) explicitly in terms of functions of z and 
of y . 


20 311 . The duplication formula for p (z). 

The formB of the addition-theorem which have been obtained are both 
nugatory when y = z. But the result of § 20 31 is true, in the case of any 
given value of z , for general values of y. Taking the limiting form of the 
result when y approaches z , we have 

limp(. + »)- J fa -•><*>- t «■ 

From this equation, we see that, if 2 z is not a period, we have 

W ( z ) - ip' (* + 


(P (2^) = ilim 


= j lim 

4 


p(z)-p(z + h) 
-hp”(z)+0(h') 


• -2|P( 


z ) 


\-kp'(z)+0(h>)\ 2v{z) ' 

on applying Taylor’B theorem to p (z + h), p' (z + h ); and so 


w-m 


-2»pW. 

unless 2 z is a period. This result is called the duplication formula. 


Example 1. 


Prove that 


1 

4 


fP M-Pfr)) 1 
lPW-P(y)J 


-fPW-(P(*+y), 


yua function of z, has no singularities at pointa congruent with 2 = 0, ±y\ and, by making 
use of Liouville’B theorem, deduce the addition-theorem. 
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Example 2. Apply the process indicated in example 1 to the function 

PM P'M i I 

P(y) F(y) i . 

P(r+y) -j?'(z+y) 1 | 

and deduce the addition-theorem. 

Example 3. Shew that 

P (*+y) + P M- jf) ■= IP (*) - P (y)}“ 1 * [PP M p (y) - iy a } {P («)+p (y)} - M 

[By the addition-theorem we have 

Replacing P' 2 (zj and P' 2 (y) by 4p ( 2 )-y 2 j? .73 find 4p 3 (y)-0 2 P (y)respec¬ 

tively, and reducing, we obtain the required result.] 

Example 4. Shew, by Liouvillc’s theorem, that 

j z {P 0 - a) p (» - 6)) = p (a - 6) r (« - 0 ) + p' (* - 6)} - p' (a - 6) {p (« - a) - p (. - i)}. 

(Trinity, 1905.) 

20312 . AbePs* method of proving the. addition-theorem foi' p ( z ). 

The following outline of a method of establishing the addition-theorem for p (, z ) is 
instructive, though a completely rigorous proof would t>e long and tedious. 

Let the invariants of P(z) be r/ 2 , r/ :i ; take rectangular axes OX , OF in a plane, and 
consider the intersections of the cubic curve 

y L = Ax* - g-pr — 

with a variable line y = m.r + 'n. 

Jf any point (#, , y,) l>e taken on the cubic, the equation in z 

P(z)-^ = 0 

has two solutions + z lt -z\ (§ 2013) and all other solutions are congruent to these two. 

Since p" l (z) — 4P 3 (z) — g 2 p (z) — we have P'“(2)—yi 2 ; choose q to be the solution for 

which P'(2'i)=+y 1 , not -y,. 

A number Zi thus chosen will be called the parameter of (j7 n y x ) on the cubic. 

Now the abscissae x x , x 2i x 3 of the intersections of the cubic with the variable line 
are the roots of 

tp (x) = 4x° — gix — y 3 - ( rnx + n) 2 — 0, 
and so <p (x) = 4 (x — .rj) ( x - .r.J (x — x 3 ). 

The variation Sx r in one of these abscissae due to the variation in position of the line 
consequent on small changes Sm, Sn in the coefficients m , 71 is given by the equation 

V (x r ) 8x r +^ Sm + ^ An = 0, 


whence 


< p ' (.r r ) dx r = 2 (7nr r + n) {x r Sm -|- Sn), 

2 4 J r ^4-dyi 

r—i mx r 4“ n r Zi <p' {x r ) 


provided that .q, x 2 , x 3 are unequal, so that 0' (x r )#0. 

• Journal fiir Math. n. (1827), pp. 101-181 ; hi. (1820), pp. 160-190 [Oeuvres , i. (ChrihtiaDia, 
1039), pp. 141-252]. 
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Now, if we put x (xbm + dn)/(f> (jt), qua function of .r, into partial fractions, the result is 


2 A r /(x-x r ), 

r=1 


x — X 

where A r = lim x (xbm + fin) ——-- r 

*-*>x r 9 W 

= x T (x r 8m + 8n) lim («■ - jr r )/0 (.v) 

*r 

“ .r r (j r + &n)/4>' (x r ), 

by Taylor’s theorem. 

3 3 

Putting # = 0, we get 2 8x r /y r = 0, i.e. 2 ^ r = 0. 

r=1 r=1 


That is to say, Me sum o/ Me parameters of the points of intersection U a constant 
independent of the position of the line. 

Vary the line so that all the points of intersection move off to infinity (no two points 
coinciding during this process), and it is evident that z x + z. 2 + z 3 is equal to the sum of the 
parameters when the line is the line at infinity; but when the line is at infinity, each 
parameter is a period of p ( z ) and therefore z, + z 2 + z 3 is a period of p(z). 

Hence the sum of the parameters of three collinear points on the cubic is congruent to 
zero. This result having been obtained, the deterininantal form of the addition-theorem 
follows as in § 20 3. 


20 32. The constants e lf e 2 , e 3 . 

It will now be shewn that (w,), p (qj 3 ), (where &) 3 = — &> A — w 2 ), are 

all unequal; and, if their values be e lf e 2 , e 3 , then e u e 2 , e 3 are the roots of the 
equation 4 1* — g 2 t — cy 3 = 0. 

First consider p' («,). Since p' (z) is an odd periodic function, we have 
p' (ai,) = - p (- wj) =-p' (2m, - 6>i) = - p' (wi), 
and so p' (&)]) = 0. 

Similarly p' (&> 2 ) = p (aj 3 ) = 0. 

Since p'(z) is an elliptic function whose only singularities are triple poles 
at points congruent to the origin, p' (z) has three, and only three (§2013), 
irreducible zeros. Therefore the only zeros of p' (z) are points congruent to 

oil, &) 2> q> 3 . 

Next consider p(z) — e ,. This vanishes at u) ] and, since ^) / (o> 1 ) = 0, it has 
a double zero at o^. Since p(z) has only two irreducible poles, it follows 
from § 2013 that the only zeros of p(z) — e j are congruent to aq. In like 
manner, the only zeros of p(z)~ e 2 , p(z) — e 3 are double zeros at points con¬ 
gruent to (o 2) tu 3 respectively. 

Hence e, ^ e 2 e 3 . For if e l = then p ( z) — e x has a zero at w 2) which is 
a point not congruent to id 1 . 

Also, since p'*(z) = 4jp* ( z ) — g 2 p (z) — g 3 and since p' ( z) vanishes at tw 1 , oi 2j 
a) 3j it follows that 4^ (z) — g 2 p (z) — g 3 vanishes when p (z) — e,, e 2 or e 3 . 

That is to say, e lt e it e 3 are the roots of the equation 

— g*t — = 0 . 
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From the well-known formulae connecting roots of equations with their 
coefficients, it follows that 

e l + e* + e a =» 0, 

® 1®1 + ®|®1 + ® 1®8 “ — ^Bi 

I 

— ^ fff 

Example 1. When and g 3 are real and the discriminant ^ 3 —27^ 3 * is positive, shew 

that e,, 08 , e 3 are all real; choosing them so that e, > 0j> ^ 5 , shew that 


and 


»i~ (4^ -g%t-g 3 ) idt, 

a> 3 =-ij > ' {g, + g,t-4fi)~idl, 


bo that 09] is real and oi 3 a pure imaginary. 

Example 2. Shew that, in the circumstances of example 1, p (z) is real on the peri¬ 
meter of the rectangle whose corners are 0, a^, + <y 3l &»,. 

20'33. The addition of a half-period to the argument of p (z). 

From the form of the addition-theorem given in § 20 31, we have 


P(* + «i)+PW + 


p-fw i 1 


and so, since 
we have 
i.e. 

on using the result 


rn-iifM 

?<*>- 


2 ^ = 0 ; 
r=1 


this formula expresses p (z + m,) in terms of p (*). 

Example 1. Shew that 

p($o»i)**0,±{(0i-0i) («i — - 

Example 2. From the formula for jP(* + Wf) combined with the result of example 1, 
shew that 

P (i»i + *i) - «i T {(«i - «j) (*i - “a )} 4 ■ 

(Math. Trip. 1913.) 

Example 3. Shew that the value of pt (z) p / (z + oi,) P' (i + wj) P' (* + ®a) i fl equal to 
the discriminant of the equation 4J 3 - ^ = 0. 

[Differentiating the result of § 20 33, we have 

P f ( z + m) - - ( 0 j - 0 ,) ( 0 , - ea) f' (*) {f> (*) - «i} -1 ; 
from this and analogous results, we have 

P to + + 

=(0 1 -0 i ) , (0 1 -03) J '(03-0i) 1 iP /4 W n (PW-M" 1 

r=l 

-16(0,- 0 a )* (eg - is) 1 («s- «i)* T 

which is the discriminant < 7 i s — 27^* in question.] 
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Example 4. Shew that, with appropriate interpretations of the radicals, 

P' (fo) - - 2 {(«, - (e, - «,)}* {(«, - e,)* + (e, - «,)*). 

(Math. Trip. 1913.) 


Example 5. Shew that, with appropriate interpretations of the radicals, 


{P (2*)(2*) -*}* + {? (2*) - .,}* {p (2*) - 

+ {P (2*) - e,}* (p (2*) p « - p (2*). 


20'4 Quasi-periodic functions. The function • f(z). 

We shall next introduce the function f (z) defined by the equation 

s — v(z) ’ 

coupled with the condition lim {£(z) — z~ l ] =0. 

z-+- 0 

Since the series for f (z) — z~* converges uniformly throughout any 
domain from which the neighbourhoods of the pointsf n' m>n are excluded, we 
may integrate term-by-term (§ 4'7) and get 


and 


? (*) -*-* = - f {p (z) - Z - a ) dz 

J 0 

= -i' n^-a^r-n-*,) dz, 

m,n J 0 

v/ v 1 I 1 l Z 

U — II + fl + a 2 

* m,n * l m,n Ai m, n 


The reader will easily see that the general term of this series is 
0(1 | *) as lflM.nl * 00 j 

and hence (cf. §20 2), f (z) is an analytic function of z over the whole z-plane 
except at simple poles (the residue at each pole being + 1) at all the points 
of the set 

It is evident that 

_£(_*)=!+* {^—Tr- + 7^F-l* 

z m,n “t" **m,n fl m n ) 

and, since this series consists of the terms of the series for f(z), deranged in 
the same way as in the corresponding series of § 20’21, we have, by § 2 52, 

£(-*) = -? (*). 

that is to say, f ( z) is an odd function of z. 


* This function should not, of course, be confused with the Zeta-function of Riemann, 
discussed in Chapter xm. 

f The symbol n' m m is used to denote all the pointB U m< „ with the exception of the origin 
(cf. g20-2). 
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Following up the analogy of § 20-222, we may compare ((z ) with the function cot z 
» d 

defined by the series z~~ l + S' {(z - mjr) “ 1 + (win-) “ 1 } 1 the equation -=- cot z=« - cosec 2 z 
«*=- 00 

corresponding to ^ ^ (z) * — p (z). 


20 41. The quasi-periodicity of the function f ( z ). 

The heading of § 20 4 was an anticipation of the result, which will now be 
proved, that £(z) is not a doubly-periodic function of z \ and the effect on 
f(z) of increasing z by 2a>j or by 2qj 3 will be considered. It is evident from 
§ 20’12 (III) that f (z) cannot be an elliptic function, in view of the fact that 
the residue of f (z) at every pole is + 1. 

If now we integrate the equation 

p(* + 2w 1 ) = |jp(z) l 

we get ? (z + 2 Wl ) = £(z) + 2^, 

where 2tj 1 is the constant introduced by integration ; putting z = —cwj, and 
taking account of the fact that £ ( z ) is an odd function, we have 

V\ - K (“0- 

In like manner, f ( z + 2^) = f(z) + 2tj 2j 

where 7 h = £ (wn). 


Example 1. Prove by Liouville's theorem that, if x+y+z = 0, then 

{cw+c(y)+fW} a +r w+r w+rw=o. 

(Frobeniua u. Stickelbergcr, Journal f&r Math, lxxxviii.) 

[This result is a pseudo-addition theorem. It is not a true addition-theorem since 
{' Mi C (y\ ( i z ) are n °t algebraic functions of ((x) y {(y\ ( (z).] 


Example 2. Prove by Liouville’s theorem that 


2 

1 P(JT) p (X) 

-r- 

i PM PM 


i P(y) P*(jr) 


i Ply) P’<y) 


i PW P 2 M 


i PM PM 


= C(*+y+*)-f M-tM-fM- 


Obtain a generalisation of this theorem involving n variables. 

(Math. Trip. 1894.) 


20*411. The relation between and tj 2 . 

We shall now shew that 

l 

Vl<*>2 - T} 2 (D l = — 7TI. 


To obtain this result consider J £(z)dz taken round the boundary of a 
cell. There is one pole of f (z) inside the cell, the residue there being 4- 1. 
Hence |" £(z)dz= 2iri. 
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Modifying the contour integral in the manner of § 2012, we get 

f£+2wj ft + 2t l 

2lrt= J< ?(* + 2 “sM ^ z ~J t (?( r )-f(*+ 2 m,)} dz 

rt+ 2«, rf+2&»„ 

= — 2tj 2 J + 2?7i | (f£, 

and so 27ri = — + 4?^ 1 ru 2 , 

which is the required result. 

20'42. The function cr(z). 

We shall next introduce the function cr (^), defined by the equation 
^ logo-(«)-£(*) 
coupled with the condition lim 

z-^0 

On account of the uniformity of convergence of the Beries for £{ 2 ), except 
near the poles of £(z) } we may integrate the series term-by-term. Doing so, 
and taking the exponential of each side of the resulting equation, we get 


ai(z) - =i * Z K 1 - ntr) exp + isr.)} ; 

the constant of integration has been adjusted in accordance with the condition 
stated. 

By the methods employed in §§ 20’2, 20 21, 20 4, the reader will easily 
obtain the following results : 

(I) The product for a (z) converges absolutely and uniformly in any 
bounded domain of values of z. 

(II) The function o-(z) is an odd integral function of z with simple zeros 
at all the points £l m ,n- 

The function a (z) may be compared with the function sin z defined by 
the product 

z IT \( 1 - —) , 

m= — ® IV TTITT J ) 

the relation log sin z = cot z corresponding to ~ log a (z) = £(z). 


20 421. The quasi-periodicity of the function a (z). 

If we integrate the equation 

f(f + 2« 1 ) = fW+^ 1I 
we get <r (z + 2a>i) = ce^a ( z ), 

where c is the constant of integration; to determine c, we put z = — <d u and 
then 

<r (o^) = — ce” 2TJ «“' a (g>i). 
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Consequently c = — e** 1 " 1 , 

and <r (z + 2o>,)» - e 2, »i(*+••) o- (z). 

In like manner a (z + 2a> 9 ) « - a (z). 

These results exhibit the behaviour of <t(z) when z is increased by a 
period of p (z). 

If, as in §20'32, we write to, ™ — tu, — <u 9 , then three other Sigma-functionB 
are defined by the equations 

a r (z) = €-*** (z + w r )la (w r ) (r = 1, 2, 3). 

The four Sigma-functionB are analogous to the four Theta-functions dis¬ 
cussed in Chapter xxi (see § 21 9). 


Example 1. Shew that, if m and n are aDj integers, 

<r(* + 2m<» 1 +Snog)—( — ) m+ *tr (m) exp {( 27717 , + 2 ni 7 j) r + 2f7i 1 ij I «»| + 4 mnTj l e> 1 + , 

and deduce that is an integer multiple of \ni. 

Example 2. Shew that, if g=*eip (irioa/o,), so that | q | <1, and if 

F{ (£) (S) B “ l 1 - 2 9 !n 009 S + d • 


then F(z) is an integral function with the BAme zeros as tf(z) and also F(z)/tr(z) is a 
doubly-periodic function of 1 with periods 2«,, 2^. 

Example 3. Deduce from example 2, by using Liouville’s theorem, that 
2w, (li^\ ■ { nz \ Z fl -2^coB(irz/tt,) + ff 4,, '| 

' W-T “ p fe) " [sj t (l-«4 1' 


Example 4. Obtain the result of example 3 by expressing each factor on the right as 
a singly infinite product. 


20'B. Formulae expressing any elliptic function in terms of Weierstrassian 
functions with the same periods. 

There are various formulae analogous to the expression of any rational 
fraction as (I) a quotient of two sets of products of linear factors, (II) a sum 
of partial fractions; of the first type there are two formulae involving Sigma- 
functions and Weierstrassian elliptic functions respectively; of the second 
type there is a formula involving derivates of Zeta-functions. These formulae 
will now be obtained. 


20'61. The expression of any elliptic function in terms of p{z) and p (z). 

Let f( z ) be any elliptic function, and let p (r) be the Weierstrassian 
elliptic function formed with the same periods 2a),, 2a> e . 

We first write 

/(*)=l [/(*) +/(- *)] + \ [{/(*) -/(- *)) leV))- 1 ] 9' (*)■ 
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The functions 

/(*)+/(-*>, { 

are both even functions, and they are obviously elliptic functions when f(z) is 
an elliptic function. 

The solution of the problem before us is therefore effected if we can 
express any even elliptic function <f> ( z ), say , in terms of p (z ). 

Let a be a zero of <f> {z) in any cell ; then the point in the cell congruent 
to — a will also be a zero. The irreducible zeros of <f> (z) may therefore be 
arranged in two sets, say a lt a a , ... a n and certain points congruent to — 

— a 2 , ... — a n . 

In like manner, the irreducible poles may be arranged in two sets, say 
bubi, ... 6 ni and certain points congruent to — — b 2 , ... — b n . 

Consider now the function* 


1 f p O) - V Or) 

0(*)r=l lP(*)-P(M.''' 

It is an elliptic function of z, and clearly it has no poles ; for the zeros of 
<j> (z) are zerosf of the numerator of the product, and the zeros of the 
denominator of the product are poles f of 4>( z )- Consequently by Liouville’s 
theorem it is a constant, A u say. 

Therefore $ (*) = A , ft ., 

that is to say, <f> ( z ) has been expressed as a rational function of (p ( z ). 
Carrying out this process with each of the functions 

/(*) +/(- *)■ \f(*) -/(- z )\ W (*)) _I . 


we obtain the theorem that any elliptic function f (z) can be expressed in terms 
of the Weierstrassian elliptic functions p (z) and fp'(z) with the same periods , 
the expression being rational in p (z) and linear in p' ( z ). 


20*52. The expression of any elliptic function as a linear combination of 
Zet.a-f unctions and their denvates. 

Let f(z) be any elliptic function with periods 2o>,, 2o> a . Let a set of 
irreducible poles of f(z) be a?, ... a n , and let the principal part (§5*61) 
of f(z) near the pole a * be 

z — a k (z - (z — a*) 1 '*’ 

* If any one of the points a r or b T is congruent to the origin, we omit the corresponding 
factor p (r) - p (a r ) or p (z) - p (5 r ). The sero (or pole) of the product and the zero (or pole) 
of 0 ( 2 ) at the origin are then of the same order of multiplicity. In this product, and in that of 
§ 20-58, factors corresponding to multiple zeros and poles have to be repeated the appropriate 
number of times. 

+ Of the same order of multiplicity. 
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Then we can shew that 


f(z) = A,+ S \c k ,^(z-a k )-c kM ^'(z-a t ) + ... 

*=1 l 

, ( ) rfc — 1 c ki 




where A 2 is a constant, and f (,) (z) denotes — f (z). 

a2r 


Denoting the summation on the right by F (z), we see that 
F (z + 2 ( 0 ^ — F (z) = X 27/jCjt! , 

*=i 

by § 20 41, since all the derivates of the Zeta-functions are periodic. 

71 

But X Ct i is the sum of the residues of f(z) at all of its poles in a cell, 
k = 1 

and is consequently (§ 2012) zero. 

Therefore F (z) has period 2o) l} and similarly it has period 2 oj 2 ; and so 
f(z) — F(z) is an elliptic function. 

Moreover F (z) has been so constructed that f (z) — F (z) has no poles at 
the points a 1} a^, ... a n ; and hence it has no poles in a certain cell. It is 
consequently a constant, A 2 , by Liouville’s theorem. 

Thus the function f{z) can he expanded in the form 

A 2 + X X l) ( z ~ a k)- 

*=i ,=i (s — 1)! 

This result is of importance in the problem of integrating an elliptic 
function / (z) when the principal part of its expansion at each of its poleB is 
known ; for we obviously have 

f(z) dz = A 2 z + X j^c til log<r(^-ajt) 

where C is a constant of integration. 

Example. Shew by the method of this article that 

p i w«»rw+ a*. 

and deduce that 

I P 1 (t)dz=ffl(z) + f*g. l z + C, 
where C iH a constant of integration. 


20 53. The expression of any elliptic function as a quotient of Sigma- 
functions. 

Let f (z) be any elliptic function, with periods 2^ and 2o) 2l and Jet a set 
of irreducible zeros of f(z) be a,, a z , ... a n . Then (§20'14) we can choose a 



ELLIPTIC FUNCTIONS 


20*53] 


451 


set of poles b Xi b tf ... b n such that all poles of f(z) are congruent to one or 
other of them andf 

a, + + ... + a n =6 1 + 6 1 + ...+6 n . 

Consider now the function 


TT * ~ gr) 

r=l <**(*- 6 r )' 

This product obviously has the same poles and zeros as f{z ); also the 
effect of increasing z by 2coj is to multiply the function by 


TT ex P \ 2r h ( z ~ °r)} -i 
r=1 exp (2^ (z - fc r )} 

The function therefore has period 2^ (and in like manner it has period 
2 &j b ), and so the quotient 


/«- n 


r=l 


g* (* - ti r ) 
o* (* - 6 r ) 


is an elliptic function with no zeros or poles. By Liouville’s theorem, it must 
be a constant, say. 

Thus the function f (z) can be expressed in the form 


f(*) = A 3 


n g ^ ~ ”» ■) 

r=l<r (z — b r ) 


An elliptic function is consequently determinate (save for a multiplicative 
constant) when its periods and a set of irreducible zeros and poles are known. 
Example 1. Shew that 


Example 2. 


pm-pm— jy . 

( 2 ) o- 2 (y) 

Deduce by differentiation, from example 1, that 


i rW-P(y ) 

* P(*)-P(jf) 


= f(*+y)-f M-C(y). 


and by further differentiation obtain the addition-theorem for (s). 

n n 

Example 3. If 2 a r = 2 6 r , shew that 

r=l r=l 


2 " ( q r~ &l) P-(«r-^ 2) Q- (tf r ~ fc n ) _ Q 

r=i O- (c/ r - a,) cr (a r - aj a- (a r - a H ) ’ 

the * denoting that the vanishing factor (r(<z r — a r ) is to be omitted. 

Example 4. Shew that 

P W - e r= o> 2 W/o- 2 0) (r = 1, 2, 3). 

[It is customary to de/tne {j? ( 2 ) - e r }4 to mean o- r (z)/a ( 2 ), not - <r r ( 2 ) V ( 2 ).] 
Example 5. Establish, by example 1 , the 1 three-term equation,’ namely, 
o-(z+a) (T {z-a) a {b + c) <r (6- c) + <r (2 + 6 ) tr ( 2 - 6) a [c + a) a (c - a) 

-ho- {z + c)(t (z-c) a (tf + b)tr (a - b) = 0. 


t Multiple zeroH or poles are, of course, to be reckoned according to their degree ol‘ multi¬ 
plicity; to determine b lt 60, ... b n} we choose fq, fj Zl ... h n _ lt b n ' to be tbe set of poles in the cell in 
which a*,, ...a n lie, and then choose b n , congruent to b n ' t in such a way that the required 
equation is satisfied. 
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[This result is due to Weierstrass ; see p. 47 of the edition of hiB lectures by Schwarz.] 

The equation is characteristic of the Sigma-function ; it has been proved by Halphen, 
Fonctions EUiptiques , i. (Paris, 1886), p. 187, that no function essentially different from the 
Sigma-function Batishes an equation of this type. See p. 461, example 38. 

20'54. The connexion between any two elliptic functions with the same 
periods . 

We shall now prove the important result that an algebraic relation exists 
between any two elliptic functions, f (z) and <f> ( z ), with the same periods. 

For, by §20 51, we can express f(z) and <f> ( z) as rational functions of the 
Weierstrassian functions p(z) and p' ( z ) with the same periods, so that 
/(z) - R> If (z), f‘ (z)j, 4> (z) = R* [f (z), j /(*)), 

where and denote rational functions of two variables. 

Eliminating p ( z) and p' ( z ) algebraically from these two equations and 
p f * (z) = 4j p*(z)- g 2 p (z) - g if 

we obtain an algebraic relation connecting f(z) and 0(z); and the theorem 
is proved. 

A particular case of the proposition is that every elliptic function is con¬ 
nected with its derivate by an algebraic relation. 

If now we take the orders of the elliptic functions f(z) and </>(r) to be m 
and n respectively, then, corresponding to any given value of f(z) there is 
(§2013) a set of m irreducible values of z, and consequently there are m 
values (in general distinct) of (f> (z). So, corresponding to each value of f there 
are m values of </> and, similarly, to each value of c p correspond n values of f 

The relation between f(z) and <f>(z) is therefore (in general) of degree m 
in <f> and n in f 

The relation may be of lower degree. Thus, if f(z) = p(z), of order 2, and 
<f> (z) = p 2 (z), of order 4, the relation is f 2 = <f>. 

As an illustration of the general result take f (z) = p (z), of order 2, and 
<f> (z) = p (z), of order -3. The relation should be of degree 2 in 0 and of 
degree 3 in /; this is, in fact, the case, for the relation is </>* = 4/’ a — g?f— g z . 

Example. If u , v, w are three elliptic functions of their argument of the second order 
with the same periods, shew that, in general, there exist two distinct relations which are 
linear in each of it, v, w , namely 

A uvw+Bvw + Cwu + Duv + Eu + F v + G w + H -=0, 

A'uvw + B'vic + C’wu + Uuv + E'u + F'v + G’w + H'= 0, 
where A, B , H' are constants. 

20 6. On the integration of {a Q x* + 4a, a? 4- Ga^x* + 4 «i s x + a 4 ] “ V 

It will now be shewn that certain problems of integration, which are 
insolublejby means of elementary functions only, can be solved by the intro¬ 
duction of the function p ( z ). 
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Let a,# 4 4- + 4 a^x + a 4 = f(x) be any quartic polynomial 

which has no repeated factors; and let its invariants* be 

g 3 = a Q a A — 4 a x a^ 4 - 3^, 

g a = 4- 2a 1 a B a J — Oa 3 - a 0 a 3 a —a^. 

Let z = f {/(£)} where is any root of the equation f (x) = 0 ; then, 

J *0 

if the function (p ( z ) be constructed! with the invariants g 2 and g 3) it is possible 
to express x as a rational function of p (z ; g 2 , gf. 

[Note. The reason for assuming that f(x) has no repeated factors is that, when f(x) 
has a repeated factor, the integration can be effected with the aid of circular or logarithmic 
functions only. For the same reason, the cose in which a 0 a=a 1 = 0 need not be considered.] 

By Taylors theorem, we have 

f(t) = 4Aft -x 0 ) 4- 6 Aft- + 4*Aft - x 0 ) 8 4- Aft - x 0 Y, 

(since f (# 0 ) = 0), where 

Aq = (Iq , A 1 = (LqXq 4 - ttj , 

A ^ = Oq x q 2 “I - 2 c t\X 0 4* ct^, 

A a = a 0 x Q 3 + 3aiX Q 7 -I- Sa^x 0 4- a 3 . 

On writing (t — ^ 0 ) _1 = t, (x — # 0 )~ A = f, we have 

Z= J (4d 3 T 3 + 6d. a r z + 4,A 1 t 4- A^} ~^dr. 

To remove the second term in the cubic involved, writej 
t = Ac 1 (<r - i^ 2 ), £ = ds" 1 (s - \A 2 ), 

and we get 

z = j {4a 3 — (3^i 2 a — 4fA 1 A s ) a — (2il 1 ^4 B i4 3 — A* — A Q Af)\ ~ la. 

The reader will verify, without difficulty, that 

3d 2 2 -4d. 1 d 8 and 2A l A i A i —A 3 a - A 0 A 3 * 

are respectively equal to g 2 and <7,, the invariants of the original quartic, 
and so 

* = p( z ; ff B , g*)- 

Now x = x 0 4- A s fs — 

and hence x = x Q 4- \f (x 0 ) [p (z; g B , g 3 ) - ^f" ( x o)) -1 , 

so that x has been expressed as a rational function of p (z ; g it gf 

* Burnside and PantoD, Theory of Equations, n. p. 113. 
f See § 21-73. 

J ThiB substitution is legitimate since i4 3 *0; for the equation 2*3 = 0 involves /(*)-= 0 
having x = xq as a repeated root. 
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This formula for x is to be regarded as the integral equivalent of the 
relation 

*-f *{/(*)}-**■ 

J Jr 

Example 1. With the notation of this article, shew that 

( f(x)] i = ~/"(W W 

171 " 4 {p(*)-^j/" W 

Example 2. Shew that, if 




where a is any constant, not necessarily a zero of f(x), and f (x) is a quartic polynomial 
with no repeated factors, then 

.. f/Mi E (»)+*/'Mw - A/" («))+ MMI1 (■») 

* !!»(*)-A/'(“)}'-*/(«)/•'(«) 

the function p (z) being formed with the invariants of the quartic fix). 

(Wei ers trass.) 

[This result was first published in 18f55, in an Inaugural-dissertation at Berlin by 
Biermann, who ascribed it to Weierstrass. An alternative result, due to Mordell, Meatenger y 
XLiv. (1915), pp. 138-141, is that, if 

_ (*• v ydx - xiiy 
z ~} ’ 

where f(x, y) is a homogeneous quartic whose Hessian is h (x, y), then we may take 

x=a.p’ (z) Jf+ hf W/fc 

y=W 

where / and h stand for/(a, b) and A (a, b ), and suffixes denote partial differentiations.] 
Example 3. Shew that, with the notation of example 2, 


</(*)/(«))* +/(“). /» , /'» 

2 {x-af + 4(,r —«) ' 24 ’ 




I /(«) , 




20'7. T/te uniformisation * of cui'ves of genus unity . 

The theorem of § 20'6 may be stated somewhat differently thus : 
If the variables x and y are connected by an equation of the form 
y 2 = a d x* + 44- 6a 2 a? 2 4 4a 3 a; -|- a 4l 


can be expressed as one-valued functions of a variable z by the 
equations x = x 0 + if (x 0 ) f|p (z) - ff" (*„))-> j 

y = -\f (*o) p'0) {? W - */" (*.)M ’ 

where f(x) = a 0 ar* 4>a 1 af l 4- 6^;^ 4 - 4a 3 £C -I- a 4 , x 0 is any zero of f{x) } and the 
function p (z) is formed with the invariants of the quartic; and z is such that 

*=r 


* This term employs the word uniform in the sense one-valued. To prevent confusion with 
the idea of uniformity as explained in Chapter iii, throughout the present work we have used the 
phrase ‘one-valued function’ as being preferable to ‘uniform function.' 
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It is obvious that y is a two-valued function of x and x is a four-valued 
function of y ; and the fact, that x and y can be expressed as one-valued 
functions of the variable z , makes this variable z of considerable importance 
in the theory of algebraic equations of the type considered ; z is called the 
vuniformising variable of the equation 

y 2 = a 0 x* + 4a! x* + Ga^x 2 + 4 a*x + a 4 . 

The reader who is acquainted with the theory of algebraic plane curves will be aware 
that they are classified according to their deficiency or genu**, a number whose geometrical 
significance is that it is the difference between the number of double joints possessed 
by the curve and the maximum number of double prints which can be possessed by a 
curve of the same degree as the given curve. 

Curves whose deficiency is zero arc called unicursal curves . If f (x } y) = 0 is the equation 
of a unicursal curve, it is well known t that x and y can \*e expressed as rational functions 
of a parameter. Since rational functions are one-valued, this parameter is a uniformising 
variable for the curve in question. 

Next consider curves of genus unity; let f(x, y) = 0 l>e such a curve; then it has 
beeD shewn by ClebschJ that, x and y can f>e expressed as rational functions of £ and g 
where rf- is a polynomial in £ of degree three or four. Hence, by § 206, £ and g aui be 
expressed as rational functions of fp (z) and ip' (z), (these functions being formed with 
suitable invariants), and so x and y can be expressed as one-valued (elliptic) functions of 2 , 
which is therefore a uniformising variable for the equation under consideration. 

When the genus of the algebraic curve /(.r, y)— 0 is greater than unity, the uniformi- 
sation can be effected by means of what arc known as automorphic functions . Two classes 
of such functions of genus greater than unity have been constructed, the first by Weber, 
Gottinger A r ach. (1886), pp. 359 370, the other by Whittaker, Phil. Trans, cxcn. (1898), 
pp. 1-32. The analogue of the i>erir>d-parallclogram is known as the ‘fundamental polygon. 1 
In the ease of Weber’s functions this polygon is ‘ multiply-connected,' i.e. it consists of a 
region containing islands which have to be regarde<l as not belonging to it; whereas in 
the case of the second class of functions, the polygon is ‘simply-connected,’ i.e. it contains 
no such islands. The latter class of functions may therefore l>e regarded as a more 
immediate generalisation of elliptic functions. Of. Ford, Introduction to theory of Auto¬ 
morphic Functions , Edinburgh Math. Tracts, No. (5 (1915), 
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1. Shew that 


2. Prove that 


Miscellaneous Examples. 


(Hy)-P(.- 3 /)*-p'WP'W f p (•) - p (y )} - 2 . 


!gWj£Mr£W) 

PO ?(+*+«) 2 S sp(«)(p(y)-pHI’ 


where, on the right-hand aide, the subject of differentiation is symmetrical in z, y, and tz/. 

(Math. Trip. 1897.) 

3. Shew that 


P'"(*-y) 

P"' (y - *) 

P'" ( w ' - 2 ) 

= i&2 

F"(*-y) 

p.. 

'(y-w) 

F" (»-*) 

P" (*-y) 

F (y-w) 

F (w-*) 


P (*-y) 

P 

(y-«.) 

p (w — z) 

P (*-y) 

P (y-u>) 

P (w-z) 


l 


1 

1 


4. If 

shew that y is one of the values of 


y = P(z)-e,, y = ^.' 


(Trinity, 1898.) 


j .y (y-^2 lt >gy’)*+(«i-«s) 


(Math. Trip. 1897.) 


B. Prove that 

2 (P (*) -•} {p (y) ■- P (M>n ! (P (y+«) - «}* (P (y ■- ») ■- «}* =o, 

where the sign of summation refers to the throe arguments z, y, w, and e is any one of the 

(Math. Trip. 1896.) 


roots e ly e 2l e 3 - 
6. Shew that 


y (z + »i) _ i P (i«i) r P (*01 2 

F« I P(*)-P(-.) J ■ 


7. Prove that 


(Math. Trip. 1894.) 


8. Shew that 


PW-PW-IF (*)} - 1 ■ {P (*) - P (*-, )} a (P W - P (“> 2 +i"i)} 2 - 

(Math. Trip. 1894.) 


p (u + p (u _ r) _ <P(^)PW + ^) 2 +.93lPW + PW} 

* ( H } {P(«0-P(*)}' 

(Trinity, 1908.) 

9. If p (u) have primitive periods 2u>i, 2w 2 and /(u) = {p (u) —p (oi 2 )}^, while Pi 00 
and fi (u) are .similarly constructed with periods 2 qi,//i and 2a> 2 , prove that 

Pi 00«=P00 + s lP(u + 2truin/n) - jp (2w«,/n)}, 

Wl- 1 


and 


n /(u + 2mui/7i) 

/l(«)=-^J-• 

n /(2ma» l /n) 

m — I 

(Math. Trip. 1914 ; the first of the formulae is due to Kiepert, 
Journal fur Math . lxxvi. (1873), p. 39.) 
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10. If £=P(u + a), y-fP(tt-a), 

where a is constant, Bhew that the curve on which (x, y) lies is 

(jry + cj: + cy + i^a) s -=4(i:+j/ + c) (cxy~ig 3 \ 

(Burnside, Messenger, xxi.) 

2r 3 (*) - 3^r* M + <? a 3 = 27 {p' 2 (u)+y 3 } 2 . 

z=y (.r 4 + Sclt 2 + e 2 )" t dx, 

verify that x = , 

PW + c* 

the elliptic function being formed with the roots — c, ^ (c + e), £ (c —«). 


where c = p(2a). 

11 . Shew that 

12 . If 


(Trinity, 1909.) 


13. If m be any constant, prove that 

i /• 

P'(y) i PW-PW ‘ U J 


(Trinity, 1905.) 


(§*(*)-*>(*)} 


afy 


*)-P(y) 


1 f r e "<t>(*)-t ! >(»n p't(z)dzdy 


where the summation refers to the values 1, 2, 3 of r ; and the integrals are indefinite. 

(Math. Trip. 1897.) 

14. Let R (x) = d.r 4 + Bx 3 + Cx 1 + Dx + E, 

and let <fi(x) be the function defined by the equation 




where the lower limit of the integral is arbitrary. Shew that 

20 ' (a) = 0 ' (a+y) + 0 ' (a) 0 ' (r* -y) + 0 '(a) _ 0 ' (a+y)- 0 ' (g) 

0 (jr-hy)- 0 (o) 0 (tt+y)- 0 (a) + 0 (a - y) - 0 (a) 0 (a+y)- 0 (*) 

_ 0 ( a ~y) - 0 ' w 

0(a-y)-0 (g) ‘ 

[Hermite, Proc. Math. Congress (Chicago, 1896), p. 105. This formula is an 
addition-formula which is satisfied by every elliptic function of order 2 .] 
15. Shew that, when the change of variables 

f-f/i, 

is applied to the equations 

_2 _i - / 1 i ~.t\ I £3 _A 


7* + 7(l+pf) + f s «0 I rf«-- 

they transform into the similar equations 

i/ s + 7 # (1 +/>£') + f' 3 = 0, cfo 


27 + I +^if 


= 0 , 


2^ + 1+pf 

Shew that the result of performing this change of variables throe times in succession 
is a return to the original variables f, 7 ; and hence prove that, if £ and 7 be denoted as 
functions of u by E(u) and F(u) respectively, then 

where A is one-third of a period of the functions E(u) and F(u). 


Shew that 


E(u) = ^--fP(u -, g„ g 3 ), 

(De Brun, Ofversigt af K. Vet. AkadStockholm , Liv.) 


where 
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16. Shew that 


?'(*) = 


2a (z + o> 1 ) a (z + <*> 2 ) a (z — <i)[ — &> 2 ) 


and 


cr 3 (z) a a (o> 2 ) a (a> l +a> 2 ) ' 

to" ( v _ (g + «) tr (^ - a) cr (z + c) tr (g - c) 
rr 4 f z) a 1 (a) a 2 (c) ’ 

P(«)-(**»)*. P(«)--(AfJ*- 


(Math. Trip. 1913.) 


(Math. Trip. 1895.) 


where 

17. Prove that 

P(z-a)p(z-b) = p(a-b) {P(z-a) + p(z-b)-p(a)-p(b)) 
+IP'<.*-b){((z-a)-((z-b) + C(a)-((b)) 

+ p(a)p(b). 

18. Shew that 

(Math. Trip. 1910.) 

19. Shew that 

f («i) + ( t*s) + { (“a) - {(«i + » 2 + “j) 

= _ l IP («i) - P (U,)( iP (Mi) - P («.,)) IP («:■) - P («■)) _ 

(?' («,) (P («j) - P Ml + P' («j) )P («:.) - P («i)i +P' (u 3 ) (P («,) - P (M ' 

(Math. Trip. 1912.) 

20. Shew that 


<t{x + y + r ) a (g-y) it (y- ; ) trjz - *) 1 

o- 3 (x) a 3 (y) <r 3 U) 2 


i PW pV) 

1 P(y) P'(y) 

i PW P'W 


Obtain the addition-theorem for the function p (si from this result. 

21. Shew by induction, or otherwise, that 

1 P («o) P'W.-.P**-*'(**) 

1 PM P'(*i)-P‘*- , '(*i) 


_ , _ an (n- 1) 1 1 2 , n \Z (At + *1 + ■ ■ ■ + *») n<r - *») 


I 1 PW P' W-.p<"-"(2.) I 

where the product is taken for pairs of all integral values of X and p from 0 to n, such 
that \<p. 

(Frobenius u. Stickellarger*, Journal fiir Math. Lxxxiil. (1877), p. 179.) 

22. Express 

1 PW P 2 (*) PW 
1 PO/) p 2 (y) P(y) 
i PW P 2 W PW 
i P00 P*W PW 

as a fraction whose numerator and denominator are products of Sigma-functions. 

* See also Kiepert, Journal fiir Math, lixvi. (1873), pp. 21-33; Hermite, Journal fiir Math. 
lxxxii. (1877), p. 346. 
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Deduce that if a = jp (x), 0 = (p (y), y«=p ( 2 ), (w), where s+y+2+ w = 0, then 

(e 2 - e 3 ) {(a — «j) (0 - «j) (y - e x ) (8 - 6 ^}^ 

+ («3 - e i) {( a — Ca) O - *?) (y _ * 2 ) (& “ e 2)}^ 

+ ( e i — c b) {( a — e s) (0 - ^ 3 ) (y “ e 3 ) (A — ®s)}^ =( g 2 — e a) ( e 3 ~ e i) ( e i — e a)- 

(Math. Trip. 1911.) 


23. Shew that 


»£(*«)-4 fW-^> 


3f(3«)-Bf(«)» 


P 4 («) - 4?2 P 2 («) - V 2 P 00 - A ^ 


24. Shew that 


(Math. Trip. 1905.) 


- P' (“), ^-3F (*) P' 2 00-iP" 2 00, 


and prove that (r(nii)/{o- (w)}" 2 is a doubly-periodic function of u. 
25. Prove that 


(Math. Trip. 1912.) 


\ y, LN y. lx >/n _ 1 .. cr(2-2a + 6)o>(2-2fo + a) 

f (, - a) -f (. - 6)- f (a- b) + f (2a- 26) = . 

(Math. Trip. 1895.) 

26. Shew that, if z l +z 2 + z 3 + z i = 0, then 

{2fM 3 = 3 {2f(* r )} WWI + IPIU 

the summations being taken for r = l, 2, 3, 4. (Math. Trip. 1897.) 

27. Shew that every elliptic function of order n can be expressed as the quotient of 
two expressions of the form 

«ip (* + 6) + (z + b) +... + ^P **" l) (* + &), 

where 6, «], Ogi are constants. (Painlev^, Bulletin de la Soc. Math, xxvii.) 

28. Taking e l >e i >e 3l P(ai)-e,, p(&>')«e 3 , 

consider the values assumed by 

C(u)-u( (&>')/«■>' 

as u passes along the perimeter of the rectangle whose corners are - to, &>, o + o>', — o> + &>. 

(Math. Trip. 1914.) 

29. Obtain an integral of the equation 


^f-epM+a* 


in the form 


d_ f a (z + c) j 

dz Lcr (?) a (c) ^ \i 


6-2p(c)‘ 


where c is defined by the equation 

(t 2 -3y 2 )P(c) = 3(^+y 3 ). 

Also, obtain another integral in the form 

a-(2 +a,) a (? + a- 2 ) , x u 

— — ^5 - ei P {- («0 - Z C 

where P (ai) + P (a 2 ) = &, P' (aO + p 7 (a*) = 0, 

and neither a t + a 2 nor aj - a? is congruent to a period. 


(Math. Trip. 1912.) 
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30. Prove that 

( \ _ *{ t + *l)v{ z + z *)<r{ z + z s)o‘( z + z i) 

9 a { 2 z + £ (z L + z 3 + zg + z 4 )} 

is a doubly-periodic function of z, such that 

9 M+£(* + "i) + £(*+"2)+^(*+"i + ®a) 

= - 2 cr {A (z 2 + « 3 -^-^«)} O' {J (z S + z,-z 2 -z 4 )} ^ tt( 2 i+*s“ 2 a“ r 4 )}- 

(Math. Trip. 1893.) 

31. If f{z) be a doubly-periodic function of the third order, with poles at z = C|, z = c g , 
z = c 3 , and if 0 (z) bo a doubly-periodic function of the second order with the same periods 
and poles at z = a, z=ft, its value in the neighbourhood of z — a being 

0 (z) = --(- (z - n) + A 2 (z— a ) 3 + ..., 

prove that 

w+/' (o)} 20 ( Cl )+</(«)-/ 03 )} |. 3 xx ,+20 (c,) 0 ( C ,)) = 0 . 

(Math. Trip. 1894.) 

32. If X (z) be an elliptic function with two poles a x , a^, and if z n z 3 , ... z in be 2?i 
constants subject only to the condition 

-1 + z 3 + ... + z^ - n (a x + a 2 ), 
shew that the determinant whose tth row is 


1, A (z<), A 3 (z,), ... A* (z<), A, («,■), AWX.W, A 3 (z<) A, (z,), ... A- 3 (z<) A, (z.) 

[where At (z,) denotes the result of writing z< for 2 in the derivate of A (z)], vanishes 
identically. (Math. Trip. 1893.) 

33. Deduce from example 21 by a limiting process, or otherwise prove, that 

FW rw ... | = (-) m “Ml! 2! ... («— 1) !}* o- (»ta)/ (m)}*». 

rw irw - f* n) w 

gK" -1) ( 2 ) pH (z) ... jfM 3 " ~ 3 ) (z) 

(Kiepert, Journal fiir Math, lxxvi.) 

34. Shew that, provided certain conditions of inequality are satisfied, 

cr (z + y) ~ — n ( nz rry\ 2rr rr 

— -—“r e “1 = —— ( cot -—h cot ) + — 2o* mn sin — (mz+7iy), 

tr(z)tr(y) 2at x \ 2a> x 2<o x J * &>! v 

where the summation applies to all positive integer values of m and n t and y = exp (iria> 2 lo x ). 

(Math. Trip. 1895.) 

35. Assuming the formula 

’iif* 1 — 2<7 a * cos — 4- a 4 * 

/ v 2 m, 2co 1 nz ® CDl 

<r( ‘ )=e —’ 


prove that 


p W= _2i + (-y 0O8 ec.^._ 2 (-y i 

r CU| \ 2 w l/ 201 ! \“ 1 / n=l 1 - 

when z satisfies the inequalities 

V»i/ V«i/ V«l/ 


(Math. Trip. 1896.) 





ELLIPTIC FUNCTIONB 


461 


36. Shew that if 2® be any expression of the form 2m« 1 + 2n» 2 and if 


then x is a root of the sextic 




40 ^ 3 x 3 - bgfx* - - bgj - 0 , 

and obtain all the roots of the sextic. 


(Trinity, 1898.) 


37. Shew that 

f {(x* - a) (x 3 — 6)} “ i c/x= 


where 


h 


1. tr (z - 2o) . *1 tr (2 - Mq) 

-2 l0B ^T^) + 2 l0g ^z^' 

26 


** a+ 6 £>»(*)-#> ! (io)’ 72 3o (a - 6) ’ °’ P* (a - 6)' 

(Dolbnia, Darbourf Bulletin (2), xix.) 


38.. Prove that every analytic function f(z) which satisfies the three-term equation 
2 f(z + a)f(z- a)/(6 + c)/(6-c)-0, 

a, b, c 

for general values of a , 6, c and 2 , is expressible as a finite combination of elementary 
functions, together with a Sigma-function (including a circular function or an algebraic 
function as degenerate cases). 

(Hermitc, Fonctions elliptique I. p. 187.) 

[Put z = a = 6 = c=0, and then /(0) = 0; put 6*=c, and then /(a — 6)+/(6- a) = 0, so 
that f(z) is an odd function. 

If F(z) is the logarithmic derivate of /(z), the result of differentiating the relation 
with respect to 6, and then putting 6 = c, is 


/(«+<»)/(*— a)fmr (o) 

/(z + 6)/(z -b)f(a + b)f(a-b) 


= F(z + b)-F(z-b) + F(a-b)-F(a + b). 


Differentiate with respect to 6, and put 6 = 0; then 


/(z + a)/(z-«)|/'(0)j-_ _ 
-{/«/(«)!*. 


If / # (0) were zero, F' (z ) would be a constant and, by integration,/(z) would be of the 
form A exp (Bz + Cz l ), and this is an odd function only in the trivial case when it is zei*o. 


If /'(0)^0, and we write F' (z) = -$>( 2 ), it is found that the coefficient of a* in the 
expansion of 

12 f(z+a)f(z-a)/{f(z)}* 


is 6 (<fr (z)} 2 - *"( 2 ), and the coefficient of a 4 in 12 {/(a)} 2 {<J» («) — <*» ( z)\ is a linear function 
of 4> ( 2 ). Hence ♦" (z) is a quadratic function of 4>(z); and when we multiply this 
function by ( 2 ) and integrate we find that 

{*' (z)} z = 4 {* ( 2 )}*+ 12^4 {* (z)} 2 +12/to (z) + 4(7, 

where A, B, C are constants. If the cubic on the right has no repeated factors, then, by 
§ 206, * ( 2 ) = ip (2 + a) + A , where a is constant, and on integration 

/(z)= tr ( 2 -ha) exp (- \Az 2 - Kz- L), 

where K and L are constants ; since /(«) is an odd function a«siT=0, and 

/(*)-«■ W ex P {-\Az l -L\. 

If the cubic has a repeated factor, the Sigma-function is to be replaced (cf. § 20 222) by 
the sine of a multiple of 2 , and if the cubic is a perfect cube the Sigma-function is to be 
replaced by a multiple of 2 .] 



CHAPTER XXI 


THE THETA FUNCTIONS 

211. The definition of a Theta-function. 

When it is desired bo obtain definite numerical results in problems 
involving Elliptic functions, the calculations are most simply performed 
with the aid of certain auxiliary functions known as Theta-functions. These 
functions are of considerable intrinsic interest, apart from their connexion 
with Elliptic functions, and we shall now give an account of their funda¬ 
mental properties. 

The Theta-functions were first systematically studied by Jacobi*, who 
obtained their properties by purely algebraical methods; and his analysis 
was so complete that practically all the results contained in this chapter 
(with the exception of the discussion of the problem of inversion in §§ 21*7 
et seq.) are to be found in his works. In accordance with the general scheme 
of this book, we shall not employ the methods of Jacobi, but the more 
powerful methods based on the use of Cauchy’s theorem. These methods 
were first employed in the theory of Elliptic and allied functions by Liouville 
in his lectures and have since been given in several treatises on Elliptic 
functions, the earliest of these works being that by Briot and Bouquet. 

[Note. The first function of the Theta-function type to appear in Analysis was the 
Partition function i n (1 - of Euler, Introductw in Analysin Infinitorum , i. 

H = 1 

(Lausanne, 1748), § 304; by means of the results given in 21 3, it is easy to express 
Theta-functions iu terms of Partition functions. Euler also obtained properties of products 
of the tyi>e 

n (i±* n ), n (i±x i2 "), n (it* 2 *- 1 ). 

n=l »=1 n=l 

The associated series 2 2 m i n ( n4 >) ailC i s m n ~ had previously occurred iu the 

n=0 TI — 0 u = 0 

posthumous work of Jakob Bernoulli, Ars Conjectandi (1713), p. 55. 

* Fundament a Sova Theoriae Functionum Ellipticarum (Konigsberg, 1829), and Gea. Werke 
i. pp. 197-538. 

f The Partition function aud associated functions have been studied by Gauss, Comm. Soc. 
reg. sci. Gottingeims rec. i. (1811), pp. 7-12 [Werke, ii. pp. 16-21] and Werke, in. pp. 433-400 anc 
Cauchy, Complex Iiendus, x. (1840), pp. 17B-181. For a discussion of properties of various function! 
involving what arc known as Basic numbers (which are closely connected with Partition functions 
see Jackson, Proc. Boyal Soc. lxxiv. (19U5), pp. 64-72, Proc. London Math. Soc. (1) xxvm. (1897) 
pp. 475-186 and (2) i. (1904), pp. 63-88, n. (1904), pp. 192-220; and WatBon, Camb. Phil. Trans 
xxi. (1912), pp. 281-299. A fundamental formula in the theory of Basic numbers was given bj 
Heine, Kugelfunktionen (Berlin, 1878), i. p. 107. 
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211, 2111] 

Theta-functions also occur in Fourier's La Theorie Analytique de la Chaleur (Paris, 
1822), cf. p. 266 of Freeman’s translation (Cambridge, 1878). 

The theory of Theta-functions was developed from the theory of elliptic functions 
by Jacobi in his Fundamenta Nova Theoriae Functionum Ellipticarurn (1829), reprinted 
in his Oes. Werke , i. pp. 49-239; the notation there employed is explained in § 21'62. 
In his subsequent lectures, he introduced the functions discussed in this chapter ; an 
account of these lectures (1838) is given by Borchardt in Jacobi’s (res. Werke , I. pp. 497-538. 
The most important results contained in them seem to have been discovered in 1835, 
cf. Kronecker, Sitzungsberichte dir Akad. zu Berlin (1891), pp. 653-659.] 

Let t be a (constant) complex number whose imaginary part is positive ; 
and write q = e irtT , so that | q \ < 1. 

Consider the function ^ ( z , q), defined by the series 
*t(z, q)= 2 (-) n g"V ni * 

n- — od 

qua function of the variable z. 

If A be any positive constant, then, when \ z\ ^ A, we have 

| qn'e+Jtniz | ^ | q |nV n ' f , 

n being a positive integer. 

Now d’Alemberts ratio (§ 2.36) for the series 2 [qf^e^ is \ q\™+ l e? A , 

n = —oo 

which tends to zero as n -► x>. The series for ^ (z, q) is therefore a series of 
analytic functions, uniformly convergent (§ 3 34) in any bounded domain of 
values of 2 , and so it is an integral function (§§ 5 3, 5 64). 

It is evident that 

CMj 

^ (z, q) = 1 + 2 2 (—) n g n2 cos 2nz, 

»=i 

and that ^ ( z + 7r, q) = ^ (z, q) ; 

<Xl 

further ^ (z + 7tt, q) = 2 (— ) u q n °“q an e 2nxz 

n- - 00 

oo 

= _ lg— 2iz £ ^_^h+i^( n+i) 2 gUin+])i^ 

71— — -X. 

and so ^ {z + 7 tt, q) = — q~ 1 e'™ ^ (z, q). 

In consequence of these results, ^ (z, q) is called a quasi doubly-periodic 
function of z. The effect of increasing z by tt or 7 rr is the same as the effect 
of multiplying ^ (z, q) by 1 or — q~ l e~ 2tz , and accordingly 1 and — q~ l e~- iz are 
called the multipliers or periodicity factors associated with the peidods ir and 
7 tt respectively. 

21T1. The four types of Theta-functions. 

It is customary to write ^«(>, q) in place of ^ (z, q) ; the other three 
types of Theta-functions are then defined as follows: 
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The function (z, q) is defined by the equation 

( z < q) = [z + \ T’ q') = 1 + 2 2 q 1 '' cos 2 nz. 

Next, q) is defined in terms of ^,(z, q) by the equation 

M*. q) = ~ ie' z + t TlT ^+^ 7 tt, q') 

= — i £ (-)"g( , ‘ + 4)'V 2n + 1 >“ > 

n= — ® 

and hence* ^ (z> 9 ) = 2 2 (— ) n q( n + W Bin (2n + 1 ) z. 

n=0 

Lastly, (z, 9 ) is defined by the equation 

(z, 9 ) [z + ^ 7 r, q'j = 2 2 g( n + *) a cos ( 2 m + l) z. 

Writing down the series at length, we have 

^1 (*> 9 ) = 29 * sin z - 29 * sin 3 z + 29 ^ sin bz — ..., 

( 2 , 9 ) = 29 * cos z -l- 29 ^ cos 3 z + 2q^ cos bz + ..., 

( z > 9 ) = 1 + 29 cos 2z + 29 * cos 4 z + 29 ® cos 62 + ..., 

^4 ( z > 9 ) = 1 - 29 cos 2 z 4 - 29 4 cos 4^ - 29 ** cos 6 z + .. ■ ■ 

It is obvious that ^ (z, 9 ) is an odd function of z and that the other 
Theta-functions are even functions of z. 

The notation which has now been introduced is a modified form of 
that employed in the treatise of Tannery and Molk ; the only difference 
between it and Jacobi's notation is that %(z, 9 ) is written where Jacobi 
would have written ^ (z, 9 ). There are, unfortunately, several notations in 
use ; a scheme, giving the connexions between them, will be found in § 21*9. 

For brevity, the parameter 9 will usually not be specified, so that ^ (z ) t ... 
will be written for ^ ( z , 9 ), .... When it is desired to exhibit the dependence 
of a Theta-function on the parameter t, it will be written S (z | t). Also 
^a(O), MO), ^i(O) will be replaced by M M respectively; and will 
denote the result of making z equal to zero in the derivate of ^( 2 ). 

Example 1 . Shew that 

S 3 ( 2 , 9 ) = ^ 3 ( 2 z, ^) + ^( 22 , q*), 

*«(«* q A )-h{2z } 9<). 

Example 2 . Obtain the results 

(2 + (z + ^tr+4 ttt) = — (z + ^*rr), 

5 a (z)= Jf$ 3 (z + Jirr)« if ^4 (z + i»r + itrr)= (z + i*r), 

J 3 W = ^i ( 2 + i ,r ) ™ Jf-9i (« + Jir + $ 7 rr)= MS % (z + Jtrr), 

■^4 W* — iMS\ (z + ^TTr)™ iM$% (z + + Jtrr) — S 3 (z + 4"*), 

where c“. 

* Throughout the chapter, the many-valued function q K ifl to be interpreted to mean 
exp (Arir). 
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2H2] 

Example 3. Show that the multipliers of the Theta-functions associated with the 
periods tt, ttt are given oy the scheme 



MO 

mo 

(0 

mo 

n 

-1 

- 1 

1 

1 

WT 

-N 

N 

A r 

-N 


where N = e ** 

Example 4. If $(z) be any one of the four Theta-functions and .9' (z) its derivabe with 
respect to z, shew that 

*(*+ ") _ W w 

3 (z +ij i (Z) * 5 (z + ITT) ■» W ’ 

21*12. T/ic zeros o/ Theta-functions. 

From the quasi-periodic properties of the Theta-functions it is obvious 
that if ^ (z) be any one of them, and if z 0 be any zero of ^ (z), then 

z 0 4- mir tiitt 

is also a zero of ^ (z), for all integral values of m and n. 

It will now be shewn that if G be a cell with corners f, t + 7r, t + ir 4- 7rr, 
t + 7 tt, then ^ (z) has one and only one zero inside C. 

Since ^ (z) is analytic throughout the finite part of the z-plane, it follows, 
from § 631, that the number of its zeros inside C is 

J_f *'(*), 

2 t nJ c S(*) 

Treating the contour after the manner of § 2012, we see that 

j_r *:<£>* 

2t riJ c &M 

= J_ [ <+,r ( y 00 _ y ( ? +w-t) ) _i_ /■'+" r y (z) _ y (g + 7r )| , 

j^(z) ^(« + 7 tt)J ^ 27 rij e (z) ^(z + 7r) Z 

1 f <+,r 

“ 2ntIt 2ldz ’ 

by § 21’11, example 4. Therefore 

1 f »'(*). , 

2mJ c S(z) d£ l ’ 

that is to Bay, S (z) has one simple zero only inside C\ this is the theorem 
stated. 
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Since one zero of ^ (^) is obviously z = 0, it follows that the 2eros of 
^(4 ^ 2 (z), (4 ^ 4 ( 2 ) are the points congruent respectively to 0, i_7r, 

^7T + ^7rr, ^ 7rT * The reader will observe that these four points form the 
corners of a parallelogram described counter-clockwise. 

21 2. The relations between the squares of the Theta-functions. 

It is evident that, if the Theta-functions be regarded as functions of a 
single variable z } this variable can be eliminated from the equations defining 
any pair of Theta-functions, the result being a relation* between the functions 
which might be expected, on general grounds, to be non-algebraic; there 
are, however, extremely simple relations connecting any three of the Theta- 
functions ; these relations will now be obtained. 

Each of the four functions ^(4 ^ a 2 (z) } ^ 3 2 (4 ^ 4 2 (4 is analytic for all 
values of z and has periodicity factors 1, associated with the periods 

7r, 7 tt ; and each has a double zero (and no other zeros) in any cell. 

From these considerations it is obvious that, if a, b, a and b' are suitably 
chosen constants, each of the functions 

ttSV (z) + b^ 4 8 (z) (z) 4- b'^ 4 2 (z) 

vw ’ 

is a doubly-periodic function (with periods 7r, ttt) having at most only a 
simple pole in each cell. By § 201 3, such a function is merely a constant; 
and obviously we can adjust a, b, a', b' so as to make the constants, in each 
of the cases under consideration, equal to unity. 

There exist, therefore, relations of the form 

V (*) - aV (z) + bV (4 V (4 = (4 + 6 V (4 

To determine a, b, a', b', give z the special values * rrr and 0 ; since 

7rT> ) = * ^8. ^4 (^ irrj = 0, ^ (i TTT^ = iq-i § 4> 

we have ^ 3 2 = — a^ 4 a , ^ 2 a = ^a 2 = — = b'^f. 

Consequently, we have obtained the relations 

V (Z) V = V (4 V - v (4 V, V (4 V = V (4 V - V (4 V 

If we write s + ^7r for z } we get the additional relations 

(4 ^4* = ^a" (4 (4 ^a a , ^ (4 = ^3* (4 ^3* ~ ^2* (4 ^2*- 

By means of these results it is possible to express any Theta-function in 
terms of any other pair of Theta-functions. 


The analogous relation for the functions siuz and cos z is, of course, (sinz) <i +(oosz) a =l. 
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21 - 2 - 21 - 22 ] 

Corollary. Writing 2=0 in the last relation, we have 

v+v=-v, 

that is to say 

10y(H- ? 1 - 2 + 9 2 -3 + g 3 “+...) 4 + (l-2y + 27 4 - 2 ? B +...) 4 = (H-2 ? + 2^ + 2^+...) 4 . 
2121. The addition-formulae for the Theta-functions. 

The results just obtained are particular cases of formulae containing two 
variables; these formulae are not addition-theorems in the strict sense, as 
they do not express Theta-functions of z + y algebraically in terms of Theta- 
functions of z and y, but all involve Theta-functions of z — y as well as of 
z + y, z and y. 

To obtain one of these formulae, consider (z 4 - y) (z — y) qua function 
of z. The periodicity factors of this function associated with the periods ir 
and 7 tt are 1 and q ~ 1 . q~ l e~ 2i{z ~v ] = q~ 2 e~ iiz . 

But the function a ^ 3 2 (z) + (z) has the same periodicity factors, and 

we can obviously choose the ratio a:b so that the doubly-periodic function 

(z) -h (z) 

% 0+y) o - v) 

has no poles at the zeros of'$ A (z — y); it then has, at most, a single simple 
pole in any cell, namely the zero of ^ 3 (z + y) in that cell, and consequently 
(§ 2013) it is a constant, i.e. independent of z ; and, as only the ratio a:b is 
so far fixed, we may choose a and b so that the constant is unity. 

We then have to determine a and b from the identity in z, 
aV (z) + b V (z) = (z+ y) 0 - y\ 

To do this, put z in turn equal to 0 and * it 4 - * 7 rr, and we get 

a 'V = V ( y)> b*t i fi ^ 7T + * 77 -t) = ^ 7T -I- ~ 7TT -h y) ^3 7T + \ 7TT - y ^ J 

and so a = (y)/^ 3 a , b = (y)/^f. 

We have therefore obtained an addition-formula, namely 

^3 ( z + y) ^3 (z - y) V = %* (y) V (z) + V (y) V (z). 

The set of formulae, of which this is typical, will be found in examples 1 
and 2 at the end of this chapter. 

21'22. Jacob?3 fundamental formulae *. 

The addition-formulae just obtained arc particular cases of a set of identities first given 
by Jacobi, who obtained them by purely algebraical methods; each identity involves as 
many as four independent variables, w } x, y, z. 

Let v/ t x\ y\ / be defined in terms of io y x, y, z by the set of equations 

2 w = - U’ + jr+y + z, 

2x — w — x+y + z, 

2y' = w+x-y+z t 
2z — w + x + y -z. 

* Get. Werke , i. p. 505. 
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The reader will easily verify that the connexion between w , x t y t z and sf , y 7 , if is a 

reciprocal one*. 

For brevity +, write [r] for 3 r (w) 3 r (x) 3 r (y) 3 r ( z ) and [rj for S r (uf) 3 r {sf) S P ty) 3 r (/)■ 

Consider [3], [1J, [2j, [3j, [4j qua functions of z. The effect of increasing « by tt or jtt 
is to transform the functions in the first row of the following table into those in the Becond 
or third row respectively. 

r l ~ r .... i i ~ I .... i 


[3] 

[IT 

pr 

PJ 

PT 

(*•) [3] 

-PT 

-[iT 

PI 

PI 

(«T) a [3] 

— JV[4J 

*PI 

^PT 

-sm 


For brevity, W has been written in place of q~ l e _w \ 

Hence both -[lJ + [ 2 j + [3J+[4]' and [ 3 ] have periodicity factore 1 and W, and bo 
their quotient is a doubly-periodic function with, at most, a single simple pole in any cell, 
namely the zero of (z) in that cell. 

By § 2013, this quotient is merely a constant, i.e. independent of z; and considerations 
of symmetry shew that it is also independent of w , x and y. 

We have thus obtained the result 

A[3]--[lJ+[2]' + [3j+[4]\ 

where A is independent of tp, x, y, z; to determine A put w*=x*~y = z= 0, and we get 

A3*=3*+S 3 4 +V; 

and so, by ^ 21 -2 corollary, we see that A «=2. 

Therefore 2 [ 3 ]= — [l]' + [ 2 }' + [3]' + [4]'.(i). 

This is one of Jacobi’s formulae; to obtain another, increase ip, .r, y, z (and therefore 
also w', x\ y z') by ; and we get 

2[4]=[l]'-[2]' + [3j + [4]'.(ii). 

Increasing all the variables in (i) and (ii) 1>v 5 nr, we obtain the further results 

2[2M1]' + [2J+[3J-[4J .(iii), 

2[l]=[l]'+[2]'-[3j + [4f .(iv). 

[Note. There are 256 expressions of the form 3 P {w) 3 9 (x) 3 r (y) 3, (z) which can be 
obtained from 5 3 (ip) .9 3 (x) S 3 (y) (z) by increasing ip, x , y, z by suitable half-periods, but 

only those in which the suffixes p 1 y, r, b are either equal in pairs or all different give rise 
to formulae not containing quarter-periods on the right-hand side.] 

Example 1 . Shew that 

[l] + [2] = [l]' + [ 2 ]', [2]+13]-[ 2 ]'+ [3]', [I]+[4]-[lJ + [4J, [3] + [4]=[3]'+[4]', 
[l]+[3] = [2]'+[4]', [ 2 ] + [4] = [lJ + [3]'. 

* In Jacobi's work the signs of ip, x', y\ z are changed throughout bo that the complete 
symmetry of Lhe relations ia destroyed; the symmetrical forms just given are due to H. J. 3. Smith, 
Ptoc. London Math. Soc. i. (May 21, 1806, pp. 1 - 12 ). 

+ The idea of this abridged notation is to be traced in H. J. S. Smith’s memoir. It seems, 
however, not to have been used before Kronecker, Journal jUr Math. cii. (1887), pp. 260-272. 
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Example 2. By writing ip + £w, x + \n for w, x (and consequently y + irr, r' + ^ir 
for y, /), Bhew that 

[3344] + [2211]-= [4433J + [ 1122]', 
where [3344] means $3 (w) (jt) $ 4 (y) $ 4 (2), etc. 

Example 3. Shew that 

2 [1234] —[3412J +[2143j - [1234J + [4321J. 

Example 4. Show that 

VW+V to -** 4 w+vw- 

21’3. Jacobi 8 expressions for the Theta-f unctions as infinite products*. 

We shall now establish the result 

^4 (z) = G n (1 — 2g* TI " 1 cos 2 2 + q 4n ~ i ) t 

n = l 

(where G is independent of 2 ), and three similar formulae. 

Let /(*) = fi (1 - q™~' e* 2 ) ft (1 - q™~' e “**); 

n-1 n=l 

each of the two products converges absolutely and uniformly in any bounded 
domain of values of z, by § 3*341, on account of the absolute convergence of 

oc 

2 g** -1 ; hence f(z) is analytic throughout the finite part of the £-plane, 

»*=i 

and so it iB an integral function. 

The zeros of/ ( 2 ) are simple zeros at the points where 

e *z = 6 i»+i,wfr ( n = - 2, - 1,0, 1, 2, ...) 

i.e. where 2iz = (2 n + 1 ) 7 n,T + 2ra7ri; so that f (z) and (z) have the same 
zeros; consequently the quotient ^ A (z)lf(z) has neither zeros nor poles in 
the finite part of the plane. 

Now, obviously f{z + ir) = f( 2 ); 
and f(z + 7 tt) = II (1 — 9 an+1 g*“) II (1 — f? 271-8 e~ 7iz ) 

ri = l n = l 

=f(z)(l-q-'e^)l(l-q? i *) 

Thai is to say f{z) and ^ 4 (z) have the same periodicity factors (§ 21T1 
example 3). Therefore ^ A (z)jf(z) is a doubly-periodic function with no 
zeros or poles, and so (§ 2012 ) it is a constant G, say; consequently 

(z) = G 5 ( 1 - 2<7 871-1 cos 2 z + g 4 " - *). 

H-l 

[It will appear in § 21’42 that G = II (1 - q m ).] 

n*=l 

Write z + ^ 7 r for z in this result, and we get 

(z) = G II (1 + 2 g * 71-1 cos 2 2 + g 47 * -1 ). 


Cf. Fundamenta Nova , p. 145. 
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Also 


( 2 ) = — igi 



= — iq^ 1 


n (1 - q m ^) II (1 -g ! 

n=l u=l 


*n—2 0-w\ 


and so 
while 

Example , 


= 2Gq* sin * (1 - g™ e* z ) FT (1 - q™ e^) t 

71 = 1 »l = 1 

(z) — 2Gqt sin z II (1 — 2^^ cos 2z + q* n ) 

n= 1 


= 2G 9 * cos z II (1 + 2g m cos 2z + g r4n ). 

n—l 

Shew that* 

| n (l -?*— oj'+ify | 5 (i + ? ! *)| <l - | n (i + y 2 "-')j 


(Jacobi.) 


21 ‘4. The differential equation satisfied by the Theta-functions. 

We may regard ^ 3 (zlr) as a function of two independent variables z 
and r; and it is permissible to differentiate the series for (z | t) any 
number of times with regard to z or t, on account of the uniformity of 
convergence of the resulting series (§ 47 corollary); in particular 

d ^3 ( z 1 T ) _ _ 4 £ n 3 exp (n 2 7 riT + 2 niz) 

CZ 2 n =-® 

4 d^jzjr) 

tti dr 


Consequently , the function (z | t) satisfies the partial differential equation 

1 .d*y 9 y A 

J"5l + ar" 0 - 


The reader will readily prove that the other three Theta-functions also 
satisfy this equation. 


21‘41. A relation between Theta-functions of zero argument. 

The remarkable result that 

V ( 0 ) = * fl ( 0 )*,( 0 )V 0 ) 

will now be established!. It is first necessary to obtain some formulae for 
differential coefficients of all the Theta-functions. 

* Jacobi describes this result (Fund. Nova, p. 90) as ‘aequatio identic* satis abBtruBa.’ 
t Several proofs of this important proposition have been given, but none are simple. 
Jacobi's original proof (Oes. fVerke, 1 . pp. 515-517), though somewhat more difficult than the 
proof given here, is well worth study. For a different method of proof of the preliminary formula 
given in the text, see p. 490, example 21. 
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21 - 4 , 21 - 41 ] 

Since the resulting series converge uniformly, except near the zeros of 
the respective Theta-functions, we may differentiate the formulae for the 
logarithms of Theta-functions, obtainable from § 213, as many times as we 
please. 

Denoting differentiations with regard to z by primes, we thus get 


-V*) 

CO 

s 

_»= 1 

2ig»"- 1 e“ 

1 + ^»»-i 

!=VW 

00 

V 

_n= 1 

2iy a " _1 e* 4 * 

1 + ? >n-i e * , 

1 ^ 

~ 00 

(2i) a g”*- 1 e" 


1 

Ln = l 

(1 + q m ~' e^Y 

0, we get 



* (2 iff 

' /I 


I-! “I 

- 1 e^y J ' 


od n w ~ l 

V (0) = 0, v (0) - - 8*. (0) ^ ^ ■ 


In like manner, 


*> r; 271-1 

V( 0 ) = 0 . v ( 0 ) = ( 0 ), 


V( 0 ) = o, V(0) = M«) 


[- 1-8 2 
L n = l 


=i(i + <r) a J’ 


and, if we write ( z ) = sin z.<f> ( z ), we get 

*'(0) = 0, f'(O) = 80(O)J i(1 -^. 

If, however, we differentiate the equation ( z ) = sin z. <f> (z) three times, 

we get 

V(0) = </>(0), V" (0) = H "’ (0) - <#> (0). 

Therefore —_^=24 2 _ — _1- 

nereiore (1 _ q . m y 

and 


v (o) v (Q) y (o) 

+ mo) + a»(0) + a 4 (0) 

r m sjin cn ^.271—1 ® 1 ~| 

_ u I _ V y _V * _L S _ ± _ 

” L •* (1 + q m Y *-i (! + g m ~T - 1 0 - ‘T -1 )’ J 

= a [_ i g" I V g" y ¥*" 1 

L (i + + „r, (i - g n y »=, (i - <n a J 1 

on combining the first two series and writing the third as the difference of 
two series. If we add corresponding terms of the first two series in the last 
line, we get at once 


V(0) V(0) V(Q) , ^ _ T| V' 

' rx /s\\ "r ix /a\ ' ix / n\ "^ “ /1 _-?n\n A ’ tv 7 


(0) 


^,(0) T ^ (0) T S 4 (0) (1 - g a ")= " a.' (0) ■ 
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Utilising the differential equations of § 21*4, this maj be written 

1 dV(0|r) 

V(0|t) dr 

1 dV0|r) 1 (0 [ t) 1 cfett (01 t) 

(0 | t) dr + (0 | t) dr + (0 | r) dr 

Integrating with regard to t, we get 

V(0, q) = C% (0, q)%( 0, q)* t (0, 9). 

where C is a constant (independent of q). To determine C, make g—»0; since 


lim q *^,' = 2, lim q ^ B = 2, lim^ 3 = l, 

<|-M) Q —0 y-M) 


we see that C = 1 ; and so 
which is the result stated. 




lim = 1, 

7—0 


2142. The value of the constant G. 

From the result just obtained, we can at once deduce the value of the 
constant G which was introduced in § 21 3. 

For, by the formulae of that section, 


V = 0(O)=2 q*G n *,= 2 q*G n (1 + g*")*, 

n=l n=l 

a,=en(i + q m ~ i y, x=ou (i - q^-'y, 

n=l n = l 

and so, by § 21'41, we have 

n (i - g 5 ")’ = g* n (i + q m y n (i + g*"- 1 ) 1 n (i - q^-'y. 

n = l n = l x = l n=I 

Now all the products converge absolutely, since | q | < 1, and so the 
following rearrangements are permissible: 

\ n (i - q m ~ { ) n (i - q»)\ . j n (i + 9 *"- 1 ) n (i + q™)\ 

(«=1 n =1 (»=l n=1 J 


= n (i - 9-) n (i + q n ) 

n=l n --1 


= n (1 - g«), 

11 = 1 

the first step following from the consideration that all positive integers are 
comprised under the forms 2n — 1 and 2n. 

Hence the equation determining G is 

n (1 -q™Y=G\ 

11=1 

and so G = ± IT (1 — q m ). 

n-\ 
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To determine the ambiguity in sign, we observe that G is an analytic 
function of q (and consequently one-valued) throughout the domain | q | < 1; 
and from the product for ^ a ( 2 ), we see that G—>1 as q-+ 0. Hence the 
plus sign must always be taken; and so we have established the result 

G = ft (1 - q m ). 

n = l 

Example \. Shew that = 2^ G*. 

Example 2. Shew that 

S A = n {(l-y3n-l)(l- ? *)}. 

n=I 

Example 3. Shew that 

1 + 2 2 y" ! = n {(1 - q 2 *) (l + j*"->)*}. 

n=1 n-1 


21‘43. Connexion of the Sigma-function with the Theta-functions. 

It has been seen (§ 20 421 example 3) that the function <r (z | o>j, W 2 ), formed with 
the periods 2ai!, 2 &j 2 , is expressible in the form 


'W-t eip (£0 8i ”©i,{(’-*9 fc “8“+y fc )a-j 1 ‘)-'}■ 

where q = exp (niv^/ati). 

If we compare this result with the product of § 21 4 for .9, (z | r), we Bee at once that 

„ (,) = ?= exp (g‘) .\q~ in (1 -**>)-’ 3. (g | “;) • 

To express t) Y in termB of Theta-functions, take logarithms and differentiate twice, 
so that 

-'M-5 - (s)'—(£)♦G£)‘KS - Ml 

where v=^nzjai 1 and the function 0 is that defined in § 21'41. 

Expanding in ascending powers of z and equating the terms independent of z in this 
result, we get 

o-ai-VJLY + f'.y CM 

3 \2<V T \2 uj <f> (0) ’ 


and ho 


0 ( 0 ) 

jrr* 

12&), 3/ ' 

Consequently 7 (z | uj, <*>«.) can be expressed in terms of Theta-functions by the 
formula 


Vi* 


where v = \nzj<a\. 

Example. Prove that 


( * 1 =eip ( - w ) 3 ' GIS)’ 


T )‘i = ~ 


ni\ 

^ 120 ,,%' + 2«,y ■ 


215. The expression of elliptic functions hy means of Theta-functions. 

It has just been seen that Theta-functions are substantially equivalent 
to Sigma-functions, and so, corresponding to the formulae of §§ 20'5-20'53, 
there will exist expressions for elliptic functions in terms of Theta-functions. 
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From the theoretical point of view, the formulae of §§ 20‘5-20‘53 are the 
more important on account of their symmetry in the periods, but in practice 
the Theta-function formulae have two advantages, (i) that Theta-functions 
are more readily computed than Sigma-functions, (ii) that the Theta- 
functions have a specially simple behaviour with respect to the real period, 
which is generally the significant period in applications of elliptic functions 
in Applied Mathematics. 

Let / (z) be an elliptic function with periods 2&),, 2&> 2 ; let a fundamental 
set of zeros (a lt a 2 , ... a n ) and poles (/S n ... fi n ) be chosen, so that 


2 = 0 , 

r = 1 

as in § 20 o3. 

Then, by the methods of § 20 53, the reader will at once verify that 


/W-^. IT 


*1 


/ 7TZ — 7T 

V 2o>! 


')*»■( 


7 TZ — 7r/3 T 


where Aj, is a constant; and if 


/7 TZ — 7r/8 r 

|«.y 

\ 2<u, 

wj 


1 it r . m 

m = 1 

be the principal part of f(z) at its pole /3 r , then, by the methods of § 20 o2, 
where A a is a constant. 

This formula is important in connexion with the integration of elliptic 
functions. An example of an application of the formula to a dynamical 
problem will be found in § 22 741. 

Example. Shew that 

VW V d ^i'(z) *sV 


and deduce that 


B\\z) Si* dz SiizV V ’ 

pvw. V VW . /I \ V 
J* -VW “-V 2 \2 7r / Si' 3 ' 


21‘51. Jacobis imaginary transformation. 

If ah elliptic function be constructed with periods 2ojj, 2o) a , such that 

/ (0) 2 /(Ui) > 0, 

it might be convenient to regard the periods as being 2cu a , — 2o>j; for these 
numbers are periods and, if I (ay^/toi) > 0, then also I (—(o 1 /(D i )> 0. In the 
case of the elliptic functions which have been considered up to this point, 
the periods have appeared in a symmetrical manner and nothing is gained 
by this point of view. But in the case of the Theta-functions, which are 
only quasi-periodic, the behaviour of the function with respect to the real 
period ir is quite different from its behaviour with respect to the complex 
period 7 rr. Consequently, in view of the result of § 2143, we may expect to 
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obtain transformations of Theta-functions in which the period-ratios of the 
two Theta-functions involved are respectively t and - 1/r. 

The transformations of the four Theta-functions were first obtained by 
Jacobi*, who obtained them from the theory of elliptic functions ; but Poisson f 
had previously obtained a formula identical with one of the transformations 
and the other three transformations can be obtained from this one by ele¬ 
mentary algebra. A direct proof of the transformations is due to Landsberg, 
who used the methods of contour integration J. The investigation of Jacobis 
formulae, which we shall now give, is based on Liouville s theorem ; the precise 
formula which we shall establish is 

where (— it)' ^ is to be interpreted by the convention j arg(- it) i < - 7 r. 

For brevity, we shall write - 1 It = t, q — exp( 7 rtV). 

The only zeros of ^ 3 (^|r) and are simple zeros at the points 

at which 

z = mir 4- tittt 4 - ir 4 - 7 rr, t z = 7inr + n ttt 4 - 71 4 ^ 

respectively, where m, n, in, n take all integer values; taking m'=-n — 1 , 
n = 7 n, we see that the quotient 

is an integral function with no zeros. 

Also ttt) — [z) = exp ^ = 

while i/r (z - 7 r) yfr (z) = exp ^ ^ x g / “ 1 e“* lf/r = 1- 

Consequently yjr(z) is a doubly-periodic function with no zeros or poles; 
and so (§ 20'12) yfr(z ) must be a constant, A (independent ol z). 

Thus. 3 (z | t) = exp (irz^jir) (zt | t) ; 

and writing z 4 -^ 7 T, z 4 - ^ 7 tt, z 4 \ 7 r 4 ^ ttt in turn for z , we easily get 

A'bi (z | t) = exp (i'tV/tt) ( ZT ' | T ')> 

^4^2 (z I t) = exp (itV/tt) (zt | r), 

A% (z\t) = — i exp (itV/tt) (zt | t). 

* Journal fur Math. in. (1820), pp. 403-404 [Get. Werke, 1 . (1881), pp. 264-205]. 
t Mem. de VAcad. dct Sci. vi. (1027), p. 592; the special case of the formula in which z = 0 
had been given earlier by Poisson, JoumaZ de Vficolc poly technique, xii. (cahier xix), (1823), 
p. 420. 

+ This method is indicated in example 17 of Chapter vi, p. 124. See Landsberg, Journal fiir 
Math. cxi. (1893), pp. 234-253. 



476 


THE TRANSCENDENTAL FUNCTIONS [CHAP. XXI 

We still have to prove that A ■* (— it)* ; to do bo, differentiate the last 
equation and then put z = 0 ; we get 

^V(0|t) = -zW(0|t). 

But V (01 r) = (0 | r) (0 | r) * 4 (0 | r) 

and V (0 | t) = * 2 (0 | t) % (0 | r) X (0 | t') ; 

on dividing these results and substituting, we at once get A~ J% = — it', and so 

A = ± (-it)* 

To determine the ambiguity in sign, we observe that 
AS m { 0|t) = ^(0|t'), 

both the Theta-functions being analytic functions of r when 7 (t) > 0; 
thus A is analytic and one-valued in the upper half t- plane. Since the 
Theta-functions are both positive when t is a pure imaginary, the plus sign 
must then be taken. Hence, by the theory of analytic continuation, we 
always have 

^ = + (-ir)4; 

this gives the transformation stated. 

It has thus been shewn that 

^ c nW+Zniz ^ * V e («-mr)»/(wtT) i 

ii= - oo V( —lT )n=—® 

Example 1. Shew that 

V0|r) j, (0 I t ) 

*(0|t) s *( 0 \ t ) 

when tt' — - 1. 

Example 2. Shew that 

(0|r+l) w g 2 (0|r) 

V 0|r+l)“ 3 4 (0|r)- 

Example 3. Shew that 



and shew that the plus sign should be taken. 

21'52. Landens type of ti'ansformation. 

A transformation of elliptic integrals (§ 22 7), which is of historical 
interest, is due to Landen (§ 22 42); this transformation follows at once 
from a transformation connecting Theta-functions with parameters t and 2t, 
namely 

VzjT)* 4 (z| T ) _M0 |t)V0|t) 

^ 4 (2z|2t) ^(0|2t) ’ 

which we shall now prove. 

The zeros of (z | t) ^ 4 (z | t) are simple zeros at the points where 
z = {nx + 7r -I- ^7i + ^ 7 tt and where z =* mir 4- ttt, where m and n 



2152 , 216 ] 


THE THETA FUNCTIONS 


477 


take all integral values; these are the points where 2z = mir + (n + ^J w . 2t, 
which are the zeros of (2 z | 2t). Hence the quotient 

Vs|t)V*|t) 

has no zeros or poles. Moreover, associated with the periods tt and ttt , it 
has multipliers 1 and (q~ l e~* iz ) (- q~ ] e - * 1 ) - (- q~*e -4 *) = 1; it is therefore 
a doubly-periodic function, and is consequently (§ 2012) a constant. The 
value of this constant may be obtained by putting z = 0 and we then have 
the result stated. 

If we write z+^ttt for z, we get a corresponding result for the other 

Theta-functions, namely 

Sa (sjjr)*, (z\t) _ *,(0 | t)* 4 (0 | t) 

*,(2*127-) M0|2 t) 

216. The diffei'ential equations satisfied by quotients of Theta-functions . 
From § 2111 example 3, it is obvious that the function 

*,(z) -r- * 4 (z) 

has periodicity factors — 1, + 1 associated with the periods 7r, ttt respectively; 
and consequently its derivative 

has the same periodicity factors. 

But it is easy to verify that * a (z) * 3 (z)/* 4 2 (z) has periodicity factors — 1, 
+1 ; and consequently, if <f> (z) be defined as the quotient 

{*/ (z)* 4 (z) - */ (z) a, (z)) -r \% (*) * a (z)], 
then </>(*) is doubly-periodic with periods ir and ttt ; and the only possible 
poles of <f> (z) are simple poles at points congruent to ^ 7r and ^ 7 r + * ttt. 

Now consider f * ttt'J ; from the relations of § 21 _ 11, namely 

*, [z + ^ 7tt j = iq ~ * e ~ 12 * 4 (z), * 4 ^z + ~ -rrrj = iq ~ * t ” 1z *, (z), 

^.(s + ^Trr) + tt^ = q~ i e~' z %(z), 

we easily see that 

t [z +{ wt) = 1- vw a, (»)+v o) ^ w). 

Hence <f> (z) is doubly-periodic with periods 7r and ^ 7 tt ; and, relative to 
these periods, the only possible poles of (f> (z) are simple poles at points 
congruent to ^ 7 r. 
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Therefore (§ 2012 ), tf>(z) is a constant; and making z—*0, we see that 
the value of this constant is (^/-5- [^^ 3 ) = 

We have therefore established the important result that 

d (Ms)) _«v ,*.(*) M*) . 

dsK«J 

writing £ = (z)/S 4 (z) and making use of the results of § 21 2 , we see that 

(Sy=w - p*,*) w - rv>. 

This differential equation possesses the solution ^ 1 (z)/^ A (z). It is not 
difficult to see that the general solution is + (z + a )/^ 4 (z + a) where o 
is the constant of integration; since this quotient changes sign when a is 
increased by ir, the negative sign ruay be suppressed without affecting the 
generality of the solution. 


Example 1. Shew that 


d 

p*(*)l ,,«.(*) a,w 

dz 

3 h (*j s t (z) 

Example 2. Shew that 


d 


dz 

U»«MJ 


2161. The genesis of the Jacobian Elliptic function* sn u. 

The differential equation 

(Sy =(v - ~ 

which was obtained in § 216, may be brought to a canonical form by a slight 
change of variable. 

Writef f^ 3 /^2 = y, z ^ s 2 = u] 

then, if k ^ be written in place of ^ z /^ 3 , the equation determining y in terms 
of u is 

(£) -(!-»*) U-W 

Thia differential equation has the particular solution 

= S 3 *. (wV 5 ) 

V 

The function of u on the right has multipliers - 1, + 1 associated with 
the periods 7r^ 3 *, 7rr^ 3 2 ; it is therefore a doubly-periodic function with 
periods 2‘7r^ 3 2 , 7 tt^ 3 2 . In any cell, it has two simple poles at the points 
congruent to ^ 7 tt^ 3 ' 2 and 7r^ 3 a + £7 tt^ 8 3 ; and, on account of the nature of the 
quasi-periodicity of y , the residues at these points are equal and opposite in 
Bign; the zeros of the function are the points congruent, to 0 and 7r$ 3 2 . 

* Jacobi and other early writers used the notation sin am in place of sn. 

f Notice, from the formulae oT § 21-3, that ^2=*=°, when | q j c 1, except when tf = 0, in 

which caBe the Theta-functionB degenerate; the substitutions are therefore legitimate. 
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It is customary to regard y as depending on k rather than on q ; and to 
exhibit y as a function of u and k, we write 

V = sn (u, k\ 


or simply y = sn u . 

It is now evident that sn(i/, i) is an elliptic function of the second 
of the types described in § 20'1-S ; when < 7 — >0 (so that £—►()), it is easy to see 
that sn (u, Z’)-*sin u. 

The constant k is called the modulus ; if A'^ = SY 4 /^ 3 , so that Ic* + k'* = 1, 
k f is called the complementary modulus. The quasi-periods 7r^ 3 a , ttt^ s 2 are 
usually written 2A r , 2iK\ so that sn (u, k) has periods 4 K, 2iK'. 

From § 21'o 1, we sec that 2K' = 7 t^ 3 2 (0 | t), so that K' is the same 
function of t as K is of r, when tt = — 1 . 

Example 1. Shew thut 

d yj(z) = _ n 2 ( g ) ^ (g) 

dz S 4 (z) 3 3 4 (z) S 4 (t) ’ 

and deduce that, it y = au( * u = then 

■^2 -^4 \ Z ) 

Example. 2. Shew that 

±SjX 1) ..iWijW. 

rfz 3 4 (z) 2 3 4 (z) 3 , (z) ’ 


3. 3, (z) 

and deduce that, if y= q- tt-t-v 
■*3 ^4 [z) 


and u — then 

C9 2=(lL “ 2)( " ,2) - 


Example 3. Obtain the following results : 

(?~)*=3 2 = 2 ? 1 ( 1 +/ + 9 « + ? , * + y “ + ...), 

(^J =3 3 =l+2 ? + 2 ? < + 2/ + ..., 

(^* =S4 = 1_2 ? + 2/ + 2 ? »-..., 
A"=AV-‘log(l/ 9 ). 

[These results are convenient for calculating A, F, A, /i' when is given.] 


2162. Jacobis earlier notation*. The Theta-function ( M ) (m) and the 

Eta-function H (u). 

The presence of the factors ^ a “ a in the expression for sn (u, k) renders it 
sometimes desirable to use the notation which Jacobi employed in the 
Fundamenta Nova, and subsequently discarded. The function which is of 
primary importance with this notation is 0 (u), defined by the equation 

0 (u) - * 4 (u%-* | t), 

so that the periods associated with 0 ( u ) are 2AT and 2iK'. 


ThiB is the notation employed throughout the Fundamenta Nova. 
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The function &(u + K) then replaces (z) ; and in place of we 

have the function H ( u ) defined by the equation 

H (u) = - iq te iwu,[iK) & (u + iK') = ^ (tiV a j r), 
and ^ (z) is replaced by H (u + K). 


The reader will have no difficulty in translating the analysis of this 
chapter into Jacobis earlier notation. 

Example, 1. If 0' » R hew that the singularities of ftre simple poles 

at the points congruent to iK' (mod 2A', 2i K') ; and the residue at each singularity is 1. 


Example 2. Shew that 

H' (0) = ^irA” -1 H (A) 0 (0) © {K). 


21*7. The problem of Inversion. 

Up to the present, the Jacobian elliptic function sn («, k) has been 
implicitly regarded as depending on the parameter q rather than on the 
modulus k ] and it has been shewn that it satisfies the differential equation 

v ~duT) = (1 ~~ sn u ) (1 — k*Bri 2 u), 
where k 3 = (0, q)/% A (0, q). 

But, in those problems of Applied Mathematics in which elliptic functions 
occur, we have to deal with the solution of the differential equation 

gj-a-yw-ty) 

in which the modulus k is given, and we have no a priori knowledge of the 
value of q\ and, to prove the existence of an analytic function sn(w, k) 
which satisfies this equation, we have to shew that a number t exists* such 

that 

** = V(0|t)/V(0|t). 

When this number r has been shewn to exist, the function sn (u t k) can 
be constructed as a quotient of Theta-functions, satisfying the differential 
equation and possessing the properties of being doubly-periodic and analytic 
except at simple poles; and also 

lim sn (i2, k)/u = 1. 

ti-^0 

That is to say, we can invert the integral 

= [v _ dt _ 

U Jo (1 -*•?)*’ 

so as to obtain the equation y = sn (u, k ). 

* The existence of a number t, for which I (r) > 0, involves the existence of a number q Buch 
that |g|d. An alternative procedure would be to discuss the differential equation directly, 
after the manner of Chapter x. 
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The difficulty, of course, arises in shewing that the equation 
c = v (0 |t)/V(0‘t), 

(where c has been written for k 2 ), has a solution. 

When* 0<c<l f it is easy to shew that a solution exists. From the 
identity given in §21 *2 corollary, it is evident that it is sufficient to prove 
the existence of a solution of the equation 

l-c = V (0 |t)/S 3 4 (0|t), 


which may be written 


□0 

i - c= n 

n = l 



q™-' y 

V 211-1 / ‘ 


Now, as q increases from 0 to 1, the product on the right is continuous 
and steadily decreases from 1 to 0; and so (§ 3*63) it passes through the 
value 1 — c once and only once. Consequently a solution of the equation 
in r exists and the problem of inversion may be regarded as solved. 


21*71. The problem of inversion for complex values of c. The modular functions 
f{r\ffir\h{r). 

The problem of inversion may be regarded os a problem of Integral Calculus, and it 
may be proved, by somewhat lengthy algebraical investigations involving a discussion of 

the behaviour of j (1 - 1 2 ) ~ t (1 - k 2 t 2 ) ~ i dt, when y lies on a ‘Riemann surface,’ that the 
Jo 

problem of inversion possesses a solution. For an exhaustive discussion of this aspect of 
the problem, the reader iB referred to Hancock, Elliptic Functions y I. (New York, 1910). 


It iB, however, more in accordance with the spirit of this work to prove by Cauchy's 
method (§ 6*31) that the equation c«=3 2 4 (0 | t)/-& 8 4 (0 | r) has one root lying in a certain 
domain of the T-plane and that (subject to certain limitations) this root is an analytic 
function of c, when c is regarded as variable. It has been seen that the existence of this 
root yields the solution of the inversion problem, so that the existence of the Jacobian 
elliptic function with given modulus k will have been demonstrated. 

The method just indicated has the advantage of exhibiting the potentialities of what 
are known as modular functions. The general theory of these functions (which are of 
great importance in connexion with the Theories of Transformation of Elliptic Functions) 
has been considered in a treatise by Klein and Fricket. 


Let 


/(r)=16eWT i IitS^ 

* fl 


i BroriT 
1) irt 


l 8 V(0|r) 

J -V(0|t)’ 
V (° I T ) 

V(0|r)’ 


A(t)- -f(r)lff (r). 

Then, if tt'= — 1, the functions just introduced possess the following properties : 
/ (r + 2) -/ (r), g (r + 2) - g (r), / (r) +g (r) -1, 

/(r + l) = A(r), /(r>*( 0, *(*>/«■ 

by §§ 21-2 corollary, 21 Ol example 1. 


* ThiB is the case which ia of practical importance. 

t F. Klein, Vorlesungen Uber die Theorie der elliptischen Modulfunktiorun (auigearbeitet and 
vervollBtandigt von B. Fricke). (Leipzig, 1890.) 
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It is easy to see that as / (t)-»- + ix> , the functions jV e_lr,I /( T ) = /i ( T ) al, d 9 ( r ) tend te 
unity, uniformly with respect to R (r), when — 1 ^ R (r) ^ 1 ; and the derivates of these two 
functions (with regard to t) tend uniformly to zero* in the same circumstances. 


21*711. The principal solution of /(r) — c = 0. 

It has been seen in § 6 31 that, if f{f) is analytic inside and on any contour, 2 ni times 
the number of roots of the equation f(j) — c=0 inside the contour is equal to 



df (r) 

~d^~ 


dr , 


taken round the contour in question. 

Take the contour ABCDEFE'D'C'BA shewn in the figure, it being supposed 
temporarily + that f{f) — c has no zero actually on the contour. 



-1 0 1 


The contour is constructed in the following manner : 

FE is drawn parallel to the real axiB, at a large distance from it. 

AB is the inveree of FE with respect to the circle | r |«1. 

BC is the inverse of ED with respect to | r | = 1, D being chosen so that D\ =A0. 

By elementary geometry, it follows that, since C and D are inveree points and 1 is its 
own inverse, the circle on D\ as diameter passes through C ; and so the arc CD of this 
circle iB the reflexion of the arc AB in the line R (r) = i- 

The left-hand half of the figure iB the reflexion of the right-hand half in the line 

R( r) = 0. 


• This follows from the expressions for the Theta-funotionB as power series in g, it being 
observed that | g | -*■ 0 as I (r) ® . 

f The values of/(r) at points on the contour are discussed in § 2OT12. 
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It will now be shewn that, unless* 1 or c<0, the equation /(r)-c—0 has one, and 
only one, root inside the contour, provided that FE is sufficiently distant from the real 
axis. This root will be called the principal root of the equation. 

To establish the existence of this root, consider [ -tt4— dr taken along the 

y/( r )“ c “t 

various portions of the contour. 

Since/(r + 2)=/(r), we have 

if + ( l_J_^) rfr=0 . 

\J DE J ED ) / (r) - C dr 

Also, as r describes BC and B'C, r (=-l/r) describes E'D ' and ED respectively; 
and so 

if + f l » «P*_f f + f l * 

JC'B')f{T)-c dr \J BC Jc'B')9(t)-c dr 

-if + f l » 

[J ED’ J DE) g{r)-e dr 
= 0 , 

because g (V+ 2 )=®^(t'), and consequently corresponding elements of the integrals cancel. 
Since /(r±l) — A(r), we have 

1 dh (r) 




BAB A (r) - c “3T 


rfr ; 


bu:, as r describes B AB , r describes EE', and so the integral round the complete contour 
reduces to 

f ( 1 df(r) 1 dh(r) 1 g<?) \ 

jEE'\f{T)-c dr h (r) — c dr /(r) —c dr J 

f | 1 <*/M 1 dkjr) 1 dg (r)l 

jEE’\f(r)-c dr h (r) {1 -c . A (r)} dr g{r)-c dr J 

Now as EE' moves off to infinityt, /(r) — c-— -c=t=0, ^(r)-c-*-l-c*0, and so the 
limit of the integral is 

-lim [ - - 1 {log A (t)} dr 

J EE’ 1-C. A(r) dr 1 6 w# 

Is; T^F> * 

But 1- c. h (r)-»-l, /] (r)— 1, g x (t)-»-1 t ^ ^ -»0, ^^-►0, and so the limit of the 
integral is 

r 

nidr 2rr i. 


/. 


EE 

Now, if we choose EE' to be initially so far from the real axis that /(r) - c, 1 — c. A (r), 
g (t) - c have no zeros when r is above EE ', then the contour will pass over no zeros 
°f/(r)-c as EE ' moves off to infinity and the radii of the arcs CD, DC, B'AB diminish 
to zero; and then the integral will not change as the contour is modified, and so the 
original contour integral will be 2m', and the number of zeros of f{r)-c inside the original 
contour will be precisely one. 


* It is shewn in § 21-712 that, if c^l or r £0, then/(r) -c has a zero on the contour, 
t It haB been BuppoBed temporarily that c*0 and c#l. 
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21712. The valuea of ths modular function f(r) on the contour considered. 

We dow have to dieouaa the point mentioned at the beginning of § 21*711, concerning 
the zeros of f{r)-c on the lines* joining ±1 to ±l + aoi and on the semicircles of 
OBCi } (-ljC'tfO. 


As r goes from 1 to 1 + oo i or from — 1 to -1 + ® t, /(r) goes from - ® to 0 through 
real negative values. So, if c is negative, we make an indentation in DE and a oorre-* 
upon ding indentation in D' E'; and the integrals along the indentations cancel in virtue of 
the relation/(r + 2)+/(r). 


As r describes the semicircle 05(?1, r goes from -1 + ccito— 1, and f(f) — g (r) ■* 1 — f{f\ 
and goes from 1 to + ® through real values ; it would be possible to make indentations in 
BC and B'C' to avoid this difficulty, but we do not do so for the following reason : the 
effect of changing the sign of the imaginary part of the number c is to change the sign of the 
real part of r. Now, if 0< R (c) < 1 and 1(c) be small, this merely makes r cross OF by a 
short path ; if R (c) <0, r goes from BE to BE' (or vice versa) and the value of q alters 
only slightly ; but if R (c) > 1, r goes from BC to B' C\ and so q iB not a one-valued fiinotion 
of c so far as circuits round c«» +1 are concerned ; to make q a one-valued function of c, 
we cut the c-plane from +1 to + ® ; and then for values of c in the cut plane, q is 
determined as a one-valued analytic function of c, say q (c), by the formula q (c)«=e' l,T ^ 
where 


r (c). 


• f 

2ir» J 


_ d m dT 

f(r)-c dr ^ 


as may be seen from § 6 3, by using the method of § 5 22. 

If c describes a circuit not surrounding the point c = l, q(c ) iB one-valued, but r(c) is 
one-valued only if, in addition, the circuit does not surround the point c —0. 


21'72. The periods , regarded as functions of the modulus. 

Since A"=iir.!)g 2 (0, q) we see from § 21 712 that K is a one-valued analytic function of 
c( = £ a ) when a cut from 1 to + ® is made in the c-plane; but since AT' = - irK , we see 
that K ' ib not a one-valued function of c unless an additional cut is made from 0 to — ® ; 
it will appear later (§ 22 32) that the cut from 1 to + ® which was necessary so far as 
K is concerned is not necessary as regards A". 

21*73. The inversion-problem associated with Weierstrassian elliptic functions. 

It will now be shewn that, when invariants g 2 and g 3 are given, such that y 2 3 #=27^ a *, it 
is possible to construct the Weierstrassian elliptic function with these invariants; that is 
to say, we Bhall Bhew that it is possible to construct t periods 2w l , 2« a such that the function 
(P (i | a>], o>g) has invariants g % and g 5 . 

The problem is solved if we can obtain a solution of the differential equation 

of the form y = fp (s | o>i , ug). 

We proceed to effect the solution of the equation with the aid of Theta-functions. 

Let v = Az, where A is a constant to be determined presently. 


* We have seen that EE' can be bo chosen that /(r) -c has no zeros either on EE' or on 
the small circular arcs. 

t On tbe actual calculation of the periods, see B. T. A. Innes, Proc. Edinburgh Royal Soc. 
zxvii. (1907), pp. 357-360. 
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By the methods of § 21*6, it ia easily seen that 

V M M - V M * M - - M W V, 

and hence, using the results of § 21 ’2, we have 

{a $3«v}'-«-($gvv) (JJgvv+v) (gg w*v). 


Now let sj, «3 be the roots of the equation 4y 3 — yjy — = 0, chosen in such an order 

that («! - e 2 )/(«i - «s) ia not* a real number greater than unity or negative. 

In these circumstances the equation 

V(°k) 

«i-«* V(«|t) 

possesses a solution (§ 21’712) such that I(r) >0; this equation determines the parameter 
t of the Theta-functions, which has, up till now, been at our disposal. 

Choosing r in this manner, let A be next chosen so thatf 

A i 3 i *~e l —e 2 . 

Then the function 

J r-J»^J^V(0 |r)V(0|r) + « I 

satisfies the equation 

(■£■) - 4 (y - «i) (y - ««Hy - «a)- 

The periods of y, qua function of z, are rrA, ttt/A ; calling these 2u>,, 2uj we have 

I (cua/oji) > 0. 

The function p(z | oi,, &> 2 ) may be constructed with these periods, and it is easily 
seen that (z) — | 3/ (0 j r) 3f (01 r) - e t is an elliptic function with no polo at 

the origin J ; it is therefore a constant, (7, say, 

If 0 1} 0 3 be the invariants of p(z \ &>,, &> 2 ), we have 

4^ (z) - 0 2 if (z) -Q^V*{z) = \{p{z)-C-e l ){ip{z)-C-e. 1 ){V (z) - C - e 3 }, 
and so, comparing coefficients of powers of ip(z) f we have 

0=12(7, Q 2 -g 2 - 12r» Oi=g*-g 2 C+4C>. 

Hence (7=0, — G. s — g 2 ; 

and so the function jp(z | &>,, « 2 ) with the required invariants has been constructed. 


218. The numerical computation of elliptic functions. 

The series proceeding in ascending powers of q are convenient for 
calculating Theta-functions generally, even when | q | is as large as 0 9. But 
it usually happens in practice that the modulus k is given and the calculation 


* if e ±^L then 0< ^ < 1; and if 0, then 1- > i f and 

fi-e k t i -r i t i -e k e i -r k 



The valueB 0, 1, ® of (z ( - e i )f(e j - r 3 ) are excluded sinoe a 2 3 4*270 3 a . 

f The sign attached to A is a matter of indifference, since we deal exclusively with even 
functions of v and z. 

J The terms in z _ * oancel, and there is no term in z _1 because the function i'b even. 
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of K, K' and q is necessary. It will be seen later (§§ 22 301, 22 32) that 
K, K' are expressible in terms of hypergeometric functions, by the equations 



but these series converge slowly except when | k | and | k! | respectively are 
quite small; so that the series are never simultaneously suitable for numerical 
calculations. 

To obtain more convenient series for numerical work, we first calculate q 
as a root of the equation k = (0, q )/^ 3 2 (0, q), and then obtain K from the 

formula K = ^tt ^ 2 (0, q) and K r from the formula 

K‘ - ir~ l K log e (l/q). 

The equation k = (0, q)/*b* (0, q) 

is equivalent to* y/k' = (0, q)/^ 3 (0, q). 

k' l 

, (so that 0 < e < - when 0 < k < 1), we get 

= &,(0 .y)-^(Q,y) = ^ (0 ,y) 

: ^ 3 (0, q) + %( o, q) %{0, q*j ' 

Wc have seen (§§ 2171-21*712) that this equation in q A possesses a 
solution which is an analytic function of e 4 when | e | < ^; and so q will be 
expansible in a Maclaurin series in powers of e in this domain^. 

It remains to determine the coefficients in this expansion from the 
equation 

_ q + q y 4- q 2 * + ... 

€ "" I + 2q A 4- 2y lfl + ... J 

which may be written 

q = e + 2q 4 e - (f -f 2 q 10 € — q 2 * 4- ...; 

the reader will easily verify by continually substituting e + 2<7 4 e —<7° + ... 
for q wherever q occurs on the right that the first two terms J are given by 

q = e + 2e* + 15e B + 150e 13 4 O (e 17 ). 

It has just been seen that this series converges when | e \ < ?. 

[Note. The first two terms of this expansion usually suffice; thus, even if £ be as 
large as ^(0-8704) = 0*933..., r = J, 2^ = 0-0000609, 15 f 0 = 00000002.] 

Example. Given k~k'= 1/^/2, calculate y, K, K' by means of the expansion just 
obtained, and also by observing that t = i, so that q = c~ w . 

[q = 0-0432139, A = A'-1854075.] 

* In numerical work 0 < k < 1, and bo q in positive and 0 < ^k* c 1. 

+ The Tbeta-functioDB do not vanish when |g|<l except at y = 0, bo this giveB the only 
possible branch point. 

t This expansion was given by Weierstrasfl, Werke , n. (1895), p. 276. 


Writing 2e = 
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21 9. The notations employed for the Theta-functions. 

The following scheme indicates the principal systems of notation which have been 
employed by various writers; the symbols in any one column all denote the same 
function. 


Si («) 

(trz) 

s 3 («) 

■»(«) 

Jacobi 

*(») 

M*) 

V*) 

«.(*) 

Tannery and Molk 

$1 (w^) 

$2 (g>z) 

$3 (^2) 


Briot and Bouquet 

(») 

*(«) 

*.(*) 

*oW j 

Wcierstrass, Halphen, Hancock 

0(z) 

L,. 

fll(s) 


^2 ( z ) | 

i 

Jordan, Harknass and Morley 


The notation employed by Hermite, H. J. S. Smith and some other mathematicians is 
expressed by the equation 

<W*)= 2 + + ; < M = 0, 1 ; i/=0, 1) 

||=-W 

with this notation the results of jj 21*11 example 3 take the very concise form 
► (x+ a) = ( - y* 0^ (x), . (x + ar) = (-)”?' 1 c~ t,wx/tt (? M . „ (x). 

Cayley employs Jacobi’s earlier notation ($ 21*62). The advantage of the Weicrstrassian 
notation is that unity (instead of n) is the real period of d 3 ( 2 ) and (9„ (z). 

Jordan’s notation exhibits the analogy between the Theta functions and the three 
Sigma-functions defined in § 20*421. The reader will easily obtain relations, similar 
to that of S 21*43, connecting 0 r (z) with o> (2 mjz) when r=l, 2, 3. 

REFERENCES. 

L. Euler, Opera Omnia , (1), xx. (Leipzig, 1912). 

C. G. J. Jacobi, Fundamenta Nova * (Konigsberg, 1829); Oes. Math. Werke, 1 . 
pp. 497-538. 

C. Hermite, Oeuvres MathAmatique n. (Paris, 1905-1917.) 

F. Klein, Vorlesungen iiber die Theorie der elliptischen Modidfunktionen (Ausgear- 
beitet und vervollstaodigt von R. Fricke). (Leipzig, 1890.) 

H. AVeber, Elliptische Funktionen und algebraische Zahlen. (Brunswick, 1891.) 

J. Tannery et J. Molk, Fonctions Elliptiques. (Paris, 1893-1902.) 

Miscellaneous Examples. 

I . Obtain the addition-formulae 

•Si(y+*)(y-*) V=V(y) V(.)-V (y) VW-VW^4*W-V (y) V (A 
9i(y+z)S,(y-z) 3^ =V(yW «-V(y) W W=V(y) V W-V(j)V(4 
h(y+z) a,(y-s) V-V(y)V (*)-5, 1 (y) V (*)- V0) V(*)-3,»(y) 9,* «, 

(y+*) *. (y - *) V=V(y) V (*) - V (y) V W=V (y) V W - V (y) V«. 

(Jacobi.) 

* Reprinted in bis Oa. Math. Wcrke, I. (1881), pp. 48-239. 
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2. Obtain the addition-formulae 

s 4 (y + *) a, (. 9—) V = V (y) V (*)+V (y) V (») «V(y) V (•)+V (y) V (*), 

* 4 (y+*) J 4 (y ■- ■*) V=V (y) V «+V(yWM-a, 2 (y) V (*)+V(y)V (*); 

and, by increasing y by half periods, obtain the corresponding formulae for 

9 r (y + z)S r {y-z)3f and 3 r (y +z) 3 r (y-z) V, 
where r=l, 2, 3. (Jacobi.) 


3. Obtain the formulae 


■&1 (y ± z) 3 2 (y + *) -^3 -^4 = ^ Cy) 3i (y) 3 S (z) 3 A (z) ± 3 3 (y) 3 A (y) (z) 3 2 (z), 

3i(y±z)3 3 (y + z) 3 2 3 A * (y) S 3 (y) .9 a ( 2 ) 3 4 (z) f S 2 (y) 3 A (y) S, (z) 3 3 (z), 

■»i (y ± *) S 4 (y + z) -9 2 S 3 = 3 , (y) 3 A (y) 3 2 ( 2 ) -9 3 M ± (y) (j/) -^l (*) ^ ( 2 ), 

3t(y±z)3 3 (y + z)323 3 = 3 2 (y) -9 3 (y) 3 2 (z) S 3 (z) + -9, (y) S 4 (j/) ■»] M -9 4 (z), 

Cy — *) ^4 (j/ + 2 ) -^2^4 = Cv) ^4 Cy) ^2 ( z ) ^4 ( 2 ) + (y) 3 , (y) -9j (z) (z), 

■83 (y ± z) 3 A (y +z) S 3^4 = S 3 (y ) 3 A (y) ( 2 ) 3 A (z) + ^ (y) 3 2 (y)3 l (z) 3 a (z). 

(Jacobi.) 

4. Obtain the duplication-formulae 

<>2 (2y) 3, V=V Cv) V (y) - V (y) 3 3 2 Cv), 

3 3 ( 2 y) W= v (y) V (y) - V (y) V 0/), 

J«(2y) v »V(y)-V(y)-V(y)-V(y)- 

(Jacobi.) 

5. Obtain the duplication-formula 

(2y) S a $ 3 S 4 = 2Ji (y) J> a (y) 3 3 (y) (y). 

(Jacobi.) 

6 . Obtain duplication-formulae from the results indicated in example 2 . 


7. Shew that, with the notation of § 2122, 

[1]—m-wr-PI, [1]-[3]=[1]'-[3L [1 ] — [4]=[2J—[3j, 
[*]-[3]-[lI-[4j, [2]-[4]-[2]'-[4]', [3] — [4] =[2J — [1]'. 

8 . Shew that 

2 [1122] = [1122J + [221 If - [4433J + [3344]', 

2 [1133]=[1133]' + [3311J - [4422J + [2244]', 

2 [1144] = [1144]'+[4411]' —[3322]'+ [2233]', 

2 [2233] = [2233J + [3322J - [4411]' + [1144 J, 

2 [2244] -=[2244]' + [4422J - [3311]' + [1133]', 

2[3344] = [3344j + [4433]'-[2211]' + [1122]'. 

9. Obtain the formulae 

2 ff " l AI:*-2 ? i 5 {(1 -y*") 1 (l-y*"- 1 )-*}, 

» = 1 

iii'-* = 2 ? i n [(1+}’")*(1-?**" 1 ) - ’}- 

n>l 


(Jacobi.) 


10 . Deduce the following results from example 9 : 


n (l-?*-- 

f»“l 

l )»«2 9 *i'* _ *, 

n (l+y*“>) 8 
»=>1 

-2g*(^)-* 

n (l -?*•)" 

~2,r- s ? -iM'X», 

n (l +? 1 *) 8 

=i 9 -Up-*, 

.=i 



»=i 


n (i+y") fl 
**=»! 



(Jacobi.) 



THE THETA FUNCTIONS 


489 


11 . By considering j «*»** di taken along the contour formed by the parallelogram 
whose corners are -Jir, \ir, Jw + irr, - Jir + n-r, shew that, when » ia a positive integer, 

and deduce that, when | I{z) | C^T^tti-), 


(z) " g" sin 2m 


12 . Obtain the following expansions : 

vw 


, . . " q** siu 2712 

^^-cotr-h 4 ^?--— , 


vw. 

■% (*)" 


- tan z-l-4 2 

n = I 


4 2 

M=l 


(—)» gin 2 /iz 
1-?^ » 

(— ) n g" sin 2 nz 
1 -y 2 " 


each expansion being valid in the atrip of tho z-plane in which the series involved ia 
absolutely convergent. 

(Jacobi.) 

13. Shew that, if | / (y) | < 1 (ttt) and 1 1 (z) | < / (ttt), then 

iy + z) ji* 


q fiA q ,,T = c °fcy + cot 2 + 4 2 2 y^^ain (2my + 2nz). 

yy) \ z ) m=u=i 


14. Shew that, if | 1(g) | < £/ (rrr), then 

iri-i 9 < 


(Math. Trip. 1908.) 


a 4 ®o" t" 2 a.cos 2712, 
■*4 W n = l 


where a» = 2 2 ( - )» ^( m + !)(*» +**+i) 

(Math. Trip. 1903.) 

[Obtain a reduction formula for a* by considering j {3 4 (z)} “ 1 e 2 * 1 * dz taken round the 
contour of example 11.] 

15. Shew that 

■VM f f . ® g*" sin 2z “1 

Si (z) L 00 2 „ =1 1 - 2q in coa 2z + g' 4 " J 

is a doubly-periodic function of z with no singularities, and deduce that it is zero. 

Prove similarly that 

S,' (f) " 9 U ain 2z 

S a (x)* 115 n= i l 4- 29 *" cos 2 z-;- 7 4m ’ 


_ 4 ®_g 2 * -1 sin2* 

$a(z) ^ m .=i 1+2^** _1 cos 2z + y 4 ’ ,-2? 

VW b4 * g*" 1 sip 2z 

(:) = *.! 1 -Sty*" -1 cos 2z + y 4m_ *' 

16. Obtain the values of k , #, ^T, correct to six places of decimals when g = 

[* = 0-895769, b = 0444518, 

K- 2-282700, K' = 1 -658414.] 
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17. Shew that, if w + a+y + 2 = 0, then, with the notation of § 21'22, 

[3]+m=[2]+M 

[1234] + [3412] + [2143] + [4321] -0. 

18 . Shew that 


3 t'(y) . -V(z) _ 3 4 -(y + z) 3, (y) 3, ( 2 ) 3, (y + 2 ) 

3 * (y) M -S«Cy + 2 ) 2 3 3, (y) 37(2) 3 4 (y + 2 ) ■ 


19. By putting a—y= 2 , ui=3a in Jacobi’s fundamental formulae, obtain the following 
results : 


3,3 (a) 3, (3a) +3 4 3 (a-) 3 4 (3a) = 3 4 = (2a) 3 4 , 

3, 3 (a) 3 3 (3a) - 3.3 (a) 3 4 (3a) = 3 a 3 (2a) 3 S , 

3 2 3 (a) 3j(3a) + S.3 (a) 3 4 (3a) = 3 S > (2a) 3 S . 

20. Deduce from example 19 that 

[3,3 (a) 3, (3a) V + 3 4 3 (a) 3, (3a) S 4 2 ) 1 + {3/ (a) 3 3 (3a) 3 2 2 - 3 4 3 (a) 3 4 (3a) 3 2 2 } * 

-13 2 3 (a) 3 2 (3a) 3, 2 + 3 4 3 (a) 3 4 (3a) 3,3) *• 


(Trinity, 1882.) 


21. Deduce from Liouville’s theorem that 

23, (z) (z) (z) 3, (z) 

3,(2z)3 2 ( 0 ) 3, ( 0 ) ( 0 ) 

is constant, and, by making z-*-0, that it is equal to 1. 

Hence, by comparing coefficients of z 2 in the expansions of 

. a, (22) , . $,(*). 5,(2) . s 4 ( 2 ) 

l0g 237(F) and log ^) + 1Og 3^(0) + l0 ^) 
by Mnclaurin’s theorem, deduce that 


V(0) V( 0) V(0) V(0) 

^|'(0) " J.(0) + -» 3 (0) + J 4 (0) ' 

Hence, after the manner of § 21’41, deduce that 

5/ (0) = 3 2 (0) S 3 (0) 3 4 (0). 

[This method of obtaining the preliminary formula of § 21 41 was suggested to the 
authors by Mr C. A. Stewart.] 
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THE JACOBIAN ELLIPTIC FUNCTIONS 
221. Elliptic functions vrith two simple poles. 

In the course of proving general theorems concerning elliptic functions 
at the beginning of Chapter XX, it was shewn that two classes of elliptic 
functions were simpler than any others so far as their singularities were 
concerned, namely the elliptic functions of order 2. The first class consists 
of those with a single double pole (with zero residue) in each cell, the second 
consists of those with two simple poles in each cell, the sum of the residues 
at these poles being zero. 

An example of the first class, namely %>(z), was discussed at length in 
Chapter xx; in the present chapter we shall discuss various examples of 
the second class, known as Jacobian elliptic functions*. 

It will be seen (§ 22 122, note) that, in certain circumstances, the Jacobian 
functions degenerate into the ordinary circular functions; accordingly, a 
nutation (invented by Jacobi and modified by Gudermann and Glaisher) will 
be employed which emphasizes an analogy between the Jacobian functions 
and the circular functions. 

From the theoretical aspect, it is most simple to regard the Jacobian 
functions as quotients of Theta-functions (§ 21*61). But as many of their 
fundamental properties can be obtained by quite elementary methods, 
without appealing to the theory of Theta-functions, we shall discuss the 
functions without making use of Chapter xxi except when it is desirable to 
do so for the sake of brevity or simplicity. 

22T1. The Jacobian elliptic functions , sn u, cn u, dn u. 

It was shewn in § 2161 that if 

= * 3 (iu,/V) 

y 

the Theta-functions being formed with parameter t, then 

where (0 | t)/^, (0 | r). Conversely, if the constant k (called the 

modulus^) be given, then, unless or a value of r can be found 

* These functions were introduced by Jacobi, but many of their properties were obtained 
independently by Abel, who used a different notation. See tho note on p. 512. 

t If 0<fcd, and 0 is the acute angle such that sin0 = fc, 0 is called the modular angle. 



492 


TBE TRANSCENDENTAL FUNCTIONS 


[CHAP. XXII 


(§§ 2T7-21712) for which (0 | t )/*^ 4 (0 1 t ) = fc®, so 
of the differential equation 



(i-y’)(i-*y) 


that the solution 


subject to the condition 


’<fy\ 


= 1 


is 


y S,Mu/V)’ 


the Theta-functions being formed with the parameter t which has been 
determined. 


The differential equation may be written 

u=f\ 1 - 1 - k»P)-idt, 

Jo 

and, by the methods of § 2173, it may be shewn that, if y and u are con¬ 
nected by this integral formula, y may be expressed in terms of u as the 
quotient of two Theta-functions, in the form already given. 

Thus, if 

u = ['(1 1 - k't-f-idt, 

Jo 


y may be regarded as the function of u defined by the quotient of the Theta- 
functions, so that y is an analytic function of u except at its singularities, 
which are all simple poles; to denote this functional dependence, we write 

y = an (u, k\ 

or simply y =■ sn u, when it is unnecessary to emphasize the modulus*. 

The function sn u is known as a Jacobian elliptic function of u, and 


(u/V) 

sn “-* a * 4 (H/V) 


(A). 


[Unless the theory of the Theta-functions is assumed, it is exceedingly difficult to shew 
that the integral formula defines y as a function of u which is analytic except at simple 
poles. Of. Hancock, Elliptic Function «, I. (New York, 1910).] 


Now write cn(u,*)-^ WV) . 

.(B). 

n(u - ) . 

.(C). 

Then, from the relation of § 21 6, we have 


d A 

-psnuscnudnu. 

au 

.(I), 


The modulus will always be inserted when it is not k. 
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and from the relations of § 21 *2, we have 

sn* u + cn 1 u » 1 .(II), 

k? an 1 u 4- dn a u = 1 .(Ill), 

and, obviously, cnO = dnO = l .(IV). 


We shall now discuss the properties of the functions sn u, cn it, dn u as defined by the 
equations (A), (B), (C) by using the four relations (I), (II), (III), (IV); these four relations 
are sufficient to m&ke sn u, cn u, dn u determinate functions of u. It will be assumed, 
when necessary, that sn u, cn u , dn u are one-valued functions of u, analytic except at their 
poles; it will also be assumed that they are one-valued analytic functions of & when cuts 
are made in the plane of the complex variable k * from 1 to +® and from 0 to - ao. 

22*12. Simple properties of sn u, cn u , dn u. 

From the integral u = | (1 - t 2 ) ~ * (1 — k*t*) ~ * dt, it is evident, on writing 
Jo 

— t for t, that, if the sign of y be changed, the sign of u is also changed. 

Hence sn u is an odd function of u. 

Since sn (— u) = — sn u, it follows from (II) that cn (— u)= f enu; on 
account of the one-valuedness of cn u, by the theory of analytic continuation 
it follows that either the upper sign, or else the lower sign, must always be 
taken. In the special case u= 0, the upper sign has to be taken, and so it 
has to be taken always; hence cn(-u) = cnu, and c nu is an even function 
of u. In like manner, dn u is an even function of u. 

These results are also obvious from the definitions (A), (B) and (C) of 
§ 22 * 11 . 

Next, let us differentiate the equation sn a u -I- cn 2 u = 1; on using equation 
(I), we get 

d cn u j 

—-— =■ — sn u dn u ; 
du 

in like manner, from equations (III) and (I) we have 

dduu .. 

= - k 7 m u cn u. 
du 

22T21. The complementary modulus. 

If Id* + k' 2 = 1 and Is — + 1 as k — 0, k f is known as the complementary 
modulus. On account of the cut in the /c*-plane from 1 to + oo , k is a one- 
valued function of k. 

[With the aid of the Theta-functions, we can make F* one-valued, by defining it to be 

^(0|r)/3 a (0|r).] 

Example. Shew that, if 

u--l (**+*><«)- 

y = cn (u, k). 


then 
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Also, shew that, if U= f ^ — 

then y*dn (u, k). 

[These results are sometimes written in the form 

u= r (i /‘ 

J cn u J dnu 


22122. Glaishers notation* for quotients . 

A short and convenient notation has been invented by Glaisher to express 
reciprocals and quotients of the Jacobian elliptic functions; the reciprocals 
are denoted by reversing the order of the letters which express the function 
thus 

nsu = l/snu, ncu = l/cnu, ndu = l/dnw; 

while quotients are denoted by writing in order the first letters of the 
numerator and denominator functions, thus 

sc u = sn u /cn u, sd u = sn uj dn u , cd u = cn uj dn u, 
csu = cnu/sn u, ds u = dn u/an u, dc u = dn u/cn u. 


[Note. Jacobi’s notation for the functions sum, cn u, dnu was sinamiz, cosam u, 
Aam u, the abbreviations now in use being due to Gudermannt, who also wrote tniz, 
as an abbreviation for tanam u, in place of what is now written sc u. 

The reason for Jacobi’s notation was that he regarded the inverse of the integral 

u = J * (1 - 0 sin* 0)-ld6 

as fundamental, and wrote J 0 = am u ; he also wrote Ai p — (1 — I* sin* <f>)^ for ~.] 
Example. Obtain the following results : 

J 0 Join 

- (1 di= [ (i*-*'*)-*(*»+iH)-4 

Jo J d*« 

- f 1 (I — (l—- [ l (P-i)~l((•-&)-idi 

J cd k J dc « 

= f - [ ac '‘(f’-l)-i(V>fi+/P)-*dt 

J mi. J i 


22 2. addition-theorem for the function Bn u. 

We shall now shew how to express sn(u + v) in terms of the Jacobian 
elliptic functions of u and v ; the result will be the addition-theorem for the 
function sniz; it will be an addition-theorem in the strict sense, as it can 
be written in the form of an algebraic relation connecting sniz, sn ti, sn(iz + v). 

* Mestenger of Mathematics , xi. (1882), p. 80. 

t Journal fUr Math. xvm. (1838), pp. 12, 20. 

X Fundamenta Nova, p. 30. As k— *-0, amu-^-u. 
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[There are numerous methods of establishing the result; the one given is essentially 

due to Euler* who was the first to obtain (in 1756, 1757) the integral of 

dx dy 
— j _ “ — n 

sJX^-JY 

in tho form of an algebraic relation between x and y, when X denotes a quartic function 
of x and Y is the same quartic function of y. 

Threet other methods are given os examples, at the end of this section.] 

Suppose that u and v vary while u + v remains constant and equal to a, 
say, bo that 


dv 

du 


= - 1 . 


Now introduce, as new variables, 9 X and s 2 defined by the equations 

= an u, 3 a = bu v, 

so that J .s’, 2 = (1 — 3, a ) (1 — tesS), 

and = (1 — 3 a a ) (1 — A?3 fl s ), since t) a = 1. 

Differentiating with regard to u and dividing by 2^ and 2.4, respectively, 
we find that, for general values§ of u and v, 

3 , = - (1 4- k 3 ) s l -f 2 k's^y 3j = — (1 4- k a ) 3 2 + 2fc a 3 1 *. 

Hence, by some easy algebra, 

3,3 2 — 3,3! 2fc a 3 1 S a - 3 a a ) 


and 


— $ 2 * 8 ^ (3a a — 3! a ) (1 — ^ 8 ^ 8 ^) * 

&* 8 i) 1 du^* S * — = ~~ k 2 8 2 8 2 2 ) 1 ^ (1 “ ; 


du v 


on integrating this equation we have 


_ r\ 
r J ~ ’ 


1 - 

where C is the constant of integration. 

Replacing the expressions on the left by their values in terms of u and v 
we get 


cn u dn u an v + cn v dn v sn u 
1 — k? sn* u sn M v 


= C. 


* Acta Petropolitana, vi. (1761), pp. 55-57. Euler had obtained some special cases of this 
result a few yearB earlier. 

+ Another method is given by Legendre, Fonctions Elliptiquei , i. (Paris, 1825), p. 20, and an 
interesting geometrical proof was given by Jacobi, Journal filr Math. m. (1828), p. 376. 
t For brevity, we Bhall denote differential coefficients with regard to u by dots, thus 

dv .. d?v 
^dT*’ VU du*' 

9 I.e. those valneB for which cn u dn u and cn v dn v do not vanish. 
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That is to say, we have two integrals of the equation du+ dv = 0, namely 
(i) u + v = a and (ii) 

sn u cn v dn v + sn v cn u dn u 


1 — fc 3 sn 1 u sn* v 


C, 


each integral involving an arbitrary constant. By the general theory of 
differential equations of the first order, these integrals cannot be functionally 
independent, and so 

sn ucnvdnv + Bnvcnudnu 
1 — k 2 sn 1 u sn 1 v 

is expressible as a function of u + v ; call this function / {u + v). 

On putting v = 0, we see that /(u) = snuj and so the function f is the 
sn function. 

We have thus demonstrated the result that 

. . sn u cn v dn v 4- sn v cn u dn u 

sn (u + v) =--- T -— ---, 

1 — Ic* sn J u sn a v 

which is the addition-theorem. 

Using an obvious notation*, we may write 

an (u + v) = *-' C ' d '+ 

Example 1. Obtain the addition-theorem for sin u by using the results 

( cfsintA 1 _ . , /rfsinvX* _ . „ 

~sr) =i- ain (-*-) =1_8,u *’• 

Example 2. Prove from first principles that 

(*_ _ JL\ »i c * d * + H c \ d \ n 
duj i-*w ’ 


and deduce the addition-theorem for sn u. 


Example 3. Shew that 
sn (u + r) = - 


(Abel, Journal fur Math. II. (1827), p. 105.) 


fjCjcij-ajCjrf, c l c i + 8 l d I s 3 d 3 + ’ 

(Cayley, Elliptic Function* (1876), p. 03.) 

Example 4. Obtain the addition-theorem for sn u from the results 

* (y+i) s A (y ■- *) (y) (y) h M J s W+ s* (y) ** (y) *i W s A (0. 

Si (y ■+ *) ^4 (y ■- 1 ) V-V (y) V M - V (y) V 

given in Chapter xxi, Miscellaneous Examples 1 and 3 (pp. 467, 468). (Jacobi.) 

Example 5. Assuming that the coordinates of any point on the curve 

y»-(l-jp«)(l-*■*■) 

can be expressed in the form (Bn u, cn u dn v), obtain the addition-theorem for sn u by 
Abel’s method (§ 20 312). 


This notation 1b due to Glaisher, Mettenger , x. (1881), pp. 92, 124. 
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22-21] 

[Consider the intersections of the given curve with the variable curve y*= 1 +77u:+ a.r*; 
one is (0, 1) ; let the others have parameters Hj, w a , u 3l of which u TJ u 2 may l>e chosen 
arbitrarily by suitable choice of m and n. Shew that Mi + Uj+ii 3 is constant, by the 
method of 20 312, and deduce that this constant is zero by biking 

m — 0, n— (1 + £ z ). 

Observe also that, by reason of the relations 

(P-n 2 ) jjj: 2 jr3=2m, (P-n 2 ) (jr, -Kr z + .r ; ,) = 2mw, 

we have 

j7 3 (l -<t a r, 3 J7 2 s ) = j:3- ) 2wuf,2m.r, x 2 — na x 0 1 +. 2 r 2 +.r 3 ) 

= fa + JC 2 + X'S — «-^i ^2^3) - (* 1 + ^2) - 2 mjt*! X-.J - /ur, .r a (^i + x 2 ) 


22 21 . TA« addition-theorems for cn 1 / and rln w. 

We shall now establish the results 

cn u cn v — sn u sn v dn u dn v 


cn (u + v) 


1 -/c 2 


sn J u sn- 4 v 


dn (u + v) = 


dn u dn v — Je 1 sn u sn v cn u cn v 
1 — k 3 sn 2 1 / sn 3 v 


the most simple method of obtaining them is from the formula for sn ( u + v). 

Using the notation introduced at the end of § 22'2, we have 
(1 — kPsfsf? cn 2 (u + v) = (l — JfsSs./y (1 — sn 2 (u + u)} 

= (1 — frsftfY - (wA + s^Cidi) 2 

= 1 - 2 - 5l 2 (1 - s 2 ) (1 - k 2 s 2 ) 

— s a 2 (1 — sf) (1 — fcsS) — 25 1 A , 2 c l c s d 1 d a 

= (1 - s') (1 - s 2 2 ) + (1 - k>s 2 ) (1 - *V) 

— 2sj Sj Ci c 2 di d% 


— (Cj Ca iSj 82 d] dj ) 2 


and so 


cn (u + u) = 


Cj Cj 

“ 1 — 


Bub both of these expressions are one-valued functions of it, analytic 
except at isolated poles and zeros, and it is inconsistent with the theory 
of analytic continuation that their ratio should be 4- 1 for some values of u, 
and — 1 for other values, so the ambiguous sign is really definite ; putting 
u = 0, we see that the plus sign has to be taken. The first formula is 
consequently proved. 

The formula for dn (u + v) follows in like manner from the identity 
(1 - lPsf&fY - (SjCads + SaCjd,) 8 

= (1 - Id's?) (1 - £V) + fcV V (1 - <h B ) (1 - 82) - 2fc a 8 l 8 3 c l c t d 1 d^, 
the proof of which is left to the reader. 
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Example 1. Shew that 

■ . . dJ-kWc? 

dn (u + v) dn (u-®) = . 

(Jacobi.) 

[A set of 33 formulae of this nature connecting functions of u + v and of u-v is given 
in the Fundamenta Nova , pp. 32-34.] 

Example 2. Shew that 

d cnu + cnv _ 3 cnu+cnv 
du sn u dn v + sn v dn u dv sn u dn v + Bn v dn u 1 
bo that (cn u+cn v)/(sn u dn v + sn v dn it) is a function of u + v only; and deduce that it is 
equal to {1 + cn (u + v)}/sn (u + v). 

Obtain a corresponding result for the function (*i c 2 + 8 2 c i)/(^i+^ 2 )- 

(Cayley, Messenger , xiv. (1805), pp. 56-61.) 

Example 3. Shew that 

1 — Pan 2 (u + v) sn 2 (u — v) = (1 — £ 2 sn 4 u) (1 — P sn 4 v) (1 — jf^sn 2 u Bn a v)“ 2 , 
ifr^ + j^cn 2 (u + v) cn 2 (u - v) = (/t /2 + £* cn 4 u) (^ + ifc 2 cn 4 v) (1 — jt 3 sn 2 usn a v) -2 . 

(Jacobi and Glaislier.) 

Example 4. Obtain the addition-theorems for cn(u+i;), dn(u + v) by the method of 
§ 22 2 example 4. 

Example 5. Using Glaisher's abridged notation (Messenger, x. (1881), p. 105), namely 
s, c, t£=sn u, cn u, dn u, and S, C> D = tm L 2u, cn 2u, dn 2u, 

prove that 

c _ 2 scd „ l-2**+*V n 1-2 &8* + Ps* 

1 C ~ 1 -Ps* ’ l-Ps 4 1 

(1+£)*-(! -£)* 

(l + fcS)* + (l-A5)*' 

Example 6. With the notation of example 5, ehew that 

, 1-C 1-D D-PC-V 2 D-C 

*~\+D~ k*(\ + C) £*(D-C) = F»+D-*«C’ 

, D + C D+VC-U 2 JS 2 {\-D) l' 1 (1 + C) 

*1 + D~ t»(l + (7) PiD-ty^V' + D-PC’ 

W+D+VC D+C V'i l-C) k' 2 (1 + D) 
d ~ 1+D “ 1 + C D- C ~l^+D-k i C' 

(Glaisher.) 

22*3. The constant K. 

We have seen that, if 

u= f V (l - i a ) - * (1 - frt^-tdt, 

J 0 

then y * sn (u, k). 

If yte take the upper limit to be unity (the path of integration being 
a straight line), it is customary to denote the value of the integral by the 
Byrnbol K t so that sn ( K , k) = 1. 

[It will be seen in § 22 302 that this definition of K is equivalent to the definition as 
in § 21-61.] 
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It is obvious that cn K = 0 and dn K = ± lc ; to fix the ambiguity in sign, 
suppose 0 < k < 1, and trace the change in (I — k't*)* 1 as t increases from 0 to 1 ; 
since this expression is initially unity and as neither of its branch points (at- 
t = + A;" 1 ) is encountered, the final value of the expression is positive, and so 
it is 4- k '; and therefore, since dn AT is a continuous function of k, its value is 
always -I- k'. 

The elliptic functions of K are thus given by the formulae 
sn K ^ 1, cn K = 0, dn K = k ‘. 

22*301. The expression of K in terms of k. 

In the integral defining K, write t = sin <£, and we have at once 

if = f (1 — k? sin 2 </>) “ & d<f>. 

J o 

When | A; | < 1, the integrand may be expanded in a series of powers of k, 
the series converging uniformly with regard to <f) (by § 3 34, since sin 271 <f> ^ l); 
integrating term-by-term (§ 4*7), we at once get 

b U c). 

where c = Jc 2 . By the theory of analytic continuation, this result holds for 
all values of c when a cut is made from 1 to -l- qo in the c-plane, since 
both the integrand and the hypergeometric function are one-valued and 
analytic in the cut plane. 

Example . Shew that 



(Legendre, Functions Elliptir/ues, i. (1B25), p. 62.) 

22 302. The equivalence o f the definitions of K. 

Taking u = ^tt ^ 3 2 in £ 2161, we see at once that sn (Att — 1 and so cn (^tt «9 3 2 ) - 0. 
Consequently, l-auu has a double zero at Therefore, since the number of poles 

of sn u in the cell with corners 0, 2 tt n (t+ 1) -9 3 2 , n (r- 1)3 3 2 is two, it follows lrorn 
§ 2013 that the only zeros of 1 — sn u arc at the points .\*r (4m +1 +2nr) where 
in and n are integers. Thercforo, with the definition of § 22“3, 

A'=.j7r(4m+l+2/ir) S 3 *. 

Now take r to be a pure imaginary, so that 0 < £ <C 1, and A is real ; and we have 
n - 0, so that 

J7r(4m + l)3 3 a = j* n (l - lc* sin 2 <£)”*<% 
where m is a positive integer or zero; it is obviously not a negative integer. 

If m is a positive integer, since j (1 - k 1 sin 2 (p) ^ d(p is a continuous function of a and 

so passes through all values between 0 and A' as a increases from 0 to ^7r, we can find 
a value of a less than Jit, such that 

A7(4» t + ]) = i*rV= j‘( * -e»in ; 

sn (^ 7 i-J 3 z ) = sin a < 1, 
sn (irr3 3 2 )= 1. 


and so 

which is untrue, since 
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Therefore m must be zero, that is to say we have 

But both K and JttV are analytic functions of k when the c-plane is cut from 1 to 
+ go, and so, by the theory of analytic continuation, this result, proved when 0<£<1, 
persists throughout the cut plane. 

The equivalence of the definitions of K has therefore been established. 

Example 1. By considering tho integral 

(l-ppyidt, 

shew that an 2^=0. 

Example 2. Prove that 

■n|A-(l+tf)~*, dniA-i' 4 . 

[Notice that when u = \K y cn2w = 0. The simplest way of determining the signs to 
be attached to the various radicals is to make P-*-1, and then sn u, cn «, dn u 

degenerate into sin u, cob a, 1.] 

Example 3. Prove, by means of the theory of Theta-functions, that 

os i A-dn 4 A-A 4 . 


22*31. The periodic properties (associated with K) of the Jacobian 
elliptic functions. 

The intimate connexion of K with periodic properties of the functions 
ami, cn u, dnu, which may be anticipated from the periodic properties of 

Theta-functions associated with ^7r, will now be demonstrated directly from 
the addition-theorem. 


By § 22 2, we have 
sn (u + K) 


sn u cn K dn K + sn K cn u dn u 
1 — k 1 sn 2 u sn s K 


= cd u. 


In like manner, from § 22-21, 

cn (u -h K) = — k' adu, dn (u + K) = k' nd u. 

„ , cn (u+K) k f adu 

Hence sn (u + 2K ) = -=—"- tf- = - ^—r- = — snw, 

dn (u -I- K) k nd u 

and, similarly, cn (u -I- 2 K) = — cn u f dn (u + 2 K) = dn u. 

Finally, sn (u + 4>K) = — sn (u + 2K) = Bn u, cn (u + 4K) = cn u. 

1'hus 4iK is a period of each of the functions sn u , cn u , while dn u has 
the smaller period 2 K. 

Example 1. Obtain the results * 

sn(v + A) = cdu, cn (u + iT)= - ir'ad u, dn (u + A ’)—V nd u, 
directly from the definitions of Bn u, cn u, dn u as quotients of Theta-functions. 

Example 2. Shew that cs u ca (K — u) — F. 
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22'32. The constant K'. 

We Bh&ll denote the integral 

[*( 1 - «•)-* (1 -k'n'y^dt 
Jo 

by the symbol K\ so that K’ is the same function of k'* (= c) as K is of 
A? (= c) ; and so 

when the c-plane is cut from 1 to -V oo , i.e. when the c-plane is cut from 
0 to — go . 

To shew that this definition of K' is equivalent to the definition of § 21*61, we observe 
that if tt' = — 1, K is the one-valued function of £*, in the cut plane, defined by the equations 

K~ ** V (0 | r), k* - J a « (0 | r) -r W (0 | r), 
while, with the definition of § 21 *51, 

K' = V (0 | O, = V (0 | T r ) - V (0 I O, 

»o that K' must be the same function of A /a as K is of /t a ; and this is consistent with the 

integral definition of K' as 

J l (i 

It will now be shewn that, if the c-plane be cut from 0 to — oo and from 

1 to + oc , then, in the cut plane, K' may be defined by the equation 

K' = J 1/k (s‘ J - 1)- * (1 - frs 1 )-*ds. 

First suppose that 0 < k < 1, so that 0 < k' < 1, and then the integrals 
concerned are real. In the integral 


make the substitution 


[\l -t‘)~i(l -k' 3 t 3 )'*dt 

JO 

fi = (l -k'H 3 )~\ 


which gives 

(«* - 1)4 = k't (1 - k'H 3 ) ~ 4, (1 - k’s 3 ) 4 = k' (1 - t 3 ) 4 (1 - k'H 3 ) ~ 4, 
ds _ k'*t 
dt ' (1 - k'H 2 )* 9 

it being understood that the positive value of each radical is to be taken. 
On substitution, we at once get the result stated, namely that 

ri/k i . 

K'=J (s 2 - 1) - * (1 - fcvr 4 ds, 

provided that 0 < k < 1; the result has next to be extended to complex values 
of it. 
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Consider 


j" k (i -«*r 4 (i -vt*r * dt, 


the path of integration passing above the point 1, and not crossing the imaginary axis*. 
The path may be taken to be the straight lines joining 0 to 1 - ft and 1 + ft to k~ l together 

with a semicircle of (small) radius ft above the real axis. If (1-f 2 )* and (l-£ 2 f 2 )* 

reduce to +1 at ( = 0 the value of the former at 1 + 4 is e ^ lrl 8^ (2 + i)^= — i (t 1 — 1)^, where 
each radical is positive ; while the value of the latter at f = l is + k > when k is real, and 
hence by the theory of analytic continuation it \a always +k'. 

Make ft-*-0, and the integral round the semicircle tends to zero like ft^; and so 

Now j (1 - < 2 ) - ^ (1 -I 2 * 2 ) - ^ dt= j (it 2 — 7« 2 ) - ^ (1 — it 2 ) du, 
which t is analytic throughout the cut plane, while K is analytic throughout the cut plane. 




is analytic throughout the cut plane, and as it is equal to the analytic function K' when 
0 < k < 1, the equality persists throughout the cut plane ; that is to say 

K' =jP (<?- 1 ) _ 4 (1 -Wy^dt, 

when the c-plane is cut from 0 to — qo and from 1 to + on . 

n/t 

Since K + iK' = (1 — t 3 ) * (1 — k 2 t 2 )" i d.t, 

Jo 

we have sn (K + iK') = 1/k, dn (K + iK') = 0; 

while the value of cn(/f + iK') is the value of (1 — t 2 )^ when t has followed 
the prescribed path to the point 1/k, and so its value is —ik'jk, not +ik'/k. 
Example 1. Shew that 

l P {t (1-0 (l-ifr 2 0}“ i dt = l f“ ki (t (1-1) (kk- 1)) -* dt~K, 


wo , i r\ik* 




Example 2. Shew that K* satisfies the same linear differential equation as K (§ 22*301 
example). 


22 33. The periodic properties J ( associated with K + iK') of the Jacobian 
elliptic functions. 

If we make use of the three equations 

sn (K + iK') = k~\ cn (K + iK') = - ik’/k, dn ( K + iK 9 ) = 0, 

* K (k) > 0 because | arg c | < r. 

t The path of integration passes above the point u=k . 

X The double periodicity of sn a may be inferred from dynamical considerations. See 
Whittaker, Analytical Dynamici (1917), § 44. 
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we get at once, from the addition-theorems for sn u, cn u , dn u, the following 
results: 

■ rr'\ Bn u cn (K + iK f ) dn (K 4 iK') 4 sn (K 4- zK') cn u dn u 

Sll ( li "4" A l-A j Z yz ZZ mr r J77T 

v 1 — k* sn-'u-Bn*(A + iK ) 

= Ar 1 dc it, 

and similarly cn (« 4- A r 4 iK') = — ik'k~ l nc u } 

dn (u + K -l- iK') = ik' sc u. 

By repeated applications of these formulae we have 


r sn (u + 2 K + 2 iK f ) = — sn u, 

J cn (it -H 2 K -I- 2iK' ) = cn u, 

(dn (u + 2 K + 2iK r ) = - dn w, 

Hence the functions sn u and dn u have period 4 K 4- 4iK\ while cn u has 
the smaller period 2 K 4- 2 iK\ 


sn (u 4- 4 K 4- 4 iK r ) = sn u, 
cn (u 4- 4A r 4- 4iK') = cn u, 
dn (u 4- 4A 4- 4iK') = dn u. 


2234. The periodic properties (associated, with iK f ) of the Jacobian 
elliptic functions. 

By the addition-theorem we have 

sn {u 4 - iA r/ ) = sn (u — K 4 - K 4 - iK') 

= k~ l dc (a — K ) 

= A : -1 ns u. 

Similarly wc find the equations 

cn (u 4 - iK) = — iA- —1 ds a, 
dn (a 4 iK') = — i cs u. 

By repeated applications of these formulae we have 

sn (u 4- 4iK' ) = sn u, 
cn (u 4 4 iK f ) = cn u, 
dn (u 4- 4iK') = dn u. 

Hence the functions cn u and dnu have period 4iK\ while sn u has the 
smaller period 2iK'. 

Example. Obtain the formulae 

sn (u 4 2mA 4 2n\K , ) = { - ) m sn u, 
cn (u 4- 2mA"4 2niK') = ( - ) m + n cn «, 
dn i>4 2mK+2niK’)— ( - )"dn u. 

22 341. The behaviour of the Jacobian elliptic functions near the origin 
and near iK'. 

We have 

d r/ ;l 

, sn u = cn u dn w, - 1 — sn u = 4 k 2 sn 11 u cn u dn u — cn u dn u (dn 2 a 4 k 2 cn- u). 
du da 3 


r sn (u 4 2 iK r ) = sn u, 
cn (u 4 2i AT') = — cn 11 , 
,dn (u 4 L 2iK f ) = — dn w, 
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Hence, by Maclaurin’s theorem, we have, for small values of |u|, 
sn u = u — ^ (1 + &*) u’ + 0 (u‘), 

on using the fact that sn u is an odd function. 

In like manner 

cn u = 1 — ^ u 1 + 0 (it 4 ), 


dn u = 1 — i lc*u 1 -I- 0 (u 4 ). 


It follows that 

an (u + iK') = k~ l ns u 


u + 0 (v >); 


ku 

1 1 + £* 


= + 


A;u (iAr 


and similarly 


/ ■ rr / \ l 2 1 y- . . 

cn (u + iK )= ^ + gjf iw + 0 (u‘), 
dn (u + iK') = — ^ i« + 0 («’). 


It follows that at the point iK' the functions sn r, cn v , dn a simple 

poles with residues k~\ —ik~\ — i respectively. 

Example. Obtain the residues of sn 7t, cn u, dn u at iK' by the theory of Theta- 
functions. 


22 35 General description, of the functions sn u , cn u, dn u. 

The foregoing investigations of the functions sn u, cn u and dn u may be 
summarised in the following terms : 

(I) The function sn u is a doubly-periodic function of u with periods 
4 K, 2iK\ It is analytic except at the points congruent to iK' or to 2 K + iK' 
(mod. 4/f, 2 iK'); these points are simple poles, the residues at the first set all 
being k~ l and the residues at the second set all being - k~ l ; and the function 
has a simple zero at all points congruent to 0 (mod. 2K, 2iK'). 

It may be observed that nil u is the only function of u satisfying this description ; for 
if 0 (h) were another sucli function, sn u — 0 (m) would have no singularities and would be 
a doubly-periodic function; lienee (£ 2012) it would lie a constant, and this constant 
vanishes, as may be seen by putting u = 0 ; so that 0 (w) = sn u. 

When ()< k 1 < 1, it is obvious that K and K' are real, and sn u is real for 
real values of u and is a pure imaginary when a is a pure imaginary. 

(II) The function cn u is a doubly-periodic function of u with periods 
4 K and 2 K + 2 iK' It is analytic except at points congruent to iK' or to 
2 K + iK' (mod. 4A r , 2A" + 2iK ); these points are simple poles, the residues 
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at the first set being — ik~\ and the residues at the second set being ik~ l ; 
and the function has a simple zero at all points congruent to K (mod. 2 K, 2iK'). 

(Ill) The function dnw is a doubly-periodic function of a with periods 
2 K and 4 dK\ It is analytic except at points congruent to iK' or to 3 iK' 
(mod. 2 K, 4<iK') ; these points are simple poles, the residues at the first set 
being — i, and the residues at the second set being i ; and the function has 
a simple zero at all points congruent to K +i'A r '(rnod. 2A r , 2iK f ) 

[To see that the functions have no zeros or poles other than those just .specified, 
recourse must had to their definitions in terms of Theta-functions.] 

22*351. The connexion between Weiergtraasian and Jacobian elliptic functions. 

If 0 J, 0 2 , e 3 be any three distinct numbers whose sum is zero, and if we write 

e \ ~~ e 3 

J/ = <?3+ ) /\ 

sir (X?c, r) 

wc have (or) (*i “ e a) 2 X 2 11h2 ^ u 0f * 2 ^ 11 ds* Xu 

= 4 (e x - 0 3 ) 2 X 2 ns 2 X h (tis 2 Xw — 1) (ns 2 \u - P) 

- 4X 2 fa - e 3 )~ 1 (y - e :i ) (y - e x ) [y - k* fa - ef) - e :i ). 

Hence, if X 2 =ej - e :i and I 2 — fa -e 3 )/(e j - 03), then y satisfies the equation* 

($u) =iy3 ~ 9 ‘ U ~ !h ' 

and 80 e 3 + (e, - e 3 ) ns 2 ju (?, - ^} = P (“ + “ •' 9^ 9j>< 

where a is a constant. Making ?*.-►[), we see that a is a period, and so 
P(u; gi, g 3 ) = e 3 + fa - 0 .-,) ns 2 {» fa - e 3 )^ ( , 
the Jacobian elliptic function having its modulus given by the equation 

*2 = fC-l 3 . 

"l - >'Z 

22 4. Jacobis imaginary transformation ^. 

The result of §2151, which gave a transformation from Theta-functions 
with parameter r to Theta-functions with parameter t = — 1/t, naturally 
produces a transformation of Jacobian elliptic functions ; this transformation 
is expressed by the equations 

sn (iu, k) = i sc (u, k'), cn (iw, fc) — nc (a, k '), (In (iu, k) = dc ( u, k'). 
Suppose, for simplicity, that 0 < c < 1 and y > 0 ; let 

f*(1 - C-) - * (1 - IcV)- *(it = iu, 

J 0 

so that iy = sn (in, k ); 

take the path of integration to be a straight line, and we have 
cn (iu, k) = (1 + y 2 )^, (In (in, k) = (1 + k-if )V 

* The values of g 2 aud g 3 are, as usual, - J-—r-jr- ; i ami 

+ Fuiulamenta Nova, pp. 34, 35. Abel (Journal fill Math. n. (1827), p. 104) derives the 
doable periodicity of elliptic functions from this result. L’f. a letter of Jan. 12, 1828, from Jacobi 
to Legendre [Jacobi, Gen. Werke, 1 . (1881), p. 402]. 
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Now put y = i)/(\ —rf)^ where 0 < 77 < l, so that the range of values 

of t is from 0 to i'ij/(l — i; 1 )*, and hence, if t = - trf, the range of 

values of t x is from 0 to 77 . 

Then dt = i(l - t*)~*idt„ (1 - <’)* = (1 - «,»)-*, 

and we have iu=f (1 — ^(1 — 

Jo 

so that 77 = sn ( u , 1c) 

and therefore y = sc (u, k'). 

We have thus'obtained the result that 
sn (ill, 1c) = i sc ( u , k'). 

Also cn (iu, k) = (1 4- y 2 )* = (1 - 77 ") “ * = 11 c (u, k'), 

and dn (iu, k) = (1 — fry 1 ft = (1 — k'*rf)^ (1 — tj 2 )~ ^ = dc (a, k'). 

Now sn (iu, 1c) and isc ( u , k') are one-valued functions of w and k (in the 
cut c-plane) with isolated poles. Hence by the theory of analytic continuation 
the results proved for real values of u and k hold for general complex values 
of u and k. 


22*41. Proof of Jacobis imaginary transformation by the aid of Thctu- 
functions. 

The results just obtained may be proved very simply by the aid of 
Theta-functions. Thus, from §21 61, 

„„ / • LX _ (° i T ) ( iz I T ) 


sn (iu, k) = 


where 


7 (0 | t ) (iz | t ) 

* = u/V (0 [ t). 


, .coin , ■ lv ^3 (0 j T ) — 1^! (iZT 1 t) 

and so, by §21-51, sn( t u, = _ ( _, y 

= — i sc (v, k'), 

where v = izr^s^ (0 | t') = izr . (— it) ^ 3 2 (0 | r) = — u, 

so that, finally, sn (in, k) = i sc ( u , k'). 


Example 1. Prove that cn (iu, X:) = nc (u, k'), dn (iu, ir) = dc(u, k') by the aid of Theta- 
functions. 

Example 2. Shew that 

sn (\iK\ k) = i sc (JA", k') = ik~\ 

cn (JiA"', it) = ( 1 4* kft it - *, dn (\iK\ /fc) = (l + £)*. 

[There is great difficulty in determining the signs of sn^i’A'', cn-JiA’', dnAi'A", if any 
method other than Jacobi’s transformation is used.] 
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Example 3. Shew that 


sn \{K+iKy 


( 1 +!•)* + ! ( 1 -*)* 


J(2t) 


cn £ (A'-hiA”') — 


dn \ (K+iK') = 


i'* {(1 + F)*-t (1 -it') 4 } 
J-2 


(l-'W*' 

j&r' 


Example 4. If 0 <k< 1 and if 6 be the modular angle, shew that 


sn ^ {K + \K‘) «= e* 9t * 10 ^/(cosec 0), cn ^ (A' + iK') = e N /(cot 0), 


dn i (A' + iATO-e-i^^coa fl). 

(iiliiisher.) 

22 42. Landens transformation*. 

We shall now obtain the formula 


f (1 — A^sin 2 0 } ) ^d6 x = (1 + k') [ (1 — A ; 2 sin 2 0 ) 

Jo Jo 

where sin <f> 1 = ( 1 + 1c') sin <f> cos <f> (1 — k 1 sin 2 <f>)~ ^ 

and k x = (I — &')/(! + k'). 

This formula, of which Landen was the discoverer, may be expressed by 
means of Jacobian elliptic functions in the form 

sn ((1 + k’)u } fcj = (1 + k') sn ( u } k) cd (u, k), 
on writing </> = am u, = am w,. 

To obtain this result, we make use of the equations of § 2T52, namely 
(z 1 t) (z I t) _ \{z I t) Xfz I t) = ( 0 j T)fr 4 (0 I t) 

¥ 4 (2z I 2t) ( 22J2r) a 4 (0 I 2 t) ■ 

Writef Tj = 2r, and let k lt A, A' be the modulus and quarter-periods 
formed with parameter Tj; then the equation 

*i (*|t)S, ( z \ t ) = W2. | Tl ) 

( 2 «Jtj) 

may obviously be written 

k sn ( 2 if^/ 7 r, k) cd (2 Kz/tt , k ) = k sn (4tAzJir, k x ) .(A). 

To determine k x in terms of k, put z *= * 7 r, and we immediately get 

k/(l + k') = kj, 

which gives, on squaring, k x = (1 — k')/(l + k’), as stated above. 

To determine A, divide equation (A) by z , and then make 2 —>0; and 
we get 

2Kk = 4/M A, 


so that 


A = ,1 ( 1 +k')K. 


* P/ 11 Z. Trans, of the Royal Soc. lxv. (1775), p. 285. 

t It will be supposed that j il (r) | < to avoid difficulties of Bigu which arise if R (rj) doeB 
not lie between ±1. Thin condition ia satisfied when 0< fc<l, for r is then a pure imaginary. 
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Hence, writing u in place of 2Kzjir, we at once get from (A) 

(1 + k') an (u, k) cd ( u, k) = sn {(1 + k') u, Ai], 
since 4 Az/7t = 2Au/K = (1 + k‘) u ; 

so that Landen’s result haa been completely proved. 

Example 1. Shew that A'/A^ZK'/K, and thence that A' = (l +E) R*. 

Example 2. Shew that 

cn {(1 + £') u, itj} = {1 - (1 +k') an 8 ( it , ir)} nd (w, k\ 
dn {(1 +V) u, kf s = {^' -h (1 —E) cn 2 (u, it)} nd (u, k). 

Example 3. Shew that 

dn (u, /■) = ( l-/- 7 ) cn ((1 + iP) u , £j} + (1+£') dn{(l+ir , )w, 
where = +^i)- 

22*421. Transformations of elliptic functions. 

The formula of Landen is a particular case of what is known as a transformation 
of elliptic functions; a transformation consists in the expression of elliptic functions with 
parameter t in terms of those with parameter (a + br)l(c + dr), where a, 6, c, d are integers. 
We have had another transformation in which a— -1, 6 = 0, c = 0, d= 1 , namely Jacobi’s 
imaginary transformation. For the general theory of transformations, which is out¬ 
side the range of this book, the reader is referred to Jacobi, Fundamenta Nova , to Klein, 
Vorlesungen iibcr die Theorie der elliptischen Mod\dfunktione 11 (edited liy Fricke), and to 
Cayley, Elliptic Functions (London, 1895). 

Example . By considering the transformation r 2 = r±l, shew, by the method of 

§ 22-42, that 

sn (Fu, k 2 ) = V sd ( u , k\ 

where k 2 — ±ik/k\ and the upper or lower sign is taken according as R (r) < 0 or R (t) > 0 ; 
and obtain formulae for cn ( k'u , k 2 ) and dn kf). 


22'5. Infinite products for the Jacobian elliptic functions*. 

The products for the Theta-functions, obtained in § 21 3, at once yield 

products for the Jacobian elliptic functions; writing u = 2Kxj7r, we obviously 

have, from § 2211, formulae (A), (B) and (C), 

_ i - _ i . * ( 1 — 2 o*" cos 2x + <f n 

sn u = 2q* k 9 sin x 11 - » J— -^——-“r: ■ » 

n =i [1 — 2 q™ 1 cos 2t + q An 2 

O kl'lLh TT i 1 + 2 9“’ n C0S 2X + ^ 1 

cn u = 2q*k*k 9 cob x II < -o L»- 2 | • 

* n= i (1 - 2 q*"-' cos 2# + g 47 * 2 J 


dn u — k’l fl 


1 + 2t y an ~ 1 cos 2* + ^ 


(1 — 2q 2n ~ 1 cos 2x -I- q 41 
From these results the products for the nine reciprocals and quotients can 
be written down. 

There are twenty-four other formulae which may be obtained in the following manner : 
From the duplication-formulae (§ 22 21 example 5) we have 


1 - cnu 1 ,1 

- = sn - u dc - 


1 + dn m ,1 1 

- = ds - u nc - u, 

sn u 2 2 


dnit + cni/ 1 , 1 

-= cn - u ds - i 

sn u 2 2 


sn u 


Fundamenta Nova> pp. 84-115. 
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Take the first of these, and use the products for sn Jit, cn 4 it, dn Ju ; we get 
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1 — cn u 1 — cob x 


n ly 


-2 (- q) % cwx + q**' 


sn u sin x n , 
on combining the various products. 

Write u + K for u, x+$n for x, and we have 
dnu + ir'snu 1 + sin.r 


+ 2 (— q) n cos x + q** 


:}■ 


cn u cos:r n 

Writing u + \K' for u in these formulae we have 


TT f 1 + 2 (~g) ,i Bil11 
.-i \l-2 (-9)"sinj 


_±£\ 

x + q **J ' 


, - (l+2i (-)"?"-* sin x-O*"" 1 ) 

ifcsDtt+idnu = i II 7 — -j—:-, 

ni =\ (l - 2i ( - )* q n “i sin x - ’ 


and the expression for £cdw + t£ f nd u is obtained by writing cos.r for Bin x in this product. 

From the identities (1 -cnu)(l+cn u)E(jn J u, (Iran u+tdn u) (ifcsn u -1 dn u)m 1, etc., 
we at once get four other formulae, making eight in all; the other sixteen follow in the 
samo way from the expressions for de^unc^i/; and cn^wds \u. The reader may obtain 
these as ah example, noting specially the following: 

- q in ~ 1 e*“) (1 - q<* ~ s ) * 


sntt + icDu-ie -4 * 


n jgzi 

«=i U 1 ~ 5 


Example 1. Shew that 

*.*(*♦<.h' 5 

2 «=i 1(1 -%tf n 4 ) (H-iy 2n-3 )J 

_*l n I M-rfr** 1 ) 

n=n ll+(-)”i y “+»J ' 

Example 2. Deduce from example 1 and from £ 22 41 example 4, that, if 6 be the 
modular angle, then 

e -»*= n 

ll+(-)" *»+*/■ 

and thence, by taking logarithms, obtain Jacobi’s result 

2 (- ) n arc tan = arc tan Jq- arc tan Jq* + &rc tan Jq b - ..., 

»=0 

* quae inter formulas elegantissimaa censeri debet.’ (Fund. Nova, p. 108.) 

Example 3. By expanding each term in the equation 
log snw = log (2?*) — J log£ + log sin x+ 2 {log (1 - g*" e*“) 

n = 1 

+ log (1 - q 2n e -Zi *) — log (1 — q 2n ~ 1 e 21 *) — log (1 - q ln ~ l e~' Ziz )} 
in powers of « ±2,x , and rearranging the resulting double series, shew that 

log sn u — log (2yl) — J log k+ log sin .r + I ^ TTZT^T > 

m=l w O + J ) 

when |/(i)|< Jir/(r). 

Obtain similar series for log cn u, log dn u. 

Example 4. Deduce from example 3 that 


(Jacobi, Fundamenta Nova , p. 99.) 


/: 


log an u du = - — $K log k. 


(Glaisher, Proc. Royal Soc. xxix.) 
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22 a 6. Fourier series for the Jacobian elliptic functions*. 

If u = 2Kx/7t , sn u is an odd periodic function of x (with period 2ir), which 
obviously satisfies Dirichlet’s conditions (§ 9'2) for real values of x\ and 
therefore (§ 9'22) we may expand snu as a Fourier sine-series in sines of 
multiples of x, thus 

QC 

sn u — 2 b n sin nx, 

n~ 1 

the expansion being valid for all real values of x. It iB easily seen that the 
coefficients b n are given by the formula 

7 rib n = j sn u. exp (nix) dx. 

To evaluate this integral, consider j sn u . exp (nix) dx taken round the 
parallelogram whose corners are — ir, n r, 7 tt, — 2tt + irr. 

From the periodic properties of sn u and exp (nix), we see that j cancels 
r - w j j 

I ; and so, since —-rr + i tt and ^ ttt are the only poles of the integrand 

J -2 r+wr 1 

(qua function of x) inside the contour, with residuesf 

— k~ l 7r/ifj exp niir -f- i 7i7riV^ 

and A: -1 ^ it exp ^ mrir^j 

respectively, we have 

J — J J sn u . exp (r\ix)dx = q^ n {1 — (—) n ). 

Writing x — it + nr for x in the second integral, we get 

f * 77^1 

(1 + (—)"</"} J sn u . exp (nix) dx = j (1 — (-)"}. 

Hence, when n is even, 6„ = 0; but when n is odd 


b n = 


27r 




Consequently 


sn u « 


Kkl - q n ' 

2tt (t^sinz; q^ sin 3x q* sin ox 




Kk { 1-7 

wheu x is real; but the right-hand side of this equation is analytic when 
7 *" exp (mx) and q^ n exp (— nix) both tend to zero as n—>ao, and the left- 
hand side is analytic except at the poles of sn u . 


* These results arc substantially due to Jacobi, Fundamcnta Nova , p. 101. 
t The factor \vjK lias to be inserted because we are dealing with an (2Kxjr). 
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Hence both sides are analytic in the strip (in the plane of the complex 
variable x) which is defined by the inequality 1 1 (x) j < ^ irl (r). 

And so, by the theory of analytic continuation, we have the result 

2tt ® g ni "^ sin (2n + 1) x 

(where u^^Kxjir), valid throughout the strip 1 1 (x) j < } irl (r). 

Example 1. Shew that, if ^ = 2A>/»r, then 


2 ir 80 cos (27i-|-1) x 

CD li = -rr, 2 --——;- , 

Air n =o 1 + g 2 " 1 


, ft , 2tt “ q n cos 2nx 
dn “ = 2A' + K 1+7 a "~ ’ 


, . , * 2y" sin 2?ur 

dnfok»=:r + 2 — 77 — 

»=i /iCl+g 2 ")’ 


ru 

am u = 

J o 

these results being valid when | I (x) | < J n I (r). 

Example 2. By writing x + $ n for x in results already obtained, shew that, if 
u= 2Kxjn and | / ( x ) | < £ rtl (r), 

- (-) n 9 n+i cos(2n + l)x j - (- )* 9 n+ * sin (2n +1) x 

then cd„=^J o --’ - i ~. 


nd u ■ 


2it ® f — ) n q n cob 2nx 

4_ _ y _ _ 7 - 1 _ 

1 + g 2 " 


2 AT T At' n=i 

22*61. Fourier series for reciprocals of Jacobian elliptic functions. 

In the result of § 22'6, write u + iK' for u and consequently x + * ttt for x ; 

then we see that, if 0 > I ( x) > — ir I (r), 

. . Tjr 27r ® g n + ^ sin (2n + 1) (# -I- 4 7 tt) 

b„ (u + dC ) = B 2 o 9 -T- 

and so (§ 22*34) 

ns u = (- itt/JT) 2 g n + * (g n + *e^‘) ^ - q “*«-<■“+««]/(! - g»+ l ) 


n = 0 


= (— itt/K) 2 (2tg 2n+1 Bin (2n + 1) a; + (1 — g“ ln_1 )e' H2T,+1 '**)/(! —g a " +1 ) 


»=o 


2ir S <?»" +'sin (2n + l)a; tjr 5 (m+1|iI 

K H to ' l~q n+1 K n t 0 

That is to say 

7T 27r ® g*"* 1 sin (2n + l):r 

D8 u = M cosec * + T 2 0 - r _--„- +1 .- . 

But, apart from isolated poles at the points x =* n7r, each side of this 
equation is an analytic function of x in the strip in which 

7T I (t) > I {x) > — 7r/ (t) : 

—a strip double the width of that in which the equation has been proved to 
be true; and so, by the theory of analytic continuation, this expansion for 
ns u is valid throughout the wider strip, except at the points x « rnr. 
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Example. Obtain the following expansions, valid throughout the strip 1 I {x) | < tr/( T ) 
except at the poles of the first term on the right-hand sides of the respective expansions: 


d HU== 2K coasc x ~ 


2rr ® q 2n+ 1 sin (2?i + 1) x 
~K B ? 0 ’ 


C8U= —p CC)t X 


d cw= 2if ,sec x 


2ir * 9 271 Bin 2nx 
“ A 1 + <7** ’ 

2 tt ® ( _ )» +1 cob (2n +1) x 

+ ~K 1 _ yi» + l - 


lie u 

BC U 


2 Kid 


2 Kk 


tan x 


2rr * ( —)" 9* n + 1 COB (2n + l) J? 

"AT n : 0 l+y*" + 1 " 

2?r “ ( —)" q 2n sin 2 nx 
Kk' 1+}** 


22’7. Elliptic integrals. 

An integral of the form j R (w, x) dx, where R denotes a rational function 

of w and x, and 10 s is a QtJARTIC, or CUBIC function of x (without repeated 
factors), is called an elliptic integral *. 

[Note. Elliptic integrals are of considerable historical imi>ortarice, owing to the fact 
that a very large number of important projierties of such integrals were discovered by 
Euler and Legendre before it was realised that the inverses of certain standard types of 
such integrals, rather than the integrals themselves, should be regarded as fundamental 
functions of analysis. 

The first mathematician to deal with elliptic functions as opposed to elliptic integrals 
was Gauss (§ 228), but the first results published were by Abelt and Jacobi J. 

The results obtained by Abel were brought to the notice of Legendre by Jacobi 
immediately after the publication by Legendre of the Traite des functions dliptiques . In 
the supplement (tome hi. (1828), p. 1), Legendre comments on their discoveries in the 
following terms: “A peine mon ouvrage avait-il vu le jour, h peine son titre pouvait-il Gtre 
connu des savans Strangers, quo j J appris, avec an tan t d’etonnement que do satisfaction, 
que deux jeunes g^om&tres, MM. Jacobi (C.-G.-J.) de Kocuigsberg et Abel de Christiania, 
avaient rdussi, par leurs travaux particulars, h pcrfectionner consid^rablement la thdorie 
des fonctions elliptiques dans Bes points les plus £lev£s.” 

An interesting correspondence between Legendre and Jacobi was printed in Journal fur 
Math. LXXX. (1875), pp, 205-279; in one of the letters Legendre refers to the claim of 
Gauss to have made in 1809 many of the discoveries published by Jacobi and Abel. The 
validity of this claim was established by Schering (see Gauss, Werke , ill. (1876), pp. 493, 
494), though the researches of Gauss ( Werke y III. pp. 404-460) remained unpublished until 
after his death.] 

We shall now give a brief outline of the important theorem that every 
elliptic integral can be evaluated by the aid of Theta-functions, combined 

# Strictly speaking, it ia only called an elliptic integral when it cannot be integrated by 
means of the elementary fanotionB, and consequently involves one of the three kinds of elliptic 
integrals introduced in § 22'72. 

f Journal fttr Math. u. (1827), pp. 101-196. 

X Jacobi announced his discovery in two letters (dated June 13, 1827 and August 2, 1827) to 
Schumacher, who published extracts from them in Astr. Nach. vi. (No. 128) in September 1827 — 
the month in which Abel’s memoir appeared. 
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with the elementary functions of analysis; it has already been seen (§ 20 6) 

that this process can be carried out in the special case of Jw~ l dx, since 

the Weierstrassian elliptic functions can easily be expressed in terms of 
Theta-functions and their derivates (§ 2173). 


[The most important case practically is that in which R is a real function of x and v, 
which are themselves real on the path of integration ; it will be Bhewn how, in such 
circumstances, the integral may be expressed in a real form.] 

Since R ( w, x) is a rational function of w and x we may write 

R (w, x) = P (w, x)/Q (w, x), 


where P and Q denote polynomials in w and x ; then we have 


R (w, x) = 


wP (w, x ) Q (— w , x) 
wQ (w, x) Q (- w, x )' 


Now Q (w, x)Q(—w, x) is a rational function of up and x, since it is 
unaffected by changing the sign of w ; it is therefore expressible as a 
rational function of x. 


If now we multiply out wP (w, x) Q (— w , x) and substitute for w 2 in terms 
of a wherever it occurs in the expression, we ultimately reduce it to a poly¬ 
nomial in x and w, the polynomial being linear in tv. We thus have an 
identity of the form 

R (w, x) = (iZ, (a;) -I- wR 2 (x)}/w, 

by reason of the expression for ic* as a quartic in x ; where R x and R* denote 
rational functions of x. 

Now Jr 2 (x) dx can be evaluated by means of elementary functions only*; 

so the problem is reduced to that of evaluating jw~ l R x (x) dx. To carry out 

this process it is necessary to obtain a canonical expression for w 2 , which we 
now proceed to do. 


22 71. The expression of a quartic as the product of sums of squares . 

It will now be shewn that any quartic (or cu&icf) in x (with no repealed 
factors ) can be expressed in the form 

[A, (x-aY + B x (x - 0) 1 ] [A . (x - a) 1 + B a (x - £)*}, 

where, if the coefficients in the quartic are real, A lt B 1} A t , B t , a, 0 axe all 
real. 


* The integration of rational functions of one variable is discussed in text-books on Integral 
Calculus. 

t In the following analysis, a oubic may be regarded as a quartic in which the coefficient of 
x* vanishes. 



514 


THE TRANBCENDENTAL FUNCTIONS [CHAP. XXII 

To obtain this result, we observe that any quartic can be expressed in 
the form S X S 3 where S 1} S 3 are quadratic in x, say* 

*Sfj = a + 2 b x x + Cj, S t = a^x 2 + 2b z x + <%. 

Now, X being a constant, 5! — \S a will be a perfect square in x if 

(flj Xc,) — = 0. 

Let the roots of this equation be X l3 X,,; then, by hypothesis, numbers 
a, ft exist such that 

Si Xj S 2 = (dq XjCUj) (x a)', Si X a iS^ 2 = (ctj Xgdj) (x — /S) 2 \ 

on solving these as equations in 8 U S % , we obviously get results of the form 

Si = Ai (x — ay + Bi (x — @y, s 2 = A* (x — ay + b 2 (x - &y, 

and the required reduction of the quartic has been effected. 

[Note. If the quartic is real and has two or four complex factors, let Si have com¬ 
plex factors; then X, and X 2 are real and distinct since 

( a x — Xa 2 ) (cj - Xc 2 )— (& T — X& 2 ) 2 

ib positive when X = 0 and negativet when X = a 1 /a 2 . 

When S x and S 3 have real factors, say (-r- £,) (x — (i), (x - f 2 ) (* — fa'), the condition 
that Xj and X 2 Bhould be real is easily found to be 

(fi - £2) (£/—£2) (£1 - £2') (£1' — £2') > 

a condition which is satisfied when the zeros of S x and those of S 2 do not interlace; this 
was, of course, the reason for choosing the factors S x and S 2 of the quartic in such a way 
that their zeros do not interlace.] 


22*72. The three kinds of elliptic integrals . 

Let a, 0 be determined by the rule just obtained in § 22 71, and, in the 
integral fw~ 1 B 1 (x) dx , take a new variable t defined by the equation J 


we then have 


t=(x-a)/(x-/3 ); 
dx _ (a — /3)~ ] dt 


* If the coefficients in the quartic arc real, the factorisation can be carried ont so that the 
coefficients in S, and S 2 are real. In the Bpecial case of the quartic having four real linear 
factors, these factors should be associated in pairB (to give Si and S z ) in Buch a way that the 
roots of one pair do not interlace the roots of the other pair; the reason for thiH will be seen in 
the note at the end of the section. 

t Unless a x : a 2 = b x : b^, in which case 

Sj ■ a v (x - a)* + B x , S 2 m a, (x - a) 2 + B t . 

X It is rather remarkable that Jacobi did not realise the existence of this homographic 
substitution; in his reduction he employed a quadratic substitution, equivalent to the result of 
applying a Landen transformation to the elliptic functions which we Bhall introduce. 
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If we write (x) in the form ± (a — /3) R, (<), where R, is rational, we get 

fi?i (x) dx ^ r _ R, (t) dt 

' « “ ' J(A I t 1 +B I )(A 1 f + 'BA} i ' 

Now R, (<) + R, (- <) = 2R, (< a ), R, ( t ) - R, (- t) = 2<i2, (< a ), 
where i2, and R c are rational functions of and so 

12, (t) = 12, (< a ) + <12, (< a ). 

But J ((^i< a + B,) (A t P + B 2 ) | - *<12, (< a ) d< 

can be evaluated in terms of elementary functions by taking t* as a new 
variable*; so that, if we put R A (0 s ) into partial fractions, the problem of 

integrating Jlt(w, x)dx has been reduced to the integration of integrals of 

the following types : 

Jt m {(,4,< a + 5,) (4,< a + fl,)] ~ *d<, 

f( 1 + N't')-"' {(. A ,< a + B,) (Aj 1 + J3,)) - *dt; 

in the former of these m is an integer, in the latter m is a positive integer 
and N±0. 

By differentiating expressions of the form 

<™-‘ \(Aj' + Bi) + £„)]*, t (1 + Nt*y- m {(A^ + B x ) (A^ 1 + ]L) J*, 

it is easy to obtain reduction formulae by means of which the above 
integrals can be expressed in terms of one of the three canonical forms: 

(i) j{(A 1 P + B l )(A t e + B,))-*dt, 

(ii) j"< ! {(.d 1 t a + B 1 )(A e t 1 + B a )] ~ *d<, 

(iii) J(l + NP)-‘ [(A.t 1 + B,) (A^ 1 + B a )\ ~idt. 

These integrals were called by Legendre j* elliptic integrals of the first , 
second and third kinds , respectively. 

The elliptic integral of the first kind presents no difficulty, as it can be 
integrated at once by a substitution based on the integral formulae of 
§§22121, 22 122; thus, if A lt B u An, B * are all positive and AJ^> 
we write 

A 1 *t = B 1 *ca(u, k). [^^(A.B^KAiB,).] 


* See, e.g., Hardy, Integration of Functions of a single Variable (Camb. Math. Tracts, No 2). 
t Exercices dc Calcul Integral, i. (Paris, 1811), p. 19. 
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Example 1. Verify that, in the case of real integrals, the following scheme gives 
all possible essentially different arrangements of sign, and determine the appropriate 
substitutions necessary to evaluate the corresponding integrals. 


^1 

+ 

+ 

- 

+ 

+ 

- 

B , 

+ 

- 

+ 



+ 

A % 

+ 

+ 

+ 

+ 

- 

- 

B, 

+ 

+ 

+ 

- 

+ 

+ 

1 _ 


1 . 1 — k cd u 


Example 2. Shew that 
Jan u du 

j dn udu = am u, 

f da u du = \ log J Cn U , 

J 2 6 1+cnu 

and obtain six similar formulae by writing u + K for u. 

(Glaisher.) 

Example 3. Prove, by differentiation, the equivalence of the following twelve 
expressions : 

u-k 2 f sn 2 u du, 


J cn u du n* k~ l arc tan (k sd a), 

[ , 1 , dn u + k! 

J 2 V ^ dn u - k f ’ 

/ , , 1 , 1 + sn u 

dc u du~~ log -.., 

2 B 1 - sn u ’ 


J dn 2 u du, 

k' 2 u + dn u sc u — kf 2 J nc 2 u du, 
dn u sc u — k' 2 J sc 2 u du, 
u -f - k 2 sn u cd u - k 1 f cd 2 u du, 
k’ 2 u — dn u cs u — Jds 2 u du. 
Example 4. Shew that 


jP 2 u + * 2 Jen 2 u du, 
u — dn u es u — J us 2 u du, 

Jr 1 sn u cd u + k' 2 Jnd 2 u du, 

k' 2 u k 2 sn u cd u + k 2 k' 2 j sd 2 u du, 

- dn u cs u — J cs 2 u du, 

iz + dn uacu — J dc 2 u du. 


— du 2 ” ”= 71 ( n ~ 1) 8ljW 2 u - n 2 (1 + k-) sn 71 it + n (n +1) k 2 sn" + 2 U, 

and obtain eleven similar formulae for the second differential coefficients of cn* it, 
dn" u, ... nd" u. Whnt is the connexion between these formulae and the reduction 
formula for jr + {A 2 t* + ^ 2 )! "* dtl 

(Jacobi; and Glaisher, Messenger , xi.) 
Example 5. By means of § 20 6 shew that, if a and /9 are positive, 

J* _!(«■-*•)(*•+«}'**-J” (4 

where e 1 is the real root of the cubic and 

9t=& = —(a* —{(«r* —/3 s )»-l-36a*3*}/216; 

end prove that, if = 0, then a and fi are given by the equations 

a«-/3*--3(2 j r,)* l «'+0>-2,/3.|2y s |‘. 
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Example 6. Deduce from example 5, combined with the integral formula for cnu, 
that, if g 3 is positive, 

j~ (4s‘-!/ 3 )- i d*=2(a 1 +0 l )- i £-, J"' (4^+ J73 )-‘ci.-2(a J +/3*r*£-', 

where (2#,)*, ^ = (v/3 + }) (2#,)*, and the modulus is + 


22*73. The elliptic integral of the second kind. The function * E(u). 

To reduce an integral of the type 

J t' {(A l t' + B l )(A 1 t'+ BJl'idt, 

we employ the same elliptic function substitution as in the case of that 
elliptic integral of the first kind which has the same expression under the 
radical. We are thus led to one of the twelve integrals 

fan l udu, [cn 'udu, ... fnd 2 udu. 


By § 22*72 example 3, these are all expressible in terms of u y elliptic 
functions of u and fdtfudu ; it is convenient to regard 

E(u)=f dn 1 udu 
Jo 

as the fundamental elliptic integral of the second kind, in terms of which all 
others can be expressed ; when the modulus has to be emphasized, we write 
E{u t k) in place of E(u). 

We observe that 

d ^r— = dn a «, E (0) = 0. 


Further, since dn a u is an even function with double poles at the points 
2mK-\-(2n + l)iif, the residue at each pole being zero, it is easy to see that 
E(u) is an odd one-valuedf function of u with simple poles at the poles 
of dn u. 


It will now be shewn that E(u) may be expressed in terms of Theta- 
functions ; the most convenient type to employ is the function 0 (w). 


Consider 


A. 

du 


e» 

0 ( 


>)i. 

u)\’ 


it is a doubly-periodic function of u with double poles at the zeros of 0 (u), 
i.e. at the poles of dnu, and so, if A be a suitably chosen constant, 


dn a w - A 


d L (0' (u) 
du 0(ii) 


* This notation was introdaoed by Jacobi, Journal filr Math. iv. (1829), p. 378 [G«. Werke t 
i. (1881), p. 299J. In the Fundamenta Nova, he wrote E (am u) where we write E (u). 

+ Since the residues of dn*v are sero, the integral defining E (u) is independent of the path 
chosen (g 6-1). 



518 


THE TRANSCENDENTAL FUNCTIONS [CHAP. XXII 


is a doubly-periodic function of u , with periods 2 K, 2iK' t with only a single 
simple pole in any cell. It is therefore a constant; this constant is usually 
written in the form E/K. To determine the constant A, we observe that 
the principal part of dn a u at iK' is — (u — by § 22*341; and the 

residue of &'(u)/& (u) at this pole is unity, so the principal part of 


d J0'(u) 
du © (iz) 


is — (u — iK 


Hence A — 1, so 


dn s u = 


d 

du 


j©' (u)) E 
' + K 


Integrating and observing that W (0) = 0, we get 
E (a) = ©' (u)/© (u) + uE/K. 

Since 0' (K) = 0, we have E ( K) = E ; hence 

A’=| dn 2 Wu = j (1 - k 2 sin 2 (f>)bd<f> = ~ttF 1; fc 2 ^ . 


It is usual (c£ § 22*3) to call K and E the complete elliptic integrals of the 
first and second kinds. Tables of them qua functions of the modular angle 
are given by Legendre, Fonctions Elliptiques, II. 

Example 1. Shew that E (u + Zn K) = E ( u) + 2nE , where n is any integer. 

Example 2. By expressing 0 (w) in terms of the function S^^nuj K), and expanding 
about the point u — iK\ shew that 


22*731. The Zeta-function Z ( u ). 

The function E (u) is not periodic in either 2 K or in 2 iK', but, associated 
with these periods, it has additive constants 2 E f [2iK'E — 7ri}/K; it is 
convenient to have a function of the same general type as E (u) which is 
singly-periodic, and such a function is 

Z(u) = ©' (iz)/©(iz); 


from this definition, we have* 

Z (u) = E (tz) — uE/K , 


© (u) = © (0) exp 



22*732. The addition-formulae for E (u) and Z (u). 
Consider the expression 

©' (u + v) ©' (iz) ©' (v) 


© (u +u) © (u) © (v) 


+ k* sn u sn v sn (tz + v) 


* The integral in the expression for 0 (u) is not one-valued as Z (t) has residue 1 at its poles; 
but the difference of the integrals taken along any two paths with the same end points is 2/ixi 
where n is the number of poles enclosed, and the exponential of the integral is therefore one- 
valued, as it should be, since 6 (a) is one-valued. 
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qua function of u. It is doubly-periodic* (periods 2 K and 2i‘2T') with simple 
poles congruent to iK ' and to iK' — v ; the residue of the first two terms at 

iK' is — 1, and the residue of sn u sn v sn (u + v) is k sn v an { iK ' + v) = hr*. 

Hence the function is doubly-periodic and has no poles at points 
congruent to iK ' or (similarly) at points congruent to iK' — v. By 
Liouville’s theorem, it is therefore a constant, and, putting u = 0, we see 
that the constant is zero. 

Hence we have the addition-formulae 

Z (u) -|- Z (u) — Z {u + v) = k* sn u sn v sn (u + v), 

E (it) + E { v ) — E(u + v) = k* sn u sn v sn (u 4- r). 

[Note. Since Z(u) and E (u) are not doubly-periodic, it is possible to prove that no 
algebraic relation can exist connecting them with hdu, cn u and dn u, so these are not 
addition-theorems in the strict BenBet.] 


22 733. Jacobi 8 imaginary trans formation J of Z (u). 

From §21’51 it is fairly evident that there must be a transformation of 
Jacobi’s type for the function Z (u.). To obtain it, we translate the formula 

{ix | t) = (— it)* exp (— iraf/ir) . ( ixr' | t) 

into Jacobi’s earlier notation, when it becomes 


H {iu + K, k) = {- it)* ex P B (u, k'), 

r 7W . vl ( TTU % \ ^4 (0 i t) 0 (u, k') 
cn (iu, k) - ( it ) exp ^ (( j | r) @ (tM> k) • 


and hence 


Taking the logarithmic differential of each side, we get, on making use of 
§ 22 ' 4 - 

Z {iu, k) = i dn (u, k') sc ( u, k') — iZ (it, k') — Triu/{2KK'). 


22 734. Jacobi 8 imaginary transformation of E(u). 

It is convenient to obtain the transformation of E ( u ) directly from the 
integral definition; we have 

E {iu, k)= [ dn a ( t, k) dt = f dn a {it\ k) idt' 

Jo Jo 

= iTdc*(*', k')dt’> 

J o 

on writing t = it' and making use of § 22 4. 

* 2 iK* is a period Hinoe the additive constants for the first two terms cancel, 
t A theorem due to Weierstrass Btates that an analytic function,/(z), possessing an addition- 
theorem in the strict sense must be either 

(i) an algebraic function of z, 

or (ii) an algebraic function of eip (vtz/w), 

or (iii) an algebraic function of p (z |wi, wg); 

where w, b^, wg are suitably chosen constants. Bee Forsyth, Theory of Functions (1018), Ch. xm. 
X Fundamenta Nova, p. 161. 
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Hence, from § 22'72 example 3, we have 

E (iu, k) = i * u + dn (u, k') sc (u, k f ) — J dn* (t\ k ') df j, 

and so (iu, A;) = iu + i dn (u, A:') sc (it, A:') — iE (u, ¥). 

This is the transformation stated. 

It is convenient to write E' to denote the same function of k' as E is of k, 
i.e. E ' = E (K\ k'), so that 

E(2iK\ k) = 2i (K* - E'). 


22*736. Legendres relation *. 

From the transformations of E{u) and Z (u) just obtained, it is possible 
to derive a remarkable relation connecting the two kinds of complete elliptic 
integrals, namely 

EK‘ + E'K-KK' = \-n. 

2 


For we have, by the transformations of §§ 22 733, 22 734, 

E ( iu, k) — Z (iu, k) = iu —i [E (u, k’) — Z (u, A;')} + 7riu/(2KK > ), 

and on making use of the connexion between the functions E (u, k) and 
Z (u , k ), this gives 

iuE/K = iu - i {uE'/K r } + iriu/^KK'). 

Since we may take u =J= 0, the result stated follows at once from this 
equation ; it is the analogue of the relation a — ^ iri which arose in 

the Weierstrassian theory (§ 20*411). 

Example 1. Shew that 

£ (u + K) — E (v) = E — an u cd u. 

Example 2. Show that 

E(2u + 2iK’) = E (2 u) + 2 i (K’ - E'). 

Example 3. Deduce from example 2 that 

E{u+ iK') = \E (2iz + 2iA') +sn a (u + \K ') an (2u + 2iK') 

= E (u)+ cn u da u + i (K' - E'). 

Example 4. Shew that 

E(u + K+iK') = E {u) - su u dc u + E+i (A' — E'). 

Example 5. Obtain the expansions, valid when | I(x) |<-$»t/(t), 


{lcKf = K* - KE -2* 


nq " cos 2 nx 


~ v « ® a n sin 2nx 

KZ{u) = 2w 2 ,-. 


# Exercice* de Calcul Integral, i. (1811), p. 61. For a geometrical proof see Olaiaber, 
Menenger , iv. (1874), pp. 9.5-96. 
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22736. Properties of the complete elliptic integrals , regarded as functions 
of the modulus . 

If, in the formulae E = (I — fc 1 sin 1 <£)* d<f>, we differentiate under the 
J o 

sign of integration (§ 4 2), we have 

cZI? f iT 7 » «, a E — K 

— = — I k sin 1 <f> (1 — Jc? sin 1 (f>) *dtf> = —— . 
ale Jo A; 

Treating the formula for K in the same manner, we have 

dK . r K 

-j—ss I A: sin 1 </>(l — k 3 sin 8 </>) td<p = kl sd z udu 

by § 2272 example 3; so that 

dK _ E_ _ K 

dk ~ kk'* k’ 


If we write k 2 = c, k' 2 =c, these results assume the forms 
^dE_ E- K 2 dK E- Kc 
dc c ’ dc cc 

Example 1. Shew that 

dK K' - E' dK' cfC - E’ 
dc c ’ dc cc' 

Example 2. Shew, by differentiation with regal’d to c, that EK' + E'K - KK' is 
constant. 

Example 3. Shew that K and K f are solutions of 



and that E and E' - K ' are solutions of 

A' a dk Si) + ~ 0< (Ijcgendre.) 

22737. The values of the complete elliptic integrals for small values of k. 
From the integral definitions of E and K it is easy to see, by expanding 
in powers of k , that 

lim K * lim E = \ tt, lim ( K — E)/k* = l . ir. 

k ~*-0 0 1 k + 0 4 

fh w 

In like manner, lim E f = I cos cf>d<f> = 1. 

*-►0 Jo 

It is not possible to determine lim#' in the same way because 

k -*> 0 

(1 — k ,% sin* <f>) * is discontinuous at </> = 0, k = 0 ; but it follows from 
example 21 of Chapter XIV (p. 299) that, when | arg A; | < tt, 

lim [K* — log (4/A;)) = 0. 
o 
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This result is oIbo deductible from the formulae 2i/T =■ nrV, k — Sf/Sf, by making 
q 0; or it may be proved for real values of k by the following elementary method: 

By § 22 32, & J (**-**) ” ^ (1 -<*)” ^dt ; now, when k<t< Jh, (1 - P) lies between 

1 and 1 —A; and, when (**-£*)/** lies between 1 and 1-jfc. Therefore K* lies 

between 


and 

and therefore 


where 1. 

Now 


K' = (1 - 6k) ~ i jlog 


Jk + Jjk-P) 


lo gi 


Jt 


' 1+^(1 

■ (1 ~ 8k) - 1 [2 log {1 + J(1 - k)) - log k\ 


-*)} 


lim[2 (1 -6k) i log{l +*/(! -*)}-log4]=0, 
lim {1 - (1 - Bk) - 4) log/t-O, 


lim {K’ - log (4/*)} = 0, 


and therefore 

which is the required result 

Example. Deduce Legendre’s relation from § 22 736 example 2, by making 

22 74 The elliptic integi'al of the third kind*. 

To evaluate an integral of the type 

f(l + Nt ')~> KA«* + BJ ( A t t' + B ,)] -1 dt 


/< 


in terms of known functions, we make the substitution made in the corre¬ 
sponding integrals of the first and second kinds (§§ 22'72, 22 73). The 
integral iB thereby reduced to 

f a + £ sn 1 w , f tm'u 

I z -r— aw = au + (p — av) - -— aw, 

] 1 + v sn 1 w vr ^ ' J 1 + v sn 3 u 

where a, v are constants; if v = 0, —1, oo or — Jc* the integral can be 

expressed in terms of integrals of the first and second kinds; for other values 

of v we determine the parameter a by the equation v ■» — k* an* a, and then it 

is evidently permissible to take as the fundamental integral of the third kind 

fc" sn a cn a dn a sn 1 w , 

II (w, a) = —-— j- — --- du. 

v / J 0 1 — k* sn 1 a sn* u 

To express this in terms of Theta-functions, we observe that the inte¬ 
grand may be written in the form 

^ sn w sn a (sn (w + a) + sn (u — a)} = ^ (Z (w — a) - Z (u + a) + 2Z (a)), 


* Legendre, Exercices de Caleul Integral , i. (1811), p. 17; Fonctioru EUiptiquee, i. (1825), 
pp. 14-18, 74, 75 j Jacobi, Fundamenta Nooa (1829), pp. 197-172; we employ Jacobi’s potation, 
not Legendre’s. 
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by the addition-theorem for the Zeta-function; making use of the formula 
Z ( u ) = 0' (u)/0 (it), we at once get 

n( “' o) = ^ og §T^) + MZ(a> ’ 

a result which shews that II (u t a) is a many-valued function of u with 
logarithmic singularities at the zeros of 0 (w + a). 

Example 1. Obtain the addition-formula* 


II (u, o) + n(v, a)-n(u + v, a) *4 log 


0 (u 4 - V -1- a) © (u ~ a) 0 (v - a) 
0 {u + v-a) 0 (u + a) e (v-ha) 


1 - k 2 an a Bn u sn v sn (u + v — a) 
* ® 1 + Psn asn m sn v sn (u + v + a) 


(Legendre.) 


(Take x : y : z : w = u : v : ±a : u + i> + a in Jacobi’s fundamental formula 

[4]+[l]-[4T + [lI0 

Example 2. Shew that 

II (u, a) - n (a, u) =uZ (a) — aZ (u). 

(Legendre and Jacobi.) 

[This iH known as the formula for interchange of argument and parameter.] 

Example 3. Shew that 

„ # . , _ , ,, . , 1 - k 2 sn a sn b sn u sn (a -h b - u) 

n (u, a) + n (u, b) - n (u, a + b) = i log -— u - r -- 7 — TT~\ 

v v z D 1 +/(r*8n a sn b sn unn (a + b + u) 

-h uk r 3 sn a sn b sn (a + 6). 

(Jacobi.) 

[This is known as the formula for addition of parameters.] 

Example 4. Shew that 

II(lit, ia + K, /t) = n(u, a + K\ V). (Jacobi.) 

Example 5. Shew that 

n (u -h v, a + b) + U (u-v y a - b) - 2n (u, a) — 211 ( v } b) 

= - ** an a hu 6. {(» + v) an (a + b) - (u - v) an (a - 6)} + 4 log ’ 

and obtain special forms of this result by putting v or 6 equal to zero. (Jacobi.) 


22*741. A dynamical application of the elliptic integral of the third kind . 

It is evident from the expression for n (u, a) in terms of Theta functions that if k, a, k 
are real, the average rate of increase of n (u , a) as u increases is Z (a), since © (u + a) iB 
periodic with respect to the real period 2 K. 

This result determines the mean precession about the invariable line in the motion of 
a rigid body relative to its centre of gravity under forces whose resultant passes through 
its centre of gravity. It is evident that, for purposes of computation, a result of this nature 
is preferable to the corresponding result iu terms of Sigma-functions and Weierstrassian 
Zeta-fuuctions, for the reasons that the Theta-functious have a specially simple behaviour 
with respect to their real period—the period which is of importance in Applied Mathe¬ 
matics—and that the ^-Beries are much better adapted for computation than the product 
by which the Sigma-function is most simply defined. 


* No fewer than 96 forme hare been obtained for the expression on the right. See Ulaisher, 
Meiiengtr, x. (1881), p. 124. 
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22 8 . The lemniscate functions. 


The integral (1 — J 4 ) “ 4 dt occurs in the problem of rectifying the arc of 
Jo 

the lemniscate 0 ; if the integral be denoted by 0, we shall express the 
relation between 0 and x by writing^* x = sin lemn 0. 

In like manner, if 


we write 

and we have the relation 


x = cos lemn fa , 


sin lemn 0 = cos lemn 



These lemniscate functions , which were the first functionsj defined by the 
inversion of an integral, can easily be expressed in terms of elliptic functions 
with modulus l/y/i] for, from the formula (§ 22 122 example) 

u=f ((1 - k' % y*) (1 + “ * dy, 

J 0 

it is easy to see (on writing y —t \/2) that 

sin lemn 0 = 2 “ * sd (0 \Z2, 1 /V2); 
similarly, cos lemn 0 = cn (0 <v/2, l/\/2). 

Further, ^ru is the smallest positive value of 0 for which 
cn (0 V2, lA/2) = 0, 

so that o-= V2 K 0J 

the suffix attached to the complete elliptic integral denoting that it is 
formed with the particular modulus l/\/2. 

This result renders it possible to express K 0 in terms of Gamma-functions, 
thus 

K 0 == 2* [ (1 — t*) ~ * dt = & f u~^(l—u)~^du 
Jo Jo 

-2-ir(i)r(*)/r0*^-Mr(i))*. 

a result fiist obtained by Legendre§. 

Since k — k* when k = 1/V2, it follows that K Q = K 0 \ and so q Q — er w . 


• The equation of the lemniscate being r a = a 8 cob 20, it is easy to derive the equation 

( Jr)’ = A ,r0m th ® ' 0rmul * (£)’= 1 + {^J- 

t Ganss wrote si and ol for sic lemn and cos lemn, Werke, m. (1876), p. 498. 

J Gauss, Werke, m. (1876), p. 404. The idea of invefltigating the functions occurred to Gauss 
on Janaary 8. 1797. 

| Exercieet dt Calcul Integral, i. (Paris, 1811), p. 209. The value of Kq is 1*85407468.... 
where ur»2 62205756 ... 
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Example 1. Express Kq in terms of Gamma-functions by using Rummer's formula 
(see Chapter xiv, example 12, p. 298). 

Example 2. By writing f~(l -u 2 )^ in the formula 


shew that 2^E 0 ^J (1 — u 4 ) ~^du+j* u* (1 — u l ) 1 du, 

and deduce that 2E 0 - A" 0 -=2tt^ {r (J)}"*. 

Example 3. Deduce Legendre’s relation ($j 22-736) from example 2 combined with 
§ 22 736 example 2. 


Example 4 Shew that 


. . 1 — cos lemn 2 <f> 

am lemn 2 0 = - - - 

1 + cos lemn z 0 


22*81. The value* of K and K' for special values of k. 

It has been seen that, when £=1/^/2, K can be evaluated in terms of Gamma-functions, 
and K — K' \ this is a special case of a general theorem* that, whenever 

K' a + b s f 71 
K c+djn' 

where a, b 1 c, d , n are integers, k is a root of an algebraic equation with integral 
coefficients. 


This theorem is based on the theory of the transformation of elliptic functions and is 
beyond the scope of this book ; but there are three distinct cases in which k , A', A' f all 
have fairly simple values, namely 


(I) 

;k 

II 

to 

1 

K' = KJ2, 

(II) 

Mil ^jTT, 

K' = K s/3, 

(111) 

>t=tan 2 J7r, 

K' = 2K. 

Of these we shall give a brief 

investigation t. 



(I) The quarter-periods with the modulus v /2 — 1 . 

Landen’s transformation gives a relation between elliptic functions with any modulus k 
and those with modulus i, = (l -£')/(l + E)\ and the quarter-]leriods A, A' associated with 
the modulus k v satisfy the relation A'/A =» 2K‘ jK. 

If we choose k so that k v = k\ then \=K' and k{=k so that \' = A'; and the relation 
:\'/\=2K'/K gives a' z =2a z . 

Therefore the quarter-periods A, A’ associated with the modulus k t given by the 
equation k x — (1 — Xr,)/(1 -bit]) are such that A'=±A V ^2; i-e. if ^i = %/2-l, then A'=A v ^2 
(since A, A' obviously are both positive). 

(II) The quarter-period* associated with the modulus sin 

The case of it = sin 1 ] W was discussed by Legendre}; he obtained the remarkable 
result that, with this value of k } 

AT'-AV 3. 

■* Abel, Journal filr Math. in. p. 184 [Oeuvres, i. (1881), p. 977]. 

t For Borne Bimilar formulae of a leas simple nature, Bee Kronecker. lierliner Sitzun/jsheriehte, 
1857, 1862. 

; Exercice ■ de Calcul InUijral , i. (1811), pp. 59, 210; Functions EUiptique*, 1. (1825), 
pp. 59, 60. 
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This result follows from the relation between definite integrals 

To obtain this relation, consider taken round the contour formed by the 

part of the real axis (indented at r«l by an arc of raaius R~ l ) joining the points 0 and 
R, the line joining Re *** to 0 and the arc of radius R joining the points R and Re ; as 
R—»<n , the integral round the arc tends to zero, as does the integral round the indentation, 
and so, by Cauchy's theorem, 

j (1 -x 3 ) ~^dx + i j (x 3 - l)~^dx + e^ wl J (1+ jf 3 ) ” 

on writing x and xe^ n respectively for z on the two straight lines. 

Writing 

J (1 - x 9 ) ~&dx = I lt J (x 3 - 1) " ^dx = I 2 , J ^ (1 +x 3 )~*dx = J (1 - x 3 ) ~ ^dx = I 3} 

we have / 1 -Hi 7 s =J (1 +iV3) h J 

so, equating real and imaginary parts, 

h-\h, \h& 

and therefore I x + / 3 - /* V 3 — J/a + h ~ f h = 

which is the relation stated*. 

Now, by § 2272 example 6, 

/, = 4 (a® + /8») - 4 K, J, + 4 = 4 (a* + 0») - * K\ 
where the modulus is a (a*+/S®) _ 4 and 

o» = 2V3-3, /3*“2V3 + 3, 
bo that *® = i (2-^/3) = sin® 

We therefore have 

3 “ *. 2A'= 3 ~ J . 2A" =/, - 3*/, 


■ 3 " 4 j V 1 (i - O'■'4*=1*4r (*)/r(i), 


when the modulus k is sin 

(Ill) The quarter-period* with the modulus tan a £n\ 

If, in Landen’s transformation (§ 22 42), we take k=\jj2, we have h!!\=2K’jK= 2; 


now this value of k gives 


, J 2-1 


and the corresponding quarter-periods A, A' are £ (1 + 2 ^) K 0 and (1-1-2 *) K Q . 

Example 1. Discuss the quarter-periods when k has the values (2^/2-2)*, sin 
and 2*^/2- 1). 


• Another method of obtaining the relation is to express I x , I it I 3 in terms of Gamma- 

functions by writing f*, t~*, (M- 1)* respectively for x in the integrals by which Z 2 , Z 3 are 
defined. 
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Example 2. Shew that 

n (l+c“< 2n + 1 > T ), 3*e"’ 1 ' T ^ S = n (l-e _2n,r/ '' 9 ). 

n=0 n=l 

(Glaisher, Messenger, v.) 

Example 3. Express the coordinates of any point on the curve y 2 *.^- 1 in the form 


3^(1 —cnj*) 2.3^ sn u dn u 

X + 1+cnw 1 ^ (l+cnu) ! ’ 


where the modulus of the elliptic functions is sin and shew that ^ = 3 ^y. 

/ * _ , r iK 

y~ l dx^3 * I du , evaluate A'in terms of Gamma-functions when 

jt=sin^7r. 

Example 4. Shew that, when - 1, 

y 3 (x-l)*i*rs=r_|jr> +f i J i 

and thence, by using example 3 and expressing the last integral in terms of Gamma- 

functions by the substitution x = t~^, obtain the formula of Legendre (Calcul Integral, 
p. 60) connecting the first and second complete elliptic integrals with modulus sin ^tr: 


i 2 ^ (x~ 2 y~ l -x~*y~ l )dx\ 


4 v /3“ Jr { 


E -W«\ 


Example f>. By expressing the coordinates of any point on the curve J” 2 =l- J 3 in 
the form 

3* (1 -env) y 2.3^snvdn«’ 

1 + cn v 1 (I + cn v) 2 ’ 

in which the modulus of the elliptic functions is sin^jr, and evaluating 


{f..+iy-<'- xrdx 


in terms of Gamma-functions, obtain Legendre’s result that* when /r^sinjW, 

rr, i ip, y/3—1 rr, | 


■'■I'-’Sr'l- 


22'82. A geometrical illustration of the functions Bn it, cn u , dn it. 

A geometrical representation of Jacobian elliptic functions with k=ljy/2 is afforded by 
the arc of the lemniscate, as has been Been in § 22'6; to represent the Jacobian functions 
with any modulus /■ (0 < k < 1), we may make use of a curve described on a sphere , known 
as Seifert’s spherical spiral t. 

Take a sphere of radius unity with centre at the origin, and let the cylindrical polar 
coordinates of any point on it be (p, 0, z), bo that the arc of a curve traced on the sphere 
is given by the formula | 

(^) 2 = p 2 (rf0) 2 + (l-p 2 )-l(rfp) 2 . 

* It is interesting to observe that, when Legendre had proved by differentiation that 
EK' + E'K- KK' is constant, he used the results of examples 4 and 5 to determine the constant, 
before using the methods of § 22-8 example 3 and of § 22 737. 

t Seiffert, Ueber eine neuc geometrische EinfUhrung in die Theorie der elliptischen Funktionen 
(Charlottenburg, 1896). 

X This is an obvious transformation of the formula (d*) 2 = (dp) 2 + p 2 (d0) a + (d*) 2 when p and z 
are connected by the relation + = 1. 
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Seiffert’s spiral is defined by the equation 

where s is the arc measured from the pole of the sphere (i.e. the point where the axis of z 
meets the sphere)^and k is a positive constant, less than unity* 

For this curve we have 

(*) J (1-*V) = (!-*>’)'‘(dp) 3 , 

and so, since b and p vanish together, 

p-sn (», t). 

The cylindrical polar coordinates of any point on the curve expressed in terms of tha 
arc measured from the pole are therefore 

(p» 0, *)“(sn a, is, cu b); 

and dn s is easily seen to be the cosine of the angle at which the curve cuts the meridian. 
Hence it may be seen that, if K be the arc of the curve from the pole to the equator, then 
sn a and cn a have period 4 K, while dn a has period 2 K. 


REFERENCES. 

A. M. Legendre, Traiti des Fonctiona Elliptiqy#* (Paris, 1825-1828). 

C. G. J. Jacobi, Fundamenta Nova Tkeoriae Functionum Ellipticarum (Kdnigsberg, 
1829). 

J. Tannery et J. Molk, Fonctiona EUiptiquea (Paris, 1893-1902). 

A- Cayley, EUiptic Functions (London, 1895). 

P. F. Verhdlst, Traiti iUmentairt da* fonctiona elliptiquea (Brussels, 1841). 

A. Enneper, Elliptiache Funktionen , Zweite Auflage von F. Miiller (Halle, 1890). 


Miscellaneous Examples. 

1.. Shew that one of the values of 

/dn u + cn u\^ /dn u - cn u\ ^ if 1 - amt \ $ 


K dnu + cnu\* /dnu-cnu\ 5 | if 1 - s nit \* / 1+snw \*1 

l+cnu / 1-cnu / J t\dn u- #sn u) \dn u + k' sn u) J 

(Math. Trip. 1904.) 


is 2(l+tf). 

2. If x + iy ■= sn 2 (u + w) and x — iy = sn 2 (w — iv), Bhew that 

{(x- l)*+y*}^" (x^+y 2 )^ dn 2u + cn 2u. 


3. Shew that 


4. Shew that 


(Math. Trip. 1911.) 


{1 ± cn (u + v)} {1 ± cn (u - v)} - - ~ 011 V \ . 

1 ' J 1 ' /l 1 — it 2 sn* u sn 2 t>. 


. , , , . . . cn 2 u + cn 2 v 

1 + cn (u + v) cn (w- r)--— u — 3 -=— . 

l-A a sn , uBn 2 v 


* If i>l, the curve ie imaginary. 


(Jacobi.) 
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_ 1 + cn (w + u) cn (u -r) . .. . , , . 

5 . Express -— 3 ^ -ri—^-r as a function of s^u + sn^v. 

r 1 + dn (u + v) dn (u - 0 ) 


6 . Shew that 


an (u - v) dn (u + v) = 


(Math. Trip. 1909.) 
Hn u dn u cn v - an v dn v cn u 


1 - & an* u an* v 

(Jacobi.) 

7 . Shew that 

{1 - (1 +V) an usn {u + A*)} {1 — (1 —V) an u sn (u + A r )} = {sn (w+ A") - an u} 1 . 

(Math. Trip. 1914.) 

8 . Shew that 

, /I , m-i^Bnu+cnudnw 

■ («+**)-(!+*) , 


9. Shew that 


. i-r-fs r _ l (1 + £) an u + i cn u dn u 

an (u+ £tA ) = t a — — - - - . —--. 

' * l+*sn 2 w 

2 8 n u cn u dn v 

am {am u + v +am u-u --— u —=-=-, 

1 v " 1-Pan 2 wan*y 

, . v , Xl cu 2 v -Bn*vdn a t/ 

1 ' 1 - i^sn 2 u bd 2 t? 


10 . Shew that 
and hence express 


(Jaoobi.) 


dn (u + v) dn (u - v); 


da 2 u ds 2 r + 


na 1 u iih 2 v — A 2 

rv (u+p)-^ (p(u-y)-« 8 ~ [i 

l_P(U + t))-«s' fr»(U- 1 >)-* 3 J 

as a rational function of (w) and f> ( v ). 


(Trinity, 1903.) 


11 . From the formulae for cn ( 2 K—u) and dn(2/T-u) combined with the formulae 
for l -fen 2u and 1 +dn 2 u, shew that 


(l-cnJJT)(l+dnjA)-l. 

12 . With notation similar to that of § 22 2 , shew that 

cydj-cjdx cn (u y + Ug) - dn (u t + u^) 

«,-#a “ 80 ( u i + w a) 

and deduce that, if tti + wj + M 3 + u 4 -B2A, then 

(qdj-cjrf,) (cj d t - c t rf,) - V* (», - «i) («, - #,). 


(Trinity, 1908.) 


(Trinity, 1906.) 


13. Shew that, if u + v + tp =» 0, then 

1 -dn 2 u — dn* r — dn 2 w + 2 dn if dn rdnttf —i^sn 1 usn 2 van a ir. 

(Math. Trip. 1907.) 

14. By Liouville’B theorem or otherwise, shew that 

dn v dn (u + id) - dn v dn (v - 1 - w) « t* {sn v cn u sn (r + w) cn (u + w) 

— sn u cn rsn (u+ w) cn (*+u>)}. 

(Math. Trip. 1910.) 

16. Shew that 

Z cn 14 cn * 3 sn ( 14 - 14 ) dn 14 + sn (14 - 14 ) Bn ( 14 - 14 ) sn (14 - 14 ) du 14 dn 14 dn 14 — 0 , 
the summation applying to the suffices 1 , 2 , 3. (Math. Trip. 1894) 
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16. Obtain the formulae 

an 3u = A ID , cn 3u = B/D, dn 3 u — (7/2), 
where A = 3# - 4 (1 +P) j 3 + 62V - 

5 = c {1 - 4^ + 6*V- 4*V + *V}, 

{1 -4/^ + 0*V-4/:V + i^}, 

D -1 - 6 P j< + 4i^ (1 + k 2 ) *• - 3^ j», 
and «-»sn w, c = cnix, c/=dnn. 

17. Shew that 

l-dn3i/ /l-dnu\ /I + a x dn w + a 2 dn 2 M + a 3 dn 3 7i + a 4 dn 4 iA 2 
1+dn 3w ~ \l+dn uj \1 - a x dn ic + a> dn 2 ' u- a 3 dn 3 u + a 4 dn 4 i4/ ’ 


where a u a 2 , a 3 , a 4 are constants to be determined. 


18. If 



shew that 


P(u) + P (w + 2iA") _ Hn 2u cn u 
A(m) - / , (w + 2iff ') cn 2u an u ' 


(Trinity, 1912.) 


Determine the poles and zeros of P (u) and the first term in the expansion of the 
function about each pole and zero. 

(Math. Trip. 1908.) 

19. Shew that 


an (ui + u 2 + u 3 ) = A/D, cn (u 1 + u 2 + u s ) = B/D, dn (u, +'<^ + u a ) = (7/2), 

where 

4=5^3 {- 1 -2 Z + 22 1! 2V-(* a + * 4 ) 2S 2 2 8 3 2 +2k i 8 l 2 8 2 2 8 3 *} 

+ 2 \Hii\c 3 d 2 d 3 (1 + 2£ 2 j 2 z « 3 2 -£ 2 2* 2 : W)}, 

if — dC 2 C 3 {1 - + 

+ 2 {C| a 2 Jgrfj.<£, ( - 1+ '21c? ff 3 2 + 2i 2 a, 2 - k 2 2.* 2 2 v)}, 

C - d\ d 3 {1 - k 2 2* 2 2 *3* + 2^ W* 3 2 } 

+ i 2 2 {d { a 2 a 3 c 2 c 3 (- 1 + 2Fa 2 z S3 2 +2^ 2 -2 2 2* 2 2 V)}» 

2)= 1 - 2/t 2 2« 2 z <3 2 + 4 (X^ + i 4 ) «! 2 *z 2 »3 2 - 2^3 1 2 J 2 2 « 3 2 2a 1 2 + ^2^2 4 «3 4 j 
and the summations refer to the suffices 1, 2, 3. (Glaisher, Messenger , XI.) 

20. Shew that 

an (Ui+Vv + uJ^A'/I/, cn (u 1 + u 2 + k 3 ) = .57Z) / , (hi (u l +u i + u 3 ) = C'/D’ 1 
where .4'=2* I c 2 C3<i 2 £f 3 - «i* 2 * 3 (1 + ^-i 2 2V + * 4 *iW*3 Z ), 

B' = Ci c *2 c 3 (1 - —di<£ a (4z« 2 jr 3 c 1 (f| l 

C" =af 1 c£ 2 cf3 (1 — l*ai**2 J »5 2 ) C l C 2 C 3 lS 2 S3 

2)'=1 - IPlsJss*+ (& + &) BihihJ - k 2 8 l 8 2 8 3 '28 l c 2 c s dzdv i . 

(Cayley, Journal fur Math . XLI.) 


21 . By applying Abel's method (§ 20 312) to the intersections of the twisted curve 
x* + y % =\, z* + k 2 a? — 1 with the variable plane hc + my + nz— 1, shew that, if 


then 


Ui+U 2 + U 3 + U4 = 
*! c x d x 1 = 

s 2 c 2 1 

*3 c 3 ^3 I 

« 4 Cf d A 1 


0 , 

= 0 . 


Obtain this result also from the equation 

(« 2 - «l) (c 3 d t - C 4 rfs) + («4 - *s) ( C 1 <^2 " Cs rfl) =0, 
which may be proved by the method of example 12 . 


(Cayley, Messenger, XIV.) 
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22. Shew that 

W-* 2 ) (CW-CW-W- V) WdJ-cfd*), 

by expressing each aide in terms of * lf * 4 ; and deduce from example 21 that, if 

ttl+«8 + U a + W 4 —0, 

then + + * 3 c 3 d 4 + a|C 4 rf 3 = 0 l 

« 4 c 2 d x + 1 3 c l dz + «2 c4 ds +*, c 3 d 4 — 0. 

(Forsyth, Messenger, xiv.) 

23. Deduce from Jacobi’s fundamental Theta-function formulae that, if 


w 1 4-i^ + w 3 + w 4 = 0, 

then P 2 -P 2 j 2 « 3 * 4 -f /fc a cj c 2 c 3 c 4 - dj o ?2 dg rf 4 =0. 

(Gudermann, Journal fUr Math, xviii.) 

24. Deduce from Jacobi’s fundamental Theta-function formulae that, if 

Mj + + Vq + u i = 0» 

then k 2 (a j s 2 c s c 4 - Cj c 2 a 3 * 4 ) — d 1 d 2 + d 3 d 4 = 0, 

k' % (a, s 2 ~ h * 4 ) + d \ d% c 3 c 4 - c x c? d a d 4 = 0, 

S\S 2 d 3 d 4 — d 4 d 2 a^a 4 ■+■ c 3 c 4 — CjC 2 = 0. 

(H. J. S. Smith, ZVoc. London Math. Soc. (1), x.) 

25. If 7 < 1 + M 2 + tt 3 +M 4 = 0, shew that the cross-ratio of sn «j, sn u 2 , sn ie 3l sn u 4 is equal 
to the cross-ratio of sn (i^ + A), sn (u? + A"), sn (it 3 + A’ r ), sn (w 4 + A"). 

(Math. Trip. 1905.) 

26. Shew that 

j sn 2 (u + v) sn (u + v) sn (u — v) sn 2 (u-r) _ 
cn 2 (u + v) on (u + v) cn (w — v) cn 2 (u~v) (1 - £*W) 3 

dn 2 (-u + v) dn (u + v) dn {u- v) dn*(u — v) 

(Math. Trip. 1913.) 

27. Find all systems of values of u and 0 for which sn 2 (u+iv) is real when u and v 

are real and 0 < k 2 < 1. (Math. Trip. 1901.) 

26. If Id(a~ 1 — a) 2 , where 0 < a < ], shew that 

and that sn 2 J K is obtained by writing -a~ ] for a in this expression. 

(Math. Trip. 1902.) 


29. If the values of cn 2 , which are such that cn 3®-a, are c u c 2 , ... c D , shew that 

0 D 

U A II c r + /fc' 4 2 c r = 0. 

(Math. Trip. 1699.) 


jj. a +sn (w + v) ft + cn(u + v) c + dn ( u + v) 

a-bsn(w-u) ft + cn(u-r) c + dn(w — v) 1 

and if none of snv, enu, dn u, 1 — Pan 2 -!* an 2 v vanishes, shew that u is given by the 
equation 

k 2 (k % a 2 + b 2 - c 2 ) au 2 u = k 2 +i 2 V l — c 2 . 


(King’s, 1900.) 
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31. Shew that 


1 fair i \ /I \ n (1 -2q n Bln z + q*) 3 ) 

1 -Bn (2Kxn) — (1— sin x) n V * h -rf- — --— * \ . 

v f K »-il(l-hr") s (l-2g fc -icoB2ay + g* , - s )j 


(Math. Trip. 1912.) 


32. Shew that 


_ 1 — Bn (2KxJn) _ J H -2y *»~ 1 ain jr-f y 4 "" 2 ) 

{dn(2A>/ir)-Pan (2 Kx/n)}* “«=i U + V 1 “in*+' 


(Math. Trip. 1904.) 

33. Shew that if k be so small that k* may be neglected, then 

sn M = sin u — Jjfc a cos u . (u — Bin u cos w), 

for small values of u. (Trinity, 1904.) 

34. Shew that, if | I(x) \ < \nl (r), then 

log CD (2Kx/w) ■“log coar-^ ■ 

(Math. Trip. 1907.) 

[Integrate the Fourier series for an ( 2Kx/n)dc (2/i.r/fr).] 


35. Shew that 




[Express the integrand in terms of functions of 2 m.] 

36. Shew that 


(Math. Trip. 1906.) 


f Cn v< t u __, 9) {\ x + \y-\*) ^1 ( j j-hj-y- ^ tt-^ttt) _ -9 / (y-h r) 

J Bnv-Hnu"* g (i^iy^l^) x h (y+i"-r) ’ 


where 2Ax = rru, 2 Ky—nv. 
37. Shew that 


36. Shew that 


(!+*)*» f* -!■ 

Jo (1 +cu u) dn 2 u 

. [ a + P , . 1 + £ sn a sn ft 

k sn uau = log -— z - 7 , ■ 

J m-p 1 -kan asn p 


(Math. Trip. 1912.) 


(Math. Trip. 1903.) 


(St John’B, 1914.) 


39. By integrating Je 4 ** dn u cs udz round a rectangle whose corners are ±J»r, 
± A n + od i (where 2Afr = nu) and then integrating by parts, shew that, if 0 < 1c 1 < 1, then 


J cos (nu/K) log sn udu — J K tanh (£ nir). 


(Math. Trip. 1902.) 


40. Shew that K and a 1 satisfy the equation 


rf 2 u du 

c(1 - c )*j+( 1 - 2c )a;- i“ =0 - 

where and deduce that they satisfy Legendre’s equation for functions of degree 

- £ with argument 1 — 2^. 
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41. Express the coordinates of any point on the curve in the form 

2 .3^ an it dn u - (1 - cn «)* 2 1 ” 1 cos (1 - cn u) {1 + tan j^tt cn u} 

i i y• i i 

2.3* sn it dn u + (1 - cn u) 2 2.3* sn u dn u+ (1 - cn u) 2 

the modulus of the elliptic functions being sin ; and shew that 

j (1 -x 3 )” ^dx*= I* (1 -y 3 )” frfy«2“l . 3^ u. 

Shew further that the sum of tho parameters of three collinear points on the cubic is a 
period. 

[See Richelot, Journal fur Math. IX. (1832), pp. 407-408 and Cayley, Proc . Camb. Phil. 
Soc. iv. (1883), pp. 106-109. A uniformising variable for the general cubic in the canonical 
form X 3 + Y 3 + Z 3 + 6mXYZ=0 has been obtained by Bobek, Einleitung in die Theorie dtr 
elliptUchen Funktionen (Leipzig, 1884), p. 251. Dixon ( Quarterly Journal , xxiv. (1890), 
pp. 167-233) has developed the theory of elliptic functions by taking the equivalent curve 
.t^+y 3 — 3ary= 1 as fundamental, instead of the curve 

y>! = (l-. r 2 )(l_**j r 2 )/| 


42. Express [ {(2x-x 2 ) (4^ + 9)} ^dx in tonus of a complete elliptic integral of the 

first kind with a real modulus. (Math. Trip. 1911.) 

43. If u = j {(« + l) (« J + ( + l))' i dt, 

express x in terms of Jacobian elliptic functions of u with a real modulus. 

(Math. Trip. 1899.) 


44. If. 


u = J (1+^-2^) ^ dt , 


express x in terms of u by means of either Jacobian or Weierstrassian elliptic functions. 

(Math. Trip. 1914.) 

45. Shew that 

- 9t . - 25r . («*-l)rq) 


e " + e 




2*w* 


46. When a> J?>/3>y, reduce the integrals 


(Trinity, 1881.) 


j ‘ {(a 0) (C - y)} " * dt, l) (t - 0) (C - y)} “ ** 

by the subetitutions 

X- y=(a - y) dll 2 U, X — y — (0 — y)nd*V 
respectively, where k % « (a — 0 )/(a - y). 

Deduce that, if u + v = K, then 

1 - sn a u — sn 2 v + k 2 sn 2 u sn 2 v * 0 . 

By the substitution y = (a — t) y) applied to the above integral taken between 

the limits 0 and a, obtain the Gaussian form of Landen’s transformation, 

j (a^ cos 2 0 + &i* sin 2 6)~^d6 — j (a 2 cos 2 6 + 6 2 sin* 6) ~ 4 dd , 

where a it b^ are the arithmetic and geometric means between a and b. 

(Gauss, Werke , in. p. 352; Math. Trip. 1895.) 
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47. Shew that 

sc tt = - k ‘ i {((*- K) - ((u - K- 2iK') - C (2iK% 
where the Zeta-functions are formed with periods So^, 2a > 2 = 4i K'. 

(Math. Trip. 1903.) 

48. Shew that E-k' 2 K satisfies the equation 

, , dPu 
4cc 5? = «, 

where c = ir \ and obtain the primitive of this equation. (Math. Trip. 1911.) 


49. Shew that 


60. If 


Bhew that 


n j' frK’dt=(n-l) J't—tE'di, 

(71 + 2) f k*E'dJc =(71 + 1 ) [ Je*K'dk . 

J o Jo 

U=\J o - ct)}~idt, 

ePu du l 1 \x (1 -x)\ ^ 

’ (C 1 ) rf? + ( “ C l) dc + 4 1<_ 4 {(1 -c *)4 ' 


61. Shew that the primitive of 


(Trinity, 1900.) 


(Trinity, 1896.) 


(Math. Trip..1910.) 


21 + k + 1 -* 2 ~° 

A{E-K) + A'E' 

18 U ~~AE+A'(E'-Ky 

where A, A' are constants. (Math. Trip. 1906.) 

52. Deduce from the addition-formula for E (u) that, if 

M 1 + ^2 + «3 + ^4 = °, 

then (sn u x sn u 2 — sn an z/.,) sn (?q + u 2 ) 

is unaltered by any j>ermutation of suffices. (Math. Trip. 1910.) 

53. Shew that 

_ gJt-i/JrSfP 

E(3u)-3E(u) = 4 (F- + ¥)ifl-^3P ?' 

(Math. Trip. 1913.) 

64. Shew that 

.’M* 4 j u cd 4 udu = 2K [(2 + /‘ 2 ) K - 2 (1 +/' z ) E}. 

[Write u = K + r.] (Math. Trip. 1904.) 

55. By considering the curves y 2 *x (1 - x) (1 - Jc 2 x\ y = l + 7)ijc + n.v l f shew that, if 
tfi + Wj + 7 ^3 + < O = 0, then 

E(tt l )+E(n 1 ) + E(u 3 ) + E(u i ) = t | 2^ < r 2 + 2c, c 3 c 3 c, - 2j, a 3 t 3 «i - ii| ■ 

(Math. Trip. 1908.) 

56. By the method of example 21, obtain the following seven expressions for 
E(ui) +E(U 2 ) +E(uj) +E(u a ) when a 2 + i/. 2 + 7( 3 + m 4 =0 : 

4 k 2 d A d 2 d 3 d A 4 /' 2 Ci c 2 c 3 c A A ,. 


i +k* HS . lh , i r r, r<r *•" 


H‘ + d l d. 1 d 3 d\ r f, ’ r/ r 


/o' / in J ®r®rl 

k 2 c x c 2 c 3 v A -k 2 r=1 


jr' i s l s 2 8 3 s i d i d 2 d 3 d A 4 ,, j \ 

kH J H x - 2 1 (? 2 cf 3 2 4 r ii r V r r}) 


- k‘ i c i c 2 c 3 c^d l d 2 d 3 d 4 J. a 
d,d 3 d 3 d A +^c,c 2 c 3 c A r : 1 r;( r rj ' 


+ i ^ .. x 

/».j ” 2 d- r j\8 r t r), 

C 1 < , 2C 3 C 4 + A 2 J | « 2 «3*4 v-l 

4 

-k 2 {{a 1 g.,8 3 8 l )- 1 -\-{c l c 2 c 3 c A )-' l + l A (rf^zrfs^) -1 } -1 2 l/(j r c r rf r ). 

r=l 

(Forsyth, Messenger , xv.) 
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57. Shew that 

(*-*)'f — )-coaec* x + g) -8 X , 

\ w / \ «■ / »=i i - r* 

when | /(.r) | < tr/(r) ; and, by differentiation, deduce that 


6 (^) , „ fl< (^) = 6co 8 eC, + 4[(l + ^) (^)‘~ ljcosec^- 

+ 64 ( h -^) ^ 3 ( ^~ £,) - 2 ^ (^y 

_ , * /2A\ Z g lo Zn cos2a-r 

-'j i-f - 


Shew also that, when | /(z) | < irr/(r), 


,f2Kx\ * fl+* a (2n+l) 2 / "• \'l 2>r? B+i sin(2« + l)j: 

811 w )~ v2^ 2*> Uav / jt(i-</ i " +i ) - 

(Jacobi.) 

58. Shew that, if a be the semi-major axis of an ellipse whose occentricity is Bin ^ rr, 
the perimeter of the ellipse is 


•6)* {(■♦*)? 


L\ r W zrm 
JV i’(8) r (),) J 


(Ramanujan, Quarterly Journal , xlv.) 

59. Deduce from example 19 of Chapter xxi that 

. „ _ _ —k' l + dir* u dn 3 u . , _ k' 2 + k 2 cn a u cn 3 u 

1 sn J u sn 3u 1 + k? sn * u bii Au 


(Trinity, 1882.) 


00 . From the formula sd (in, lc)**i sd (u t k') deduce that 


A r „=o l+y 2 "* 1 " in " \ K ) t A" j’ 

where <7 = exp (— nK'/K), y^exp ( — vKjK'\ 

and u lies inside the parallelogram whose vertices are 

+ 1 K + A '. 

By integrating from u to A’', from 0 to a and again from u hi K\ prove that 

•? or* x' , -u i )+ k 1 i _ (-JljlII _ cosh 

64 (A -a u)+A I| 2 l(2n + 1) 3 (1+ ^,.. ) c «> sh ^ A- ) 


K -i s _ (-)”</" + - _ /(n + l)nu\ 

.!„(2«+l)’(l+./,=“ *■) ‘V A" J - 


[A formula which may l>e deriveii from this by writing ^ = {+ 07 , where f and 17 are 
real, and equating imaginary parts 011 either side of the equation was obtained by Thomson 
and Tait, Natural Philowphy, 11 . (1883), p. 249, but they failed to observe that their formula 
was nothing but a consequence of Jacobi’s imaginary transformation. The formula was 
■suggested to Thomson and Tait by the solution of a problem in the theory of Elasticity.] 



CHAPTER XXIII 

ELLIPSOIDAL HARMONICS AND LAME’S EQUATION 


231. The definition of ellipsoidal harmonics. 

It has been seen earlier in this work (§ 18 4) that solutions of Laplaces 
equation, which are analytic near the origin and which are appropriate for 
the discussion of physical problems connected with a sphere, may be con¬ 
veniently expressed as linear combinations of functions of the type 

cos 

r^Pn (cos 0 ), r n P n in (cos 0) mtf>, 

where n and m are positive integers (zero included). 

When P n (cos 0) is resolved into a product of factors which are linear in 
cos 1 0 (multiplied by cos 0 when n is odd), we see that, if cos 0 is replaced by 
z/r, then the zonal harmonic r n P n ( cos 0) is expressible as a product of factors 
which are linear in x* f y* and z s , the whole being multiplied by z when n is 
odd. The tesseral harmonics are similarly resoluble into factors which are 
linear in <r*, y 1 and z l multiplied by one of the eight products 1 , x , y, z , yz, zx , 
xy, xyz. 

The surfaces on which any given zonal or tesseral harmonic vanishes are 
surfaces on which either 0 or <b has some constant value, so that they are 
circular cones or planes, the coordinate planes being included in certain cases. 

When we deal with physical problems connected with ellipsoids, the 
structure of spheres, cones and planes associated with polar coordinates is 
replaced by a structure of con focal quadrics. The property of spherical 
harmonics which has just been explained suggests the construction of a set 
of harmonics which shall vanish on certain members of the confocal system. 

Such harmonics are known as ellipsoidal harmonics; they were studied by 
Lame* in the early part of the nineteenth century by means of confocal 
coordinates. The expressions for ellipsoidal harmonics in terms of Cartesian 
coordinates were obtained many years later by W. D. Nivenand the 
following account of their construction is based on his researches. 

The fundamental ellipsoid is taken to be 

x 1 y* z* _ 

and any confocal quadric is 

x 3 y* z* _ 

^ r T6 + W+~0 + c r Vff~’ 

* Journal de Math. iv. (1839), pp. 100-125, 126-103. 
t Phil. Tran§. 182 a (1892), pp. 281-278. 
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23 1, 23-2] 

where 6 is a constant. It will be necessary to consider sets of Buch quadrics, 
and it conduces to brevity to write 

** y ! z 2 . _ _ .r 3 y* z’ _ r 

¥T0 p + b r +J P + ^T0 p ~ 1 = ^ p ' tfTJ^VTo v + ?Te p = K *- 

The equation of any member of the set is then 

= 0 . 

The analysis is made more definite by taking the #-axis as the longest axis 
of the fundamental ellipsoid and the 2 -axis as the shortest, so that a>b> c. 

23'2. The four species of ellipsoidal harmonics. 

A consideration of the expressions for spherical harmonics in factors 
indicates that there are four possible species of ellipsoidal harmonics to be 
investigated. These are included in the scheme 

x, yz, 

1, y , zx, xyz 

z, *y> 

where one or other of the expressions in [ ) is to multiply the product 
If we write for brevity 

0,0, . .. e m = u(S) l 

any harmonic of the form II (0) will be called an ellipsoidal harmonic of the 
first species. A harmonic of any of the three forms* #11 (0), yll (0), zW (0) 
will be called an ellipsoidal harmonic of the second species. A harmonic of 
any of the three forms* yzW (0), zx II (0), xyY\ (0) will be called an ellipsoidal 
harmonic of the third species. And a harmonic of the form xyzll (0) will be 
called an ellipsoidal harmonic of the fourth species. 

The terms of highest degree in these species of harmonics are of degrees 
2m, 2 m + 1, 2m + 2, 2m + 3 respectively. It will appear subsequently (§ 23 26) 
that 2n + 1 linearly independent harmonics of degree n can be constructed, 
and hence that the terms of degree n in these harmonics form a fundamental 
system (§ 18'3) of harmonics of degree n. 

We now proceed to explain in detail how to construct harmonics of the 
first species and to give a general account of the construction of harmonics of 
the other three species. The reader should have no difficulty in filling up 
the lacunae in this account with the aid of the corresponding analysis given 
in the case of functions of the first species. 



The three forms will be distinguished by belog described as different typeu of the species. 
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23 a 21. The construction of ellipsoidal harmonics of the first species. 

As a simple case let us first consider the harmonics of the first species 
which are of the second degree. Such a harmonic must be simply of the 
form 0,. 

Now the effect of applying Laplace’s operator, namely 


d 2 d 2 0* x* y 2 z 2 

dx 2 5y a + dz 2 a 2 4- 0 X b 2 4- 8 X c 2 + 0 l 

2 2 2 


-1 


a 2 4 b 2 4 0 X c~ + 

and so 0, is a harmonic if 0^ is a root of the quadratic equation 

(0 + b 2 ) (0 + c‘0 + (0 + c 2 ) (0 + a 2 ) + (0 4 a 2 ) (0 4 fc 2 ) = 0. 

This quadratic has one root between — c 2 and — b 2 and another between 
— b 2 and — a 2 . Its roots are therefore unequal, and, bv giving 0 X the value of 
each root in turn, we obtain two* ellipsoidal harmonics of the first species 
of the second degree. 

Next consider the general product 0,0^ ... 0 rn ; this product will be denoted 
by II (0) and it will be supposed that it has no repeated factors—a supposi¬ 
tion which will be justified later (§ 23 43). 

If we temporarily regard 0!, 0 U , ... 0 m as a set of auxiliary variables, the 
ordinary formula of partial differentiation gives 

511(0) _ 5 dU ( 0 ) 50, _ ™ fin ( 0 ) 2 x_ 


d.r 


and, if we differentiate again, 

5 2 n(0)_ * an OB) 2 

'i ii ** n ■ .. . 


90„ dx 


P --1 


dC% (ir + 0 v 


dx- 


50„ 


a 1 4 - 0j 


4 i 


v a a n( 0 ) 


8a* 


ptq 50 ^ 50 f/ ' ( a 2 4 0p) ( a 2 4 0 q ) ’ 

where the last summation extends over all unequal pairs of the integers 
1, 2, ... m. The terms for which p = q may be omitted because none of the 
expressions 0,, 0,,, ... 0 m enters into 11 (0) to a degree higher than the first. 

It follows that the-Fesult of applying Laplace's operator to n (0) is 

111 ( 0 ) | 2 2 2 ) 

— — + 

■Sy _ 8z‘ 


2 ■ 
p-i 


dW,, (« 5 + 6 V b 1 + 


p r u p V ~T 1 p ^ T L p 

, v 0‘\\ <«) ( Har 3 

P “ u«* + e„) (n* + 1 )„) T (b* + e„) (b‘+e v ) T ( C > + e p ) (c* + e q )\ ■ 


Now 


It , i/, t\ “1" ^p) 


e q -6 P ’ 


* Tlie complete set of 5 ellipsoidal harmonics oT the second degree is composed of these tw< 
together with the three harmonics »/r, zx, xij, which are of the third species. 
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and an (@)/a@ p consists of the product n (8) with the factor 0 P omitted, 
while t^n (0)/a0 p a0 9 consists of the product n (0) with the factors 0p and 
0 9 omitted. That is to say 

a=n (0) an (@) a j n (@) an (@) 

^00,30, a 8 g ■ 9 a 0 p a@ v “ ds p ■ 

If we make these substitutions, we see that 


a^ & 

da? 3y 2 dz 3 


n (0) 


may be written in the form 


£ ail (0) [ 2 2 2 - _ _ 8 _ ) 

p=i 30,, ja* + + 6 s + 0 P + c‘ J + 0 P + 9i=1 ' 

the prime indicating that the term for which g = p has to be omitted from 
the summation. 


If TI (0) is to be a harmonic it is annihilated by Laplace’s operator; and 
it will certainly be so annihilated if it is possible to choose 6 ^, 0. 2 , ... 6 m so 
that each of the equations 

1 1 _1__ 4 

a* + 0 V + b 2 + G p c 2 + 0 P + &p -6 q 

is satisfied, where p takes the values 1, 2, ... m. 

Now let 0 be a variable and let Aj (6) denote the polynomial of degree 
m in 6 

n (o-e q i 

q = \ 

If A/(0) denotes dA 1 (0);d6; then, by direct differentiation, it is seen that 
A/ (6) is equal to the sum of all products of 8 — 0,, 0 — 6 2 , ... 6 — 8 m , m — 1 at 
a time, and A"(G) is twice the sum of all products of the same expressions, 
m — 2 at a time. 


Hence, if 6 be given the special value 6 p) the quotient A/' (0 P )/A,' (8 p ) 
becomes equal to twice the sum of the reciprocals of 0 p — 0 lt 0 p — 6. lt ... 6 p — 6 m , 
(the expression 0 p — 6 P being omitted). 

Consequently the set of equations derived from the hypothesis that 

m 

n («„) is a harmonic shews that the expression 

P 111 2 A," (0) 

a r + 6 + i 3 + 8 + & + 8 + A,'(8) 


vanishes whenever 6 has any of the special values 0 U 0. 2 , ... 0 m . 


Hence the expression 


(a 3 + 6) ( b 3 + 0) (c J + 6) A," (0) + \ 


2 (b"-+ 8) (c-+8)\ A,' (8) 

a, L, c ) 
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is a polynomial in 0 which vanishes when 0 has any of the values 0 lt 0n, ..., 0 mt 
and so it has 0— 0 lt 0 — 0 — 0 m as factors. Now this polynomial is of 

degree m + 1 in 0 and the coefficient of is ra(m+ J). Since m of the 
factors are known, the remaining factor must be of the form 

m (m + ^-) 0 + \C t 

where C is a constant which will be determined subsequently. 

We have therefore shewn that 

(a* + 0) (6= + 0) (c* + 0) A," (0) + \ [ 2 (6 1 + 0) (c* + 0)j A,' (0) 

= (m(m + i)0 + iC) A, (0). 

That is to say, any ellipsoidal harmonic of the first species of (even) 
degree n is expressible in the form 

n J_*_ + + _?L_ 

p =iV + ^ i>' + 0 P c* + 0 P 

where 0 U 0 2 , ..., 0^ n are the zeros of a polynomial Ai(0) of degree \n \ and 
this polynomial must be a solution of a differential equation of the type 

4 V{(«* + 0) (6* + 0) (C 3 + 0)) ~ [v((«■ + 0) (b* + 0) (C» + 0)) dX ^ &) 

= (n(n + l)0 + C] A,(0). 

This equation is known as Lamp's differential equation. It will be in¬ 
vestigated in considerable detail in §§ 23’4-23'81, and in the course of the 
investigation it will be shewn that (I) there are precisely + 1 different 
real values of C for which the equation has a solution which is a polynomial 
in 0 of degree and (II) these polynomials have no repeated factors. 

The analysis of this section may then be reversed step by step to establish 
the existence of I?? + 1 ellipsoidal harmonics of the first species of (even) 
degree n, and the elementary theory of the harmonics of the first species will 
then be complete. 

The corresponding results for harmonics of the second, third and fourth 
species will now be indicated briefly, the notation already introduced being 
adhered to so far as possible. 

23 22. Ellipsoidal harmonics of the secoud species. 

m 

We take x II (0 P ) as a typical harmonic of the Becond species of degree 

p = l 

2m + 1. The result of applying Laplace's operator to it is 

[;an(0)f 6 2 21 

*L,=i ~ 0% r ta* + 0 p + b* + 0 P + c* + 0 p \ 

* 9*11 (©) [ 8x* %y'- Hz* 

+ X !(a s + 0p) (a* + 0 q ) + (b* + 0 P ) (b* + 0 q ) + (c 5 + 0 P ) (c* + 6,) 
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and this has to vanish. Consequently, if 

A ,(6)= fi (0-0 q ), 

9=1 

we find, by the reasoning of § 23*21, that A, (9) is a solution of the differential 
equation 

(a 2 + 0) + 6) (c* + 6) A e " (0) 

+ i {3 (6* + 0) (c* + 0) + (c 3 + 0) (a* + 0) + (a* + 0) (6> + 0)} A,' (0) 

= (m (m + f) 0 + i C t j A, (0), 

where C B is a constant to be detennined. 

If now we write A fl (0) = A (0)/V(a a + 0), we find that A (0) is a solution 
of the differential equation 

4 V{ (a> + 0) ( b> + 0)(c* + 0)\ ^ V((o> + 0) (b 1 +0)(c’+ 0)j 

= {(2m + 1) (*2m + 2) 0 + C} A ( 0 ), 
where C = C 2 + b? + c a . 

It will be observed that the last differential equation is of the same type 
as the equation derived in §23 21, the constant i 1 being still equal to the 
degree of the harmonic, which, in the case now under consideration, is 2m + 1. 

Hence the discussion of harmonics of the second species is reduced to 
the discussion of solutions of Lamp’s differential equation. In the case of 
harmonics of the first type the solutions are required to be polynomials in 
0 multiplied by \/(a a 4- 0); the corresponding factors for harmonics of the 
second and third types are + 0) and ^/(c 3 + 0) respectively. It will be 
shewn subsequently that precisely m + 1 values of C can be associated with 
each of the three types, so that, in all, 3m + 3 harmonics of the second species 
of degree 2m + 1 are obtained. 

23 23. Ellipsoidal harmonics of the third species. 

m 

We take yz II (0,,) as a typical harmonic of the third species of degree 
p =1 

2m -1- 2. The result of applying Laplaces operator to it is 

C • 011 (0) f 2 6 6 ] 

yl LA {«’ + 0 P b' + 0 p + c* + 0 P \ 

, v yn (0) [_8*= , gy* , S*’ I] 

£ de,de c l(o* + Op) («’ + e,) ^ (6* + e p ) (&* + e q ) + (c*+ *,)<* + 0 q )\ J ’ 

and this has to vanish. Consequently, if 

A I (0)= n (0 — 0 g ), 

q=\ 
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we find, by the reasoning of § 23 21, that A, (0) is a solution of the differential 
equation 

(a 3 + 0) (6* + 0) (c 3 + 0) A," (6) 

+ i {( b * + 0) (c 3 + 0) + 3(^ + 0) (a 3 + 0) + 3 (a 3 + 0) (6 3 + 0)} A,' ( 0) 

“ [m (m + 0 + i C,} A, (0), 

where C, is a constant to be determined. 

If now we write A, (0) = A (0)/V[(& J + 0) (c 3 + 0)}, 
we find that A (0) is a solution of the differential equation 

4 VK® 1 + 0)(6 s + 0) (c 3 + 0)} ^ [v((o 3 + 0) (6 3 + 0) (c 3 + 0)} —Jp] 

- ((2m + 2) (2m + 3) 0 + C] A (0), 
where £7 = 0, 4- 4a* 4- 6 a + c*. 

It will be observed that the last equation is of the same type as the 
equation derived in § 23 21, the constant n being still equal to the degree 
of the harmonic, which, in the case now under consideration, is 2m + 2. 

Hence the discussion of harmonics of the third species is reduced to 
the discussion of solutions of Lame’s differential equation. In the case of 
harmonics of the first type, the solutions are required to be polynomials in 0 
multiplied by 4- 6) (c 2 4- 6)\ ; the corresponding factors for harmonics of 
the second and third types are ^[(c 8 + 6) (a* + 6)} and V((a 2 + 0) (b 2 + 6)) 
respectively. It will be shewn subsequently that precisely m 4-1 values of C 
can be associated with each of the three types, so that, in all, 3m 4- 3 harmonics 
of the third species of degree 2m + 2 are obtained. 


23 24. Ellipsoidal harmonics of the fourth species. 

The harmonic of the fourth species of degree 2 m 4- 3 is expressible in the 


form xyz II (0 P ). The result of applying Laplace’s operator to it is 

P = i 


xyz 


? dU (0) 
d(% 


6 


■ + 


6 

4 _. 


6 


+ 1 


a 2 4 - 6 V b 2 + e v & + e, 


8x a 


Wf_ _ _ _ 

dto p d® q \(a* 4- 6 P ) (a- + 6,) ^ (&* + O p ) (6 2 4- O q ) T (c- 4- 0 P ) (c 8 4- 6 q ) 




Hz* 


and this has to vanish. Consequently, if 


A 4 (0)= II (6-0 q ), 

q = l 

we find by the reasoning of § 23 21 that A 4 (0) is a solution of the equation 
(a 3 + 0) (6 3 + 0) (c 3 + 0) A," (0) + l j 2 (6 3 + 0) (c 3 + 0)1 A/ (0) 

Ui b, C ) 


= (m (hi + J) 0 + i C 4 ) A, (0), 


where C, is a constant to be determined. 
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If now we write 

A 4 (6) = A (0)/V((«’ + 6) (fc“ + 0) (c s + 0)|, 
we find that A (0) is a solution of the differential equation 

4 N /((a’ + 0) (6 s + 0)(d‘ + 0)\ £ + &) W + 0) (c* 4 0)) 

= [(2m + 3) (2m + 4) 0 + C] A (0), 
where C — C i 4- 4? (a 2 4- b' 1 + c~). 

It will be observed that the last equation is of the same type as the 
equation derived in §23 21, the constant n being still equal to the degree 
of the harmonic which, in the case now under consideration, is 2m + 3. 

Hence the discussion of harmonics of the fourth species is reduced to the 
discussion of solutions of Lame's differential equation. The solutions are 
required to be polynomials in 6 multiplied by ^{(a? + 0)(6 2 + 6) (i? + 0)j, It 
will be shewn subsequently that precisely m + I values of (' win be associated 
with solutions of this type, so that m + 1 harmonics of the fourth species of 
degree 2?ai + 3 are obtained. 


2325. Nivens expressions for ellipsoidal harmonics in terms of homo¬ 
gen eons h arrnot i ics. 

If G n (x, y, z) denotes any of the harmonics of degree u which have just 
been tentatively constructed, then G n (x, y, z) consists of a finite number of 
terms of degrees n, n — 2, ri — 4, ... in x, y, z. If H n (x, y, z) denotes the 
aggregate of terms of degree n, it follows from the homogeneity of Laplace’s 
operator that H n (x } y, z) is itself a solution of Laplace’s equation, and it may 
obviously be obtained from G n (x, y , z) by replacing the factors <5)^, which 
occur in the expression of G n (x , y } z) as a product, by the factors K p . 

It has been shewn by Niven ( loc . cit pp. 243-245) that G n (x, y, z) may 
be derived from H n {x } y , z) by applying to the latter function the differential 
operator 

D* D* 1? 

2 (2n -1) + 2.4. (2n -1) (2n - 3) 2.4.6 (2» —T>“(2rt - _ 3) (2»-5) + ''' ’ 


where D 2 stands for 






+ c 2 


0 * 

d? 


and terms containing powers of D higher than the nth may be omitted from 
the operator. 

We shall now give a proof of this result for any harmonic of the first species*. 


* The proof* for harmonios of the other three species are left 10 the reader as examples. 
A proof applicable to functions of all four species has been given by Hobson, l J roc. London 
Math. Soc. xxiv. (1893), pp. 60-64. In constructing the proof given in the text, several modifi¬ 
cations have been made in Niven’s proof. 
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For Buch harmonics the degree is even and we write 
On (x, y, z) = li ©„ = n (K p - 1) 

P-1 P=1 

“ Sn — *Sn-a + 4 — ■■■, 

where S n , S n -a, ... are homogeneous functions of degrees n , n — 2, n -4,..., 
respectively, and 

S n = H n (x, y, t) = fi Kp. 

f> = 1 

The function S n -ar is evidently the sum of the products of K lt K it ... K^ n 
taken %n — r at a time. 

If K it ... K± n be regarded as an auxiliary system of variables, then, by 
the ordinary formula of partial differentiation 

dfin-gr = ^ dSn-^ir 
0a; pi= i dx 

p =\ dK p a* + d p J 

and, if we differentiate again, 

dx* p =i a*+0 p dK p dK q (a 3 -|- 0 p )(a* + 0 ? )' 

The terms in dFSn-^jdKp* can be omitted because each of the functions 
Kp does not occur in £*_■». to a degree higher than the first. 

It follows that 


D*^n—tr 


£ dS n .„ 

pt! dK p 


2 a 7 2 b* 2c 1 1 

a> + 0, + fe 2 + 0 p + c“ + 6 P 


f 8aV My ,_ScV___) 

+ p ; f BK p dK q t(a> + Op) (a 1 + 0 q ) + (6* + 0 P ) (6* + tf f ) “V + 0 P ) (c- + tf g )| ’ 

It will now be shewn that the expression on the right is a constant multiple 


We first observe that 

a'x* _ 0 p K p -0 q K q 

t'j ( a * + Op) ( a * + Oq) 0 p — 0 q 


and that, by the differential equation of § 23*21, 


1 

0,6, e 


a 1 

(FTe p 


3 —dp 2 

a. A, o 


+ O p 


-3 + 
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4* as 

D 7 S n _ v = 6 1 


t? „ 


,,=1 SK 
+ 8 2 


' + 82 e. 


p 

iPS 


,-i P UK, 


'fig— 

U = l Vp — 


'p — Oq 


'» -2T QpKp ~ ^7 


_ dK p dK q - Op — 0 q 

Now dSn^tr/dKp is the sum of the products of the expressions A^, A ap 
... Aj n (A p being omitted) taken — ?* — 1 at a time ; and KqfrSn-gr/dhpdKq 
consists of those terms of this sum which contain K q as a factor. 


Hence 


dS n —2r r r 

1KT 9 dKpdKq 


is equal to the sum of the products of the expressions A,, A 2 , ... A^ n , (K p and 
K q both being omitted) taken \n-r- 1 at a time; and therefore, by sym¬ 
metry, we have 

dSn-tr 


dK 


so that 


p 

ML 


q dk p dK q 


ir _ dSn-2r _ d^Sn-tr 

“'flrzr a p dK p dK q ' 

■/(Kq - Kp). 


M r dK q ' 


0iS yl _ 2r d*S n _ z 


3A. 


dK a 


On substituting by this formula for the second differential coefficients, it 
is found that 

= Iflf [ 6 + %6p ix e p -e q " 8 % <^/T(K;- K q )\ 

as„_ w r, u i" K q ] 

" p-i dK, L ° K p - K q \ 

-\j(K p ~K q ). 


( 4 n — 2 ) *2 ^^-8 2 95 

p = l P +3 l 


dK' 


- K, 


dS_ n _ 

'dK. 


Now we may write S n ^ in the form 

*S’ n _ lr + KpSn—yr—i 4- A 9 *Si„_ 7r _ 2 + ApA ? *S n _ 2r _4, 
where denotes the sum of the products of the expressions A,, A,, ... A^ J( 
(Aj, and A 9 both being omitted) taken m at a time; and we then see that 

ir dSn^tr jj, 0>Sn-Er _ / jr _ IT \ 

K » 127 ~ ~ { p q) n_sr_2 ' 

Hence £»*S„_, r = (4n - 2) 5 - 8 2 

p = l v/Lp p^q 

Now it is clear that the expression on the right is a homogeneous sym¬ 
metric function of A lp A 2 , ... A^„ of degree £n — r— 1, and it contains no 
power of any of the expressions K lt A a , ... K^ n to a degree higher than the 
first. It is therefore a multiple of S n ^r^. To determine the multiple we 
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observe that when is written out at length it contains 1 terms 

while the number of terms in 

(4/i - 2) I 4V r - 8 2 S-w-. 

p^l OAp p^. q 

is \n (4n — 2) . ^ n _ 1 C' r - 8 . ^ n C 2 . ^ n „. 2 C' r _,. 

The multiple is consequently 

-l---2-2-, 

and this is equal to (2r + 2) (2n — 2r — 1). 

It has consequently been proved that 

= (2r 4- 2) (271 - 2r - 1) ^ n _ ?r _ 2 . 

It follows at once by induction that 

D^Sn 


' S "- ar 2 ' 4 ... 2r . (2n - 1) (2n - 3) ... (2 n - 2 r + 1) ’ 


and the formula 


r j? 

?n (z, y> z ) ■= 2 - 

_r = 0 - 


(-)'/)- 


(a?, y, *) 


2.4... 2r.(2n — 1) (2/i — 3) ... (2n - 2r + 1)J 

is now obvious when G n (x, y , z) is an ellipsoidal harmonic of the first species. 

Example 1. Prove Niven’s formula when G n (x, y, z) is an ellipsoidal harmonic of the 
second, third or fourth species. 

Example 2. Obtain the symbolic formula 

a.{*, y, *) = r(i-/ l ).(4D) n+ i/_ n . 1 (2)). //„(*, y, ,). 


23 26. Ellipsoidal harmonics of degree n. 

The results obtained and stated in §§ 23 21-23 24 shew that when n is 
even, there are + 1 harmonics of the fir9t species and §n harmonics of the 
third species; when n is odd there are §(71+ 1) harmonics of the second 
species and \ (;< — 1) harmonics of the fourth species, so that, in either case, 
there are 2n + 1 harmonics in all. It follows from § 183 that, if the terms of 
degree n in these harmonics are linearly independent, they form a funda¬ 
mental system of harmonics of degree n ; and any homogeneous harmonic of 
degree n is expressible as a linear combination of the homogeneous harmonics 
which are obtained by selecting the terms of degree n from the 2 n + 1 ellip¬ 
soidal harmonics. 

In order to prove the results concerning the number of harmonics of 
degree n and to establish their linear independence, it is necessary to make 
an intensive study of Lamp's equation ; but before we pursue this investigation 
we shall study the construction of ellipsoidal harmonics in terms of confocal 
coordinates. 
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These expressions for ellipsoidal harmonica are of historical importance in view of 
Lame's investigations, bat the expressions which have just been obtained by Niven’s 
method are, in some respects, more suitable for physical applications. 

For applications of ellipsoidal harmonics to the investigation of the Figure of the Earth, 
and for the reduction of the harmonics to forms adapted for numerical computation, the 
reader is referred to the memoir by G. H. Darwin, Phil. Trans . 197 a (1901), pp. 401-537. 


233. Confocal coordinates. 

If (X, Y, Z) denote current coordinates in three-dimensional space, and if 
a, b, c are positive (a> b > c), the equation 


X 2 Y' 2 Z* 
a 2 ft 2 c a 


1 


represents an ellipsoid; the equation of any confocal quadric is 

_X Y*_ Z 2 

u > + 0 + b i +e + ? + e - 

and 8 is called the parameter of this quadric. 

The quadric passes through a particular point (ar, y, z) if 8 is chosen 
so that 

a? y 2 z l 

ft 2 + 8 + b 2 + 8 + c* + 8 

Whether 8 satisfies this equation or not, it is convenient to write 
a? y 2 z 2 _ f{8) 

~ aT+~8 " ¥ +8 ~ c r +8 = {a 2 + 8)(¥ + 8)(c 2 + 8) ’ 

and, since f (8) is a cubic function of 8 , it is clear that, in general, three 
quadrics of the confocal system pass through any particular point (.?*, y, z). 

To determine the species of these three quadrics, we construct the following 
Table : 


6 

m 

— QO 

— Oj 

- a 1 

N 

1 

~Ci 

1 

-b* 

y 2 (a 2 - b 2 ) ( b i - c 1 ) 

- r- 

- 2 2 (r/ 2 — r 2 ) ( 6 s8 — «“) 

+ x 

+ x 


It is evident from this Table that the equation f (8) = 0 has three real 
roots /x, i/, and if they are arranged so that A. > p > v f then 
A, > — c a >ft> — b 2 > v > — a 3 ; 
and also f(8) = (8 - X) (8 - p) (8 - v). 

From the values of A, v it is clear that the surfaces, on which 8 has 
the respective values A, p, v, are an ellipsoid, an hyperboloid of one sheet and 
an hyperboloid of two sheets. 
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Now take the identity in 6, 

y> = (d -\)( 6 - ft) (0 - v) 

a' + O 6*+d d‘-^■0-\a> + 6)(b‘ + 0)^ + e)• 

and multiply it, in turn, by o’ + 0, b' + 6, c s + 6 ; and after bo doing, replace 
0by — a’, — P, — c 3 respectively. It is thus found that 

(a* + X) (a 3 + m) (a 3 + v) 

(a 3 - 6 3 ) (a a - c a ) 


s _ _ (*!_+ + /*) (ft* +j0 

y (o»-6 , )(6 , -c*) ’ 

2 = ( c * + x ) (°* + m) (c 8 + v) 

(a* — c“) (6 3 — c 3 ) 

From these equations it is clear that, if (x, y f z) be any point of space and 
if y, v denote the parameters of the quadrics confocal with 

X ■ F> Z 2 , 

■f ij 'l - — ~ 1 

CL 1 b 2 c* 


which pass through the point, then (x 3 , y 2 , z*) are uniquely determinate iu 
terms of (X, y, p) and vice versa . 

The parameters (X, y, p) are called the confocal coordinates of the point 
( x , y, z) relative to the fundamental ellipsoid 


X 3 Yf Zf 
a 2 + 6 a + c 2 

It is easy to shew that confocal coordinates form an orthogonal system; 
for consider the direction cosines of the tangent to the curve of intersection 
of the surfaces (y) and ( v) ; these direction cosines are proportional to 

/dx dy dz y 
\3X ’ 3X' 


dz\ 

ax / 1 


and since 


dx dx dy dy dz dz _ , y 
0X dfi + ax dy. ax dfi ai t,, c ( a> 


it is evident that the directions 


a* + v 
6 a ) (a 2 -(f) 


= 0 , 


/dx dy 3z\ /dx dy dz\ 

\a~x* d\> 0xj* \dy> Ty djL) 

are perpendicular; and, similarly, each of these directions is perpendicular to 

/dx dy dz\ 

\d~v f dv J dp)' 

It has therefore been shewn that the three systems of surfaces, on which 
X, y t v respectively are constant, form a triply orthogonal system. 

Hence the square of the line-element, namely 
(bx)' + (by)* + (bz)\ 

is expressible in the form 

(H.bXY + iH.byY + iH^v) 2 , 
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where 



with similar expressions in p, and v for Hf and Hj. 

To evaluate H ,* in terms of (A, v), observe that 

ri j _ fay * _I ( by 'X 4.l 

1 Ux-/ Uxy 4s a 18X7 


_ , v (a 8 + (o a + i>) 

J,C («* + X.) (a 1 - b 3 ) (a* - c 3 )' 


But, if we express 


(A-^)(A-y) 

(a* + A) {b 2 + A) (cr + A) ’ 


qua function of A, as a sum of partial fractions, we see that it is precisely 
equal to 

v (a a + p) (a a + v)_ 

a. I c ( a 2 + A) (a* - 6 a ) (a 2 -c a ) 1 

and consequently TTI^” r/v- 

4 J 1 4 (a a + A) (6 s + A) (c 2 + A) 

The values of Hf and H.? are obtained from this expression by cyclical 
interchanges of (A, p, v). 

Formulae equivalent to those of this section were obtained by Lame, Journal de Math . 
II. (1837), pp. 147-183. 

Example 1. With the notation of this section, shew that 
x 2 + y 2 + z 2 = a a + IP -|-c 2 + X + p+ v. 

Example 2. Shew that, 

jr»2 yi gl 

4 ^‘ 2 = (5*+X) 5 + (6*"+X)* + (c 8 + Xj* ■ 


23 31. Uniformising variables associated with con/ocal coordinates. 

It has been seen in § 23'3 that when the Cartesian coordinates ( x, y, z) 
are expressed in terms of the confocal coordinates (A, p, v), the expressions so 
obtained are not one-valued functions of (A, p, v). To avoid the inconvenience 
thereby produced, we express (A, p, v) in terms of three new variables ( u , v, w) 
respectively by writing 

p(«) = A + J (a* + 6 s + c 2 ), 

PO) = /a + J (a 1 + 6* + c 2 ), 

V (w) = 1 / + $ (a a + 6* + c 2 ), 

the invariants g % and g 3 of the Weierstrassian elliptic functions being defined 
by the identity 

4 (a a + A) (6 a + A) (c 2 + A) = 4p- (u) - (u) - jr,. 
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The discriminant associated with the elliptic functions (cf. § 2033. 
example 3) is 

16 (a 1 - by (fc 2 - c 2 ) 2 (c 2 - a 2 ) a , 

and so it is positive; and, therefore*, of the periods 2a) lt 2q> 3 and 2 qj 3 , 2w, is 
positive while 2 cw 3 is a pure imaginary; and 2 w 2 has its real part negative, 
since w, +■ 4 - «u 3 = 0 ; the imaginary part of o) u is positive since I (o^/a,) > 0. 

In these circumstances e l > e 2 > e 3 , and so we have 

3c, = a* - 1 - b 2 - 2c\ 3c* = c* + a 2 - 2b 2 , 3e ; , = b 2 4 c 2 - 2a 9 . 


Next we express (x, y , z) in terms of (a, v, w ); we have 
a _ («’ + X) (a* 4- m) (a 2 + v) 

X ~ (« J - 6*) (a* - c*>" 

_ Iff) (u) - «,} |ff) (y) -_e,] (p (w) - e*\ 

(e, - e,)(^ 

_ cr , 2 (w) tr 3 2 (v) cry (M/) a 2 (&>,) a 2 (a> 2 ) 
cr 2 (it) cr 3 (?') cr 2 {W) ‘ cr , 2 (u,) cr a * (ay) * 


by § 2053, example 4. Therefore, by § 20 421, we have 

, __ M 2 / v cr 3 (m) 0-3 (r) O’:, (w) 

x= 4 e (nO - 

cr (m) cr (v) a ( w) 


and similarly 


±*jw) 

a (K) a (r) cr (w) 

CJ ( »/) £7 (7') CT (w) 


The effect of increasing each of u, v, w by 2o> ; , is to change the sign of the 
expression given for x while the expressions for ?/ and ;r remain unaltered ; 
and similar statements hold for increases by 2a> 2 and 2&>,; and again each of 
the three expressions is changed in sign by changing the signs of w, v, w. 

Hence, if the npper signs be taken in the ambiguities, there is a unique 
correspondence between all sets of values of (x, y, z), real or complex, and all 
the sets of values of ( u , v, w) whose three representative points lie in any 
given cell. 

The uniforniisation is consequently effected by taking 


x — e ^">cr a (&j a ) 


cr. (w) &w (v) cr* (w) 


cr (if) cr ( v ) cr ( w) 

a- (m) a (v) cr (w) 
cr, (u) cr, (r) cr, (ie) 


z = e“’»---cr-(&),) 


cr (n) cr (?') <r («») 


Formulae which differ from the.se only by the interchange of the suffixes 
1 and 3 were given by Halphen, Fowctions Eiliptiqv.es , 11 . (1888), p. 459. 

* Cf. § 20 32, example 1. 
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2332. Laplace 8 equation referred to con focal coordinates . 

It has been shewn by Lam£ and by W. Thomson* that Laplace’s equation 
when referred to any system of orthogonal coordinates (\, p, r) assumes the 
form 

a {H 2 H, ?v\ d [H,H, dF| ? (H t H, PF| 

?A { 7/i ?X J Oft I B 2 dp J dr { // ;< dv\ 

where (H lt H. 2 , HS) are to be determined from the consideration that 

{H ] &xy + {H^hpy 4 - (Hy8v) 2 

is to be the square of the line-element. Although W. Thomson’s proof of this 
result, based on arguments of a physical character, is extremely simple, all 
the analytical proofs are either very long or else severely compressed. 

It has, however, been shewn by Lamef that, in the special case in which 
(X, p, v) represent confocal coordinates, Laplace’s equation assumes a simple 
form obtainable without elaborate analysis; when the uniformising variables 
(u, v , ic)l of §23 31 are adopted as coordinates, the form of Laplace’s equation 
becomes still simpler. 

By straightforward differentiation it may be proved that, when any three 
independent functions (X, /x, r) of (x, y, z) are taken as independent variables, 

I lien 


transforms into 


?*r d'V d*v 

- —- 4- v z 

(Kir dy 2 cz i 


^ lyaxy fdxy /axyl 

m + u + yj 


+ 21 


+ 1 


dp dr dp dr dp dr 
dr dx dy dy dz dz 


d*V 

dx 2 

dp dr 


A. M. V L 


(f\ F) 2 x 
dit 22 + dy 1 


9 s X" 
dz*_ 


dV 

ax 1 


In order to reduce this expression, we observe that X satisfies the equation 

j:' 2 y 2 z' 1 

4 -. 4 - = 1 

a 2 + X b % 4 X e 2 + \ 

and so, by differentiation with x, y, z as independe nt variables, 

2r -I - +. f + 

n z + X l(fl ! + X) :l (b‘+\) 7 (r< + X)« Fix ’ 


a 2 +X (« 2 +X) 2 aT 


^- + 2 


.r 1 y 7 

{a 1 + \y + (b' + X) s + (c- 


z* ) /<<\y 
■- + \ f\ 1<W 


x 2 y 2 z 1 ) r) 2 X 

(n* 4- x)- + {if + \y + (c 2 '+ x)*j dx 7 ' 


* Cf. the Tootnote on p. 401. 

+ Journal dr Math. iv. (1839), pp. 133-196, 
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Hence 


=4 ff,> dX 
a 2 + X ' dx* 


„ __+_*_ v _*_ = 4 H* — 

a 2 + X (a 2 + \y H: 2 Hf (a 2 + X y ^ ^ (a 2 + \y 1 dx 31 

with similar equations in p, v and y, z. 

0* y 

From equations of the first type it is seen that the coefficient of —- is 

0 A." 

1 d 2 V . 

-PT- and the coefficient of —=~ is zero; and if we add up equations of the 
i/, 2 opov 

second type obtained by interchanging x, y, z cyclically, it is found that 

' (a* T 8j-t . t .,ar + \- 

with similar equations in p and v. 

If, for brevity, we write 

VI (a 1 + X) (6 2 + X) (c 2 + X)) = A x , 
with similar meanings for A^ and A„, we see that 


F)=X d*X ^X 

n l ^ ■ 1 '■k ‘i 


2 2 

v + rr- 


dx 3 dif dz 2 (X--m)(X-i/) |a* + X & 2 + X c 1 + X 

J*A X dA x 
(X — /a) (X — i/) dX 

and so Laplace’s equation assumes the form 


a,m. ,.(X —/a)(X - »/) 


" rfA x a_y 

A* 0V + A* rf - 


?]-* 


that is to say 


(p - r) A* 


a dV ) a 

Ax 5 r +^-X)A k5 - 




r ,; “ A axpax) ,v ' v ^ 

The equivalent equation with ( u , v, «/) as independent variables is simply 
0a V B a F r) 2 F 

l(P (") - p (w)) ^ + [p (w) -1 p («)| -^ + Ip («) - p (i»)l ^ = o, 


or, more briefly. 


/ .S’V , /a v3*V _ 

(M - p) ^ + (, '" X) ae» +(X “ M) 9^ = °- 


The last three equations will be regarded as canonical forms of Laplace’s 
equation in the subsequent analysis. 


23’33. Ellipsoidal harmonics referred to confocal coordinates . 
When Niven’s function 0 pi defined as 

x 2 y 1 z a 

a* + d p + b' + d p + c' + 6 p ~ ' 
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is expressed in terms of the confocal coordinates (X, p, v) of the point (#, y, z), 
it assumes the form 

_ (X — Op) ( p - Op) (v - 0 P ) 

(«* + e p ) (1 b a + e p ) (c* + ' 

and consequently, when constant factors of the form 
- (a 2 + 0 P ) (6* + 0 p ) (c 3 + 0,) 
are omitted, ellipsoidal harmonics assume the form 
a?, yz 

- ], y, zjt, xyz II (X — 0 P ) IT — 0 P ) II (i/ — 0,,). 

p =i p-i p-i 

2. a? t y 

If now we replace x , y, z by their values in terms of X, p, y, we Bee that 
any ellipsoidal harmonic is expressible in the form of a constant multiple of 
AMN, where A is a function of X only, and M and N are the same functions 
of p and v respectively as A is of X. Further A is a polynomial of degree m 
in X multiplied, in the case of harmonics of the second, third or fourth 
species, by one, two or three of the expressions *J(a 3 + X), */(b* + X), f(c* 4- X). 


Since the polynomial involved in A is II (X — 0 p ) t it follows from a con- 

p =i 

sideration of §§ 23 21-23 24 that A is a solution of Lamp’s differential equation 
4 V((a* + *■) (6= + X) (c s + X)] ^ [^'{(a 1 + X) (6* + X) (c* + X)} 

= [Tz (n -+■ 1) X 4- C] A, 

where n is the degree of the harmonic in ( x, y, z). 

This result may also be attained from a consideration of solutions of 
Laplace’s equation which are of the type* 

V= AMN, 


where A, M, N are functions only of X, p, v respectively. 

For if we substitute this expression in Laplace’s equation, as transformed 
in § 23 32, on division by V, we find that 

— p (w) d 3 A f (w) - p (u) d 1 M p ( u) — p (v) d ?N _ 

A drf + M di? + N dw' ~ 

The last two terms, qua functions of u, are linear functions of p (u), and 


so 1 must be a linear function of p (u); since it is independent of the 
A aw a 

coordinates v and w , we have 

1 <f*A 
A du 1 

where K and B are constants. 


(«) + *}. 


* A harmonic which is the product of three functions, each of which depends on one coordi¬ 
nate only, is sometimes called a nornuil tolution of Laplace’s equation. Thus normal solutions 
with polar coordinates are (§ 18 31) 

r* p m (co, g\ 008 mt p 
* 'sin 
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If we make this substitution in the differential equation, we get a linear 
function of ^ (w) equated (identically) to zero, and so the coefficients in this 
linear function must vanish ; that is to say 

. . 1 d- M 1 d 7 N 

K{ V (v)-v(w))- M - d -+ N rf - 2 = 0. 

r . r . . p(w) d' 2 M tf(v)d 7 N 

and on solving these with the observation that p(w) — jp(w) is not identically 
zero, we obtain the three equations 

= («)+/») A, 

rf ^=(A>(r) +/i)M. 


fi 2 N 

dw 7 


= {/fy(w) 4- B\ N. 


When X is taken as independent variable, the first equation becomes 


4A* 


d\ 


A* = jA'\ + B + J A' I< 1 - + b~- + c 2 )) A, 


and this is the equation already obtained for A, the degree n of the harmonic 
being given hv the formula 

„(„ + !) = K. 

We have now progressed so far with the study of ellipsoidal harmonics as 
is convenient without making use of properties of Lame’s equation. 

We now proceed to the detailed consideration of this equation. 


234 Various forms of Lame's differential equation. 

We have already encountered two forms of Lame s equation, namely 

4 ^d t x{ A 4\} = ' ,,( " +i)x - +r! Ai 

and this may also be written 

d\\ j j 4 4 ) <f A _ > (n 4- 1) X 4- C\ A 

d\ 7 + [n ,J + X b‘ 2 4- X + c 2 4- X1 rfX 4 (a 2 4- X) (/» 2 4- X) (c- 4- X) 

which may be termed the algebraic form ; and 

$£=:«<«+ ])*>(«)+*} a, 

which, since it contains the Weierstrassian elliptic function ^(w), ma y be 
termed the Weierstrassian form ; the constants B and 0 are connected by the 
relation 


B 4 *, n (n 4- 1 ) (a 2 4- b 7 4- c 2 ) = C. 
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If wo take as a new variable, which will be called f, we obtain the 
slightly modified algebraic form (cf § 10G) 

d l A b i i )dA_ [w (#i + 1) f + B) A 

dV + tf-«. + f-e S + f-«»1 rff 4 (f -7,j(f - &) (f -W)' 

This differential equation has singularities at e lt e, , e ;< at which the 
exponents are 0, ^ in each case ; and a singularity at infinity, at which the 
exponents are — i?i, J (n + 1). 

The Weierstrossian form of the equation bos been studied by Halphen, Functions 
Ellvptique*' ir. (Paris, 1888), pp. 457-531. 

The algebraic forms have been studied by Stieltjes, Acta Math. vi. (1885), pp. 321 326, 
Klein, Vorlesvngen Ul)er linearc Difermtielgleichungen (lithographed, Gottingen, 18‘)4\ and 
Bucher, Uber die Reihencnt icic/wf ungen der Potentialtheorie (Leipzig, 1894). 

The more general differential equation with four arbitrary singularities at which the 
exponents are arbitrary (save that the sum of all the exponents at all the singularities is 2) 
lias been discussed by Henri, Math. Awn. xxxnr. (18M9), pp. 161-179 ; tin* gain in generality 
by taking the singularities arbitrary is only apparent, because by a homographic change 
of the independent variable one of them can bo transferred to the point at infinity, and 
then a change of origin is sufficient to make the sum of the complex coordinates of the 
three finite singularities equal to zero. 

Another important form of Larne’s equation is obtained by using the 
notation of Jacobian elliptic functions ; if we write 

z, = u V(e, - e-j), 

the Weierstrasaian form becomes 


2, 2 _ l Cl - < 


+ ns a 2 1 > + 


+ A, 

J e , - e 3 J 


and putting z l = a — iK where 2i K' is the imaginary period of sn^,, we 
obtain the simple form 

dot? ~ ^ U ^ n ■*) ^ sn * a + A ] A, 

where A is a constant connected with B by the relation 
B + e 3 n (n 4- 1) = A (e, — e a ). 

The Jacobian form has been studied by Hermite, Sur qnelque* applications des Junctions 
dliptiques , Camples Rendus , lxxxv. (1877), published separately, Paris, 1885. 


In studying the properties of Lamp's equation, it is best not to use one 
form only, but to take the form best fitted for the purpose in hand. For 
practical applications the Jacobian form, leading to the Theta functions, is 
the most suitable. For obtaining the properties of the solutions of the 
equation, the best form to use is, in general, the second algebraic form, 
though in some problems analysis is simpler with the Weierstrassian form. 
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23'41. Solutions in series of Lame's equation. 

Let us now assume a solution of Lame’s equation, which may be written 

+ (6f ; = - ^ - {n (n + l)£+fl) A =0, 

in the form 

A = I Mf-e 2 ) 4 "- r . 

r* 0 

The series on the right, if it is a solulion, will converge (§10*31) for 
sufficiently small values of | f - e a |; but our object will be not the discussion 
of the convergence but the choice of B in such a way that the series may 
terminate, so that considerations of convergence will be superfluous. 

The result of substituting this series for A on the left-hand side of the 
differential equation and arranging the result in powers of f — e 2 is minus the 
series 

4 £ (£-e,)*"' r + 1 [Y(n-r+ $)6 r - (3e„(£n - r ■+ l) s - $n (n +1) e 2 - b r - x 

r** 0 

+ (^i “ *i) («z - e>) (£ n ~ r + 2) (Jn - r + }) 6 r _ a ], 
in which the coefficients b r with negative suffixes are to be taken to be zero. 

Hence, if the series is to be a solution, the relation connecting successive 
coefficients is 

r (u - r + J) b T = (3e a (£n — r + 1 ) a — \n(n+ 1) e 2 — ±B\ 6 r _j 

- ( e , - e 2 ) (e 8 - e 3 ) (£n - r + 2) ($n - r + $) & r _ 2 , 
and (n — i) 6, = (Jn“e 2 — Jn (n + l)e 2 - 6 0 . 

If we take 6 0 = 1, as we may do without loss of generality, the coefficients 
b r are seen to be functions of B with the following properties: 

(i) b r is a polynomial in B of degree r. 

(ii) The sign of the coefficient of B? in b r is that of (—) r , provided that 
r^n; the actual coefficient of B r is 

__iz> r _ _ 

2.4... 2r(2n — l)(2n — 3) ... (2n — 2r + 1) ’ 

(iii) If e lt e jp e 3 and B are real and e x > e 1 > e t , then, if 6 r _, = 0, the values 
of b r and b M are opposite in sign, provided that r < ^ (n + 3) and r<n. 

Now suppose that n is even and that we choose B in such a way that 

fc 4n + l = 0 - 

If this choice is made, the recurrence formula shews that 

&4»i + 2“0> 
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by putting r = £n + 2 in the formula in question; and if both i^ n + 1 and 
b^ n + 2 ase ^ e subsequent recurrence formulae are satisfied by taking 

&in + 3 = *V + « = 

Hence the condition that Lamp’s equation should have a solution which 
is a polynomial in £ is that B should be a root of a certain algebraic equation 
of degree \n + 1, when n is even. 

When n is odd, we take 6^ (n + i) vanish and then ( n + 3 ) also vanishes, 
and so do the subsequent coefficients ; so that the condition, when n is odd, is 
that B should be a root of a certain algebraic equation of degree $ (?i + 1). 

It is easy to shew that, when e Y >e % >e s , these algebraic equations have 
all their roots real. For the properties (ii) and (iii) Bhew that, qua functions 
of B t the expressions 6 0l b lt b 2 , ... b r form a set of Sturm's functions* when 
r < £ (n 4- 3), and so the equation 

^ 7 i+l = 0 or ^(n + i) = 0 

has all its roots realf and unequal. 

Hence, when the constants e u e 2 , e s are real (which is the case of practical 
importance, as was seen in § 2331), there are in-}-1 real and distinct values 
of B for which Lamp’s equation has a solution of the type 

‘f Mf-e,) 4 "- r 

r = 0 

when n is even; and there are i(n + l) real and distinct values of B for 
which Lamp’s equation has a solution of the type 

J("-n . 

2 b r (f — e,) 4 " _r 

r—0 

when n is odd. 

When the constants e 2l e 3 are not all real, it is possible for the equation satisfied 
by B to have equal roots ; the solutions of Lam£s equation in such cases have been 
discussed by Cohn in a Konigsberg dissertation (1888). 

Example 1. Discuss solutions of Lamp’s equation of the types 

(i) (£-<,)* 2 6 r ' 

r=0 

(ii) (f-e,) 4 2 b r "(t-erf n - T -\ 

r=0 

(iii) (f-«,) 4 (f-* 3 ) 4 2 

0 

• Mim. prtoenUt par let Savant Jttraiigert, vj. (1836), pp. 271-318. 
t This prooedure is due to Liouville, Journal de Math. zi. (1846), p. 221. 
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obtaining the recurrence relations 

(i) r [h - r + h) b; =(3t> 2 (in-r-|-i ) 2 + (e 2 -e 3 ) n - r + j) - (?i4 1 ) e 3 -\B\ b’ r _ 1 

- (ei -e 2 ) (e 2 -e 3 )(bi-r+$)(±u-r+l)b' r _ 2l 

(ii) r (n- r + k) b r " = {3e 2 (J n - r + 4)*- {e x -e 2 ) (£n - r+ j) - £71 {n + \)e 2 ~lB\b" r _ l 

- (*i - e i) («* - e 3 ) (i * " r + 3) (£ n - r 4 1 ) b" r _ 2 , 

(iii) r (a - r 4 {) b r '" = [3<? 2 (£ n - r 4 £) 2 - £ e 2 (n z 4 n 4 1) - £ 5} 

- («i ~ e 2 ) (c 2 - e 3 ) (4 ?i - r + 1 ) (fn - r + £) b'” r - a • 
Example 2 . With the notation of example I shew that the numbers of real distinct 

values of B for which Lamp’s equation is satisfied by terminating series of the several 
species are 

(i) £(?t--l) or £ (/J 2 — 2 ); (ii) J(a-l) or £(ti- 2 ); (iii) J (« - 2 ) or J(n —3). 

23 42. The definition of Lame functions. 

When we collect the results which have been obtained in § 23 41, it is 
clear that, given the equation 

= [«(« +!)*>(«) +*] A, 

n being a positive integer, there are 2n 4 1 values of B for which the equation 
has a solution of one or other of the four species described in §§ 2321-23 24. 

If, when such a solution is expanded in descending powers of f, the 
coefficient of the leading term is taken to be unity, as was done in § 23 41, 
the function so obtained is called a Lame function of degree n, of the first 
kind , of the first (second, third or fourth) species. The 2 n 4 1 functions so 
obtained are denoted by the symbol 

£**(£); (m = 1, 2, ... 2n + l). 

and, when we have to deal with only one such function, it may be denoted by 
the symbol 

(£)• 

Tables of the expressions representing Lame functions for n=l 1 2, ...10 have been 
compiled by Guerritore, Giornale di Mat. ( 2 ) xvi. (1909), pp. 164-172. 

Example 1 . Obtain the five Lame functions of degree 2 , namely 
X + J 2 a*±j ^{Scf 4 -X 6 V}, 

% '(X 4 b 2 ) V '(X 4 c»), V '(A 4- c l ) J(\ 4 a 2 ), y/(X 4 a 2 ) J(\ 4 b 2 ). 

Example 2 , Obtain the seven Lame functions of degree 3, namely 
N '{(A4<)(X4fr a ) (X+ <?*)}, 

and six functions obtained by interchanges of «, b, c in the expressions 

K '(X 4 t/* >. [A 4 \ (a 2 42b 2 4 2c 2 ) 4 £ ^/{tf 4 4 4b 4 4 4c 4 — 7b 2 c 1 - c^a 2 — 6r 2 b 2 }]. 

2343. The non-repetition of factors in Lame functions . 

It will now be shewn that all the rational linear factors of 2£ n m (£) are 
unequal. This result follows most simply from the differential equation which 
E n m (f) satisfies ; for, if f — f 1 be any factor of E n ,n (^) t where is not one of 
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the numbers e lt e 2 or e 3 , then £, is a regular point of the equation (§ 10 3), 
and any solution of the equation which, when expanded in powers of £ - 
does not begin with a term in (£— £ A )° or (f — £0* must be identically zero. 

Again, if fi were one of the numbers e lt e 2 or e 3 , the indicial equation 
appropriate to £j would have the roots 0 and A , and so the expansion of 
E n m (£) in ascending powers of £, would begin with a term in (£—£i)° or 

(f-f.A 

Hence, in no circumstances has A' w in (f), qua function of £, a repeated 
factor. 

The determination of the numbers 0 l9 6. 2 , ... 0, n introduced in §§ 23*21- 
23 24 may now be regarded as complete ; for it has been seen that solutions 
of Lamp’s equation can be constructed with non-repeated factors, and the 
values of 6 X , 0 2 , ... which correspond to the roots of E n m (£) = () satisfy the 
equations which are requisite to ensure that Niven’s products are solutions of 
Laplace’s equation. 

It still remains to be shewn that the 2 n + 1 ellipsoidal harmonics con¬ 
structed in this way form a fundamental system of solutions of degree n of 
1j place’s equation. 

23'44. The linear independence of Lame functions. 

It will now be shewn that the 2n + 1 Lame functions E n m (£) which are 
of degree n are linearly independent, that is to say that no linear relation can 
exist which connects them identically for general values of £. 

In the first place, if such a linear relation existed in which functions of 
different species were involved, it is obvious that by suitable changes of signs 
of the radicals V(£ — V\), V(?~ e a)i V(f — ^a) we could obtain other relations 
which, on being combined by addition or subtraction with the original relation, 
would give rise to two (or more) linear relations each of which involved 
functions restricted not merely to be of the same species but also of the same 
type. 

Let one of these latter relations, if it exists, be 

So* AV"(£) = 0 (a**0) 

and let this relation involve r of the functions. 

Operate on this identity r — 1 times with the operator 

The results of the successive operations are 

ta n (B n ™y E n ' n (() =0 (i = 1, 2, ... r - 1), 
where B n ' n is the particular value of B which is associated with E fl ,n (£ ). 
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Eliminate a u a?, ... a r from the r equations now obtained; and it is found 
that 

1 , 1 , 1 , - 1 - 0 . 

B n 1 , B n > , B n \ ... B u * 


| (5 n r, ( B r ?Y~ 1 i . (BJ)r' I 

Now the only factors of the determinant on the left are differences of the 
numbers B n m , and these differences cannot vanish, by § 23 41. Hence the 
determinant cannot vanish and so the postulated relation does not exist. 

The linear independence of the 2n + 1 Lame functions of degree n is 
therefore established. 

23 46. The linear independence of ellipsoidal harmonics. 

Let G n m (x, y, z) be the ellipsoidal harmonic of degree n associated with 
E n m ((), and let y , z) be the corresponding homogeneous harmonic. 

It is now easy to shew that not only are the 2 n 4- 1 harmonics of the type 
G n m (x , y, z) linearly independent, but also the 2n + 1 harmonics of the type 
Jd n m (x, y , z) are linearly independent. 

In the first place, if a linear relation existed between harmonics of the 
type G n m ( x , y, z). then, when we expressed these harmonics in terms of con- 
focal coordinates (X, v), we should obtain a linear relation between Lame 

functions of the type E n m (£) where £ = X + J (a s + 6 3 + c 3 ), and it has been 
seen that no such relation exists. 

Again, if a linear relation existed between homogeneous harmonics of the 
type H n m (#, y , z )i by operating on the relation with Niven’s operator 
(§ 23 25), 

D 2 D 4 

1 2 (2In - 1) + 2.4 (2 n - 1) (2n - 3) 

we should obtain a linear relation connecting functions of the type G n m (x t y , z), 
and since it has just been seen that no such relation exists, it follows that the 
homogeneous harmonics of degree n are linearly independent. 

2346. Stieltjes 1 theorem on the zeros of Lame functions . 

It has been seen that any Lam6 function of degree n is expressible in the 
form 

(0 + a 1 )-- (0 + (0 + c*Y *. fl (0 — 0 P ), 

p=i 

where #c, are equal to 0 or ^ and the numbers 0 lt 0,, ... 0 m are real and 

unequal both to each other and to — a 1 , — h\ — c 3 ; and \n = m + k x + + * a . 

When k% are given the number of Lam^ functions of this degree and 

type is m + 1. 
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The remarkable result has been proved by Stieltjes* that these m +1 
functions can be arranged in order in such a way that the rth function of the 
set has r — 1 of its zerosf between — a 3 and — b 3 and the remaining m — r + 1 
of its zeros between — b- and — c 2 , and, incidentally, that, for all the vi + 1 
functions, 0 lt 0 a , ... 0 m lie between — a 3 and — c 2 . 


To prove this result, let <f> lt fa, ... <f> m be any real variables such that 

f- a a ^ 4> P ^ ^ (p = 1. 2, ... r - 1) 

1 - b'^fa^-c?, (p = r, r- hi, ... m) 

and consider the product 


n = n [|(^+a 2 )r‘ + 4-.|(^ + 6»)r- + v|(^ + ( -)r' + 4]n |- 0 ,)| 


J+i 


P= 1 p=¥q 

This product is zero when all the variables fa have their least values and 
also when all have their greatest values ; when the variables fa are unequal 
both to each other and to — a 7 , — ft 2 , — c 2 , then II is positive and it is obviously 
a continuous bounded function of the variables. 


Hence there is a set of values of the variables for which II attains its 
upper bound, which is positive and not zero (cf. § 3'62). 


For this set of values of the variables the conditions for a maximum give 
that is to say 


d log II _ d log II _ 

i*r ' = * 




K 2 + 


*3 4- : 




V' 


<f>p + a 2 fa + b 3 <Pp + C S q = \<t>p-4>q 

where p assumes in turn the values 1, 2, ... m. 


= 0 , 


Now this system of equations is precisely the system by which 0 U 0 3 , ... 0 p 
are determined (cf. §§ 23‘21-23‘24); and so the system of equations determining 
0 1} 0 it ... 0 m has a solution for which 

j — a* < 0 p < — b 3 , (p= 1, 2, ... r- 1) 

[ — b* < 0 p < — c a . (p = r, r + 1, ... m) 


Hence, if r has any of the values 1, 2, ... m + 1, a Lam6 function exists 
with r — 1 of its zeros between — a 1 and — fr* and the remaining m — r + 1 
zeros between — 6 s and — c a . 


Since there are m + 1 Lam£ functions of the specified type, they are all 
obtained when r is given in turn the values 1, 2. ... m + 1 ; and this is the 
theorem due to Stieltjes. 


* Acta Mathcmatica, vi. (1685), pp. 321-326. 

t The seroa -a*, -b 2 , - c* are to be omitted from this enumeration, 0 ,, 0 3 , ... 0 m only being 
taken into account. 
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An interesting statical interpretation of the theorem was given by Stieltjes, namely 
that if 77i + 3 particles which attract one another according to the law of the inverse distance 

are placed on a line, and three of these particles, whose masses are «i + ^, r 2 + ^, r 5 +are 

fixed at points with coordinates — a 2 , - — c*, the remainder being of unit mass and free 

to move on the line, then log n is the gravitational potential of the system; and the 
positions of equilibrium of the system are those in which the coordinates of the moveable 
particles are 0 if ... 0 m , i.e. the values of 6 for which a certain one of the Lamd function* 
of degree 2 (m + *, + k 2 + * 3 ) vanishes. 


Example. 
of the type 


Discuss the positions of the zeros of polynomials which satisfy an equation 


A ' 1-a.rfA <*> f _ 2 (0) 

~ + „»—» + -g (# . ai) 


A = 0, 


where </> r _ a (0) is a polynomial of degree r —2 in 0 in which the coefficient of 0 T ~ 2 is 


r 

- m (m + r- 1—2 a,}, 

*= i 

m being a positive integer, and the remaining coefficients in 0 r _ 2 (0) are determined from 
the consideration that the equation has a polynomial solution. 

(Stieltjes.) 

23 47. Lame functions of the second kind. 

The functions E n in (£), hitherto discussed, are known as Lam6 functions 
of the first kind. It is easy to verify that an independent solution of Lame’s 
equation 

"£“5 = (n (n + 1) f + B n m ) A 
is the function F n ™ (f) defined by the equation* 

jgfa. 

and F n m (£) is termed a Lam6 function of the second kind. 

From this formula it is clear that, near u — 0, 

F n m (£) = (2n + \)u~ n (1 + 0(w)J f u-Jl+0 (u)} du = u n+1 {1 + 0 (u)], 

Jo 

and we obviously have 

E™ (f) = u~ n (1 + 0(w)|. 

It is clear from these results that F n m (£) can never be a Lam6 function of 
the first kind, and so there is no value of B n m for which Lames equation is 
satisfied by two Lamt functions of the first kind of different species or types. 

It is possible to obtain an expression for F n m (£) which is free from 
quadratures, analogous to Christoflel’s formula for Q n (.z), gi ven on P- 333, 
example 29. We shall give the analysis in the case when E n m (f) is of the 
first species. The only irreducible poles of lj[E n m (£)] 3 , qua function of u, are 
at a set of points u,, u. it ...u n which are none of them periods or half periods. 


* Thin definition of the funotion F* m (£) is due to Heine, Journal fUr Math. xxn. (1845), 
p. 194. 
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Near any one of these points we have an expansion of the form 

E n '* (f) = (u - Ur) + k t (u- U r y + k s (u - U r Y + ... , 

and, by substitution of this series in the differential equation, it is found that 
is zero. 

Hence the principal part of l/[E n m (£)] a near u r is 


k } 2 (u — u r ) 2 ’ 


and the residue is zero. 

Hence we can find constants A r such that 


[E„ m ( 2 A r p(u-1l r) 

r = 1 

has no poles at any points congruent to any of the points u r ; it is therefore 
a constant A, by Liouville’s theorem, since it is a doubly periodic, function 
of u. 

rv fl*. n 

Hence | TVTnTtv* = A '<- 2 A r {Z(u-u r ) + t;(u r )\. 

J0 l"n Vt.Jj r=l 

Now the points u,. can be grouped in pairs whose sum is zero, since 
E n m (f) is an even function of u. 

If we take -u n _ r = — u r+l , we have 


/, 


l* A r tf(u-u r ) + {(u + u r )i 

0 \& n ItJ] r = 1 

1* t (u) 

= Au - 2f (m) v 4 r - £ .. 

r.l j?K) 


and therefore 

F n m ( f) - (2n + 1) - 2f (u) 2 A r } A’ n m (f) + f»'(«) »*„- i (f). 

r—1 

where is a polynomial in £ of degree — 1. 

Example. Obtain formulae analogous to this expression for /V“(f) when AV‘(f) is "f 
the second, third or fourth species. 


23‘5. Lamp’s equation in association with Jacobian elliptic functions. 

All the results which have so far been obtained in connexion with Lame 
functions of course have their analogues in the notation of Jacobian elliptic 
functions, and, in the hands of Hermite (cf. § 23 71), the use of Jacobian 
elliptic functions in the discussion of generalisations of Lame's equation has 
produced extremely interesting results. 

Unfortunately it is not possible to use Jacobian elliptic functions in which 
all the variables involved are real, without a loss of symmetry. 
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The symmetrical formulae may be obtained by taking new variables 
a, 7 defined by the equations 

a = iK' + u V(«i - 3»), 

- 0 = iK' + v s/(e x — e,), 

,7 = iK ' + w V(ci — e«), 
and then the formulae of § 23 31 are equivalent to 

x = k? V(a B — c*). Bn a sn /3 sn 7 , 

- y = — (£*/&') — c J ). cn a cn /9 cn 7 , 

z = (i/A;') \Z(a* — c 1 ). dn a dn £ dn 7 , 

the modulus of the elliptic functions being 

fa'-b*\ 


■ 


The equation of the quadric of the confocal system on which a is con¬ 
stant is 

X- F’ _ Z a _ 

(a 3 — 6 s ) sn a a (a z — &*) cn* a (a B — c 3 ) dn- a 
This is an ellipsoid if a lies between iK' and K + iK'; the quadric on which 
/? is constant is an hyperboloid of one sheet if /9 lies between K + iK' and 
K ; and the quadric on which 7 is constant is an hyperboloid of two sheets it 
7 lies between 0 and K ; and with this determination of (a, /3, 7 ) the point 
(x, y, z) lies in the positive octant. 

It has already been seen (§ 23*4) that, with this notation, Lamp’s equation 
assumes the form 

d 1 a 

~d^ = i n ( n + l)^sn a a + A) A, 

and the solutions expressible as periodic functions of a will be called* E n m (a). 
The first species of Lamd function is then a polynomial in sn 3 a, and generally 
the species may be defined by a scheme analogous to that of § 23*2, 
sn a, cn a dn a, 

[ 1 , cn a, dnasna, sn a cn a dn a ] 
dn a, sn a cn a, 


y II (sn*a —sn a ap). 

p 


23'6. The integral equation satisfied by Lame functions of the first and 
second species 

We shall now shew that, if E n m ( a) is any function of the first 

species (n being even) or of the second species (n being odd) with sn a as a 

* There iB no riBk of confusing these with the corresponding functions £*"(£). 
t This integral equation and the corresponding formulae of § 23*62 associated with ellipsoidal 
harmonics were given by Whittaker, Proc. London Math. Soc. (2) uv. (1915), pp. 260-268. 
Proofs of the formulae involving functions of the third and fourth specieB have not been 
previously published. 
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factor, then E n m (a) is a solution of the integral equation 

E n m ( a ) = X I P n (A: Bn a sn 0) E n m (0) dS ; 

J -2A 

where X is one of the 'characteristic numbers' (§ 11 23). 

To establish this result we need the lemma that P n ( k sn a sn 0) is 
annihilated by the partial differential operator 

^ ^ - n (n + 1) lc> (an e a- sn ! 6). 

To prove the lemma, observe that, when p is written for brevity in place 
of k sn a sn 0, we have 


{S“^} p " ( * 8Dasn<,) 


= k 3 (cn 2 a dn 2 a sn 2 0 — cn 2 0 dn 2 0 sn a a) P n " (/i) 

+ 2k* sn a sn 0 (sn* a — sn 2 0) P n ' (p) 

= Ic* (sn* a - sn 2 0) [(»> - 1) P n " ( M ) + 2 ^P n f ( M )] 

= A: 2 (sn 2 a — sn 2 0) n (n + 1) P n (p), 

when we use Legendre’s differential equation (§ 1513). And the lemma is 
established. 

The result of applying the operator 


to the integral 


is now seen to be 


3 s 

— — n (n + 1) Ar* sn 2 a - A n m 
0a 2 

[2K 

I P n (k sn a sn 0) E n m (0) d0 

J - 2 K 


/!L{3T’~ ra( " + 1) ^ 8n!a_A ‘" 


P n (k sn a sn 0) E n m (0) d0 


rue rf0 s 

= j - ?i (n + 1) k* sn* 0 — A u m - P n (k sn osn 0) E n m (0)d0 f 


and when we integrate twice by parts this becomes 


pPn 


(k sn a sn 0) 


E n m (0) — P n (k sn a sn 0) 


dE~(0jy* 


n 2 k 

_ -2A 


d0 .' d0 

+ j P n (k sn a sn 0) j— — n (n + 1) A? sn 2 0 — A „ m J E n m (0). d0 = 0. 
Hence it follows that the integral 

M 

P n (k sn a sn 0) E n m (0) d0 

J -2K 


is annihilated by the operator 

d* 


da 2 


— n (n + l)A?sn 2 a — A n m , 
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and it is evidently a polynomial of degree n in sn 2 a. Since Lamp’s equation 
has only one integral of this type*, it follows that the integral is a multiple 
of E n m ( a) if it is not zero ; and the result is established. 

It ap}*ea,rs that every characteristic number associated with the equation 


f2K 

f (a) = X / P n {Jc sn a an 6) f (6) 

J -2 K 


yields a solution of Lamp’s equation; cf. Incc, Proc. Royal Soc. Edin. xlii. (1922), pp. 43-53. 

Example 1. Shew that the nucleus of an integral equation satisfied by Lamd functions 
of the first species (n being even) or of the second sj>ecies (n being odd) with cn a as a 
factor, inay be taken to be 

P n cn n cn 0 j . 

Example 2. Shew that the nucleus of an integral equation satisfied by Lame functions 
of the first species (n l>eing even) or of the second species (7? being odd) with dn a as a 
factor, may be taken to be 


P n Q, dn a dn . 


23 61 . The integral equation satisfied by Lame functions of the third and 
fourth species. 

The theorem analogous to that of § 236, in the case of Lam£ functions of 
the third and fourth species, is that any Larne function of the fourth species 
(n being odd) or of the third species (» being even) with cn a dn a as a factor, 
satisfies the integral equation 

/-2A 

E n m (at) = A. / cn a tin a cn 6 dn 0P n " (k sn a sn 0) E n m {6) d0. 

J -2K 

The preliminary lemma is that the nucleus 

cn a dn a cn 6 dn 6 P n " (k sn a sn 6 ), 
like the nucleus of § 23*6, is annihilated by the operator 

^2 - - n ( n +0 ^ ( sr,! ° - sn2 ^)- 

To verify the lemma observe that 
d 2 

[cn a dn aP n " (k sn a sn 0)1 
da 3 1 

= k 2 cn- 1 a dn'* a sn 2 0P„ |V (p) — 3 k sn a cn a dn a sn 6 (dn 2 a + k' 1 cn 3 tx) P n "' (p) 
— cn a dn a (dn 3 a + k 2 cn 2 a - 4 IP sn 2 a) P n " (p), 

and so 
0 2 0 3 ' 


. (cn a dn a cn 0 dn 0Pf (k sn a sn 0)) 


da 2 d(P 

= k cn a dn a cn 6 dn 6 (sn 2 a - sn- 0) |(^ 2 - 1) iV v (» + 6pPn" (p) + 6P„" (/*)} 
= k 2 cn a dn a cn 6 dn 0 (sn 2 a — sn- 0) ^- 3 \(p 2 — 1) Pf (m)( 

= k- n (n + 1) cn a dn a cn 0 dn 0 (sn 2 a - sn 2 0) P n " (p), 

* The other solation when expanded in descending powers of sn a begins with a term in 
(an a)~ n_1 . 
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and the lemma is established. The proof that E n m (a) satisfies the integral 
equation now follows precisely as in the case of the integral equation of § 23'6. 

Example 1. Shew that the nucleus of an integral equation which is satisfied by Lam6 
functions of the fourth species (n being odd) or of the third Bpeciea (zi being even) with 
su a dn a as a factor, may be taken to be 

wn a dn a sn 8 dn 6 P n " cn a cn 6^j . 


Example 2. Shew that the nucleus of an integral equation which is satisfied by Lam<$ 
functions of the fourth species (n being odd) or of the third species (n being even) with 
sn a cn a as a factor, may be taken to be 

sn a cn a sn 0 cn 8P n " Q, dn a dn . 


Example 3. Obtain the following three integral equations satisfied by Lame functions 
the fourth species (n being odd) and of the third species ( 

(i) k 2 sn 2 a E n m (n) = X cn u dn a [ ' P n ( k sn a sn 8) /, 

J - 2 K u8 

(ii) - ** cu* <t E n M («)=XP* sn o du « I\ ^cimcn fl) “ 

®ii) dll 2 a (a) '■= XX ' 2 S11 n cn mf^P. Q,dli - «i« <*) ^ M 1 


\ being 

even): 

1 

.^U 

cn 8 dn 

e de j ’ 

d i . 

.1 Mrm 

(18 \sn 

8 dn 0 d0 J 

d J ._. 

i dE,r (0)1 

d0 Inn 

8 cn 8 d8 J 


in the case of functions of even order, the functions of the different types each satisfy one 
of these equations only. 


23 62. Integral formulae fur ellipsoidal harmonics . 

The integral equations just, considered make it possible* to obtain elegant 
representations of the ellipsoidal harmonic G n m (x,y,z) and of the corre¬ 
sponding homogeneous harmonic H n m (x, y, z) in terms of definite integrals. 

From the general equation formula of § 18*3, it is evident that H n m (x, y, z) 
is expressible in the form 

H n m (#, y> z) — f (x cos t + y sin t 4 iz) n fit) t It, 


where f(t) is a periodic function to be determined. 

Now the result of applying Niven's operator D 2 to (x cos t + y sin t -I- iz) n is 
a (n — 1 ) (a 2 cos- 1 4- b 2 sin 3 1 — c 2 ) (x cos t 4 y sin t + iz) n ~‘\ 
and so, by Niven’s formula (§ 23 25) we find that G n ,n (x, y, z) is expressible 
in the form 


G 


in 

n 


O, y, *) = 



n (u — 1) 
2”~(2n - 1) 


31 w - a 


n ( it - 1) ("_7 2) (?i — 3) t .. n . 
2.4 (2n — 1) (2n. — 3) 


- 


f(t) dt, 
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21 = x cos t + y sin t + iz, 

© = — c 2 ) cos 2 t + (b 2 — c 2 ) sin* t\, 


2 n .(n\Y[ w _ ( x cos t + v sin t + iz \ . 

G n m (x, y, z) = j J_ w ®" P * ( 7 f(a> _ c «) cos 1 "( + (&«- c >) sin* t])^^ L 

Now write sin£ = cd0, the modulus of the elliptic functions being, as 
usual, given by the equation 

a* - 6 s 


A^ = 


a u — c 2 ‘ 


The new limits of integration are -3 K and K, but they may be replaced 
by — 2 K and 2 K on account of the periodicity of the integrand. 

It is thus found that 


G» n (x, y,z)=j ^ P„ 


(lex sn 6 + y cn 6 + iz dn 0 
V(6»-c*) 


) <f> (6) dd, 


where <f> (0) is a periodic function of 6, independent of x, y , z, which is, as yet, 
to be determined. 


If we express the ellipsoidal harmonic as the product of three Lam 6 
functions, with the aid of the formulae of § 23 5 we find that 

riK 

E n m (a) E,r os) Err ( 7 ) = c p n oo <t> (6) do, 

J -IK 

where C is a known constant and 


fi = k 1 sn a sn /? sn 7 sn 6 — ( k*/Jc ' a ) cn a cn /3 cn 7 cn 6 

— (1 jic 2 ) dn a dn ft dn 7 dn 6. 

If the ellipsoidal harmonic is of the first species or of the second species 
and first type, we now give and 7 the special values 

0 = y = K + iK\ 

and we see that 

riK 

C P n (Jc sn a sn 0) <f> (0) d0 

J -2 K 

is a solution of Lamp’s equation, and so, by § 23'6, (0) is a solution of Lame’s 

equation which can be no other * than a multiple of E n m (0). 

Hence it follows that 


(?„»(*, y, z) = \f^P n ( 


fk'x sn d + 1 / cn 6 + iz dn 6 


) ES 


(d)de, 


where X is a constant. 


# If 0(0) involved the second eolation, the integral would not converge. 
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If G n m (x t y , z) be of the second species and of the second or third type 
we put 

>3 = 0, 7 = AT 4- \K\ 

or ft = 0 , 7 = K 

respectively, and we obtain anew the same formula. 

It thus follows that if G n m (x, y,z) be any ellipsoidal harmonic of the first 
or second species, then 

f2K 

(r n m ( X , y,s) = XI P n (m) En m (0) dd, 

J -2 K 

H n m (x, y, z) = \ . —- f (k'x sn 6 + y cn 0 + iz tin 6)" E n m (0) d6, 

where p — (A;\r sn 0 4 y cn 0 4 dn 6)j\'(b 2 — c 2 ). 


23 63. Integral formulae fur ellipsoidal harmonics of the third and fourth 
species. 

In order to obtain integral expressions for harmonics of the third and 
fourth species, we turn to the equation of § 23*62, namely 

E n m («) ( 0 ) A 1 ,,- ( 7 ) = C f“ A P n (/i) 0 ( 0 ) </ 0 , 

J -2K 

where 

p = k 2 sii a sn sn 7 sn 0 — (k 2 /k f2 ) cn a cn cn 7 cn 0 — ( I Ik’ 2 ) dn a dn ft dn 7 dn 0 ; 
this equation is satisfied by harmonics of any species. 

Suppose now that E n m (a) is of the fourth species or of the first type of 
the third species so that it has cn a dn a as a factor. 

We next differentiate the equation with respect to ft and 7 , and then put 

ft = K, y = K + iK\ 

It is thus found that 


E n m (a) 


[dp 


En m (ft) 


Now 
so that 


~SP n (/tt)" 

. ^7 J, 


•LM* 

- 71 P 


( 7 ). 

y - A i j A 

dftdy 


J (3 - A. y =K+iK’) 
= — (ilk ) dn a dn ft dn 0P n ’ (p), 


<t>(6)d0. 


Hence 


1 = — k cn a dn a cn 0 dn 0P n " (k sn a sn 0). 

0ft ^7 J (0-A, y = AM-iA''l 

r iA ' 

/ cn a dn a cn 0 dn 0 P n " (k sn a sn 0 ) 0 ( 0 ) d 0 
J - 2 K 


is a solution of Lamp’s equation with cn a dn a as a factor; and so, by § 23*61, 
<£(0) can be none other than a constant multiple of E n m (a). 
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We have thus found that the equation 

G« m (*■ y>*) = X f * P n (/*) ^n m («) fW 

J -2K 

is satisfied by any ellipsoidal harmonic which has cn a dn a as a factor; the 
corresponding formula for the homogeneous harmonic is 

H n m (&> V, z ) — X-—- J - f {k' x sn 0 + y cn 0 + izdn 0) n E n m (0) d0. 

* ' 2 7'(n\Y(b*-c')± n J~2K y 7 V 

Example. Shew that the equation of this section is satisfied by the ellipsoidal 
harmonics which have sn a dn a or an a cn a as a factor. 


23'7. Generalisations of Lames equation. 

Two obvious generalisations of Lamp’s equation at once suggest them¬ 
selves. In the first, the constant B has not one of the characteristic values 
B n m , for which a solution is expressible as an algebraic function of ( u)\ and 
in the second, the degree n is no longer supposed to be an integer. The first 
generalisation has been fully dealt with by Hermite* and Halphenf, but the 
only case of the second which has received any attention is that in which n is 
half of an odd integer; this has been discussed by BrioschiJ, Halphen§ and 
Crawford ||. 

We shall now examine the solution of the equation 

r/2 A 

j^=[n(n + \)p(u) + B}A, 

where B is arbitrary and n is a positive integer, by the method of Lindemann- 
Stieltjes already explained in connexion with Mathieus equation (§§ 19'5- 
19*52). 

The product of any pair of solutions of this equation is a solution of 

flu* - 4 {«(" +1) ( u )+ B \ fff - - n (n + o v' ( u ) x = 

by § 19 52. The algebraic form of this equation is 

* (f - O If - O (f - *) ^ + 3 (6p - i g,) - ([ p 

- 4 {(„» + n - 3) f + B] ^ - -In (» + 1 ) X = 0 . 

If a solution of this in descending powers of f — e 2 be taken to be 
X = i c r (f - (c„= 1) 

r = 0 

* Comptes B cndus, lxxxv. (1877), pp. 8B9-G95, 728-732, 821-826. 
t Fonctirmt Elliptiquru , n. (PariH, 1888), pp. 494-502. 
t Compte* Retidut , lixivi. (1878), pp. 313-315. 

§ Fonctiont Elliptiques, ii. (Paris, 1888), pp. 471-473. 
i; Quarterly Jour uni, xxvii. (1895), pp. 93-98. 
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the recurrence formula for the coefficients c r is 
4r (n — r + J) (2 n — r + 1) c T 

= (n - r + 1) (12e„ (w - r) (n - r 4- 2) - 4e 2 ( n * + n — 3) - 4 B] c,._, 

— 2 (n — r + 1 ) (n - r + 2 ) (e x - e a ) (e a — e 3 ) (2n — 2 ?' + 3) c,_ B . 

Write r = n + 1, and it is seen that c n +, = 0 ; then write r = n + 2 and c n+3 = 0 ; 
and the recurrence fonnulae with r > n + 2 are all satisfied by taking 

c n4.H = c n44 = ■.• = (). 

Hence Lames generalised equation always has two solutions whose product 
is of the form 

2c r (f-e 2 )"- r . 

r=0 

This polynomial may be written in the form 

n (pOO -p(Or)J, 

!■.-= 1 

where a lt a^, ... n„ are, as yet, undetermined as to their signs ; and the two 
solutions of Lame’s equation will be called A,, A 2 . 

Two cases arise, (I) when A,/A 2 is constant, (II) when A,/A* is not 
constant. 


a) 


The first case is easily disposed of; for unless the polynomial 


n 


r= 1 


(f-P(Or)} 


is a perfect square in f, multiplied possibly by expressions of the type £ — e l9 
f —e 2 , £ — e ;t , then the algebraic form of Lamp’s equation hits an indicia! 
equation, one of whose roots is I, at one or more of the points £ = p ( a r ); and 
this is not the case (§ 23 43). 

Hence the polynomial must be a square multiplied possibly by one or 
more of £ — e lt £ —e 2 , f — e q , and then A, is a Lame function, so that B has 
one of the characteristic values B n m ; and this is the case which has been 
discussed at length in §§ 231-23*47. 

(II) In the second case we have (§ 19 53) 


where (5 is a constant which is not zero. 


i dAn dA } 
A 'du- A *-<fu= m ' 


Then 

2(5 
A r 


d log A a d log A, 
du du 


d log A 2 + d log A, _ 1 dX 
du du X du ' 

d log A, 1 dX (5 d log An __ 1 dX (5 

~~da ~ = 2X du ~ X ' ~du 2X 7lu X ' 


so that 



572 


THE TRANSCENDENTAL FUNCTIONS 


[CHAP. XXIII 


On integration, we see that we may take 

A! =» *JX exp j- G | . 

Again, if we differentiate the equation 

1 dA, __ 1 dX _ G 
Aj du 2X du X J 

we find that 

1_ < ?A_i _ J 1 dA i\* _ 1 d 2 A r L/^Y+— — 

A, du* (Aj du j 2A r du 2 2A 2 \ du J X* du 


and hence, with the aid of Lamp’s equation, we obtain the interesting 
formula 


/ n / x ri 1 d*X 
n(n + l)v(u) + B = U j- 



If now fr = (P (a r ), we find from this formula (when multiplied by X 2 ), 
that, if u be given the special value a r , then 


fdX y 4g 2 

V h = fr P' 1 («r) ■ 

We now fix the signs of a lP a... a n by taking 

(dX\ = 2 g 

Wf/f = fr +jf>'(«r)' 

And then, if we put 2G/X, qua function of £, into partial fractions, it is seen 
that 

2 (£ n to' (a } n 

-Y = 2 c— = ~ (?(« - a T ) - £(w + a r ) + 2? (a r )j, 

A r-lf- p r = l 

and therefore 


A|= [n (P(M)-P(or)) 

Lr-1 

x exp SJlog <r (a T + u) - log <r (a r -u) - 2uf (a r ))J , 


whence it follows that (§ 20’53, example 1) 


and 


A, = 


A, = 


^ [ g (a r + u) | 
r=l V («) O’ (Or)) 

" ( <r(a, — u> 

r-i jo- («) O' (dr) 



The complete solution has therefore been obtained for arbitrary values of the 
constant B. 
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23 71. The Jacobian form of the generalised Lame equation. 
We shall now construct the solution of the equation 

= (n (n 4- 1) k 1 sn a a + A } A, 

for general values of A, in a form resembling that of § 236. 

The solution which corresponds to that of § 23'6 is seen to be* 

A _ £ ( H (* + a r)} „ oa 


A = n fXT-r 1 ' 

r=l 1 ©(a) 


where p, ot a , at,, ... a n are constants to be determined. 

On differentiating this equation it is seen that 

1 d\ _ ^ IT (a 4- a r ) 0' (a)) 

A da r =i H (a + a r ) 0 (a) j ^ 

= 2 (Z (at + a r + iA') - Z (a)] + p + \ mrijK , 


ld 2 A (1 dA 


A da J (A da 


= 2 [dn 2 (a +a r + iA') — dn 2 a}, 


and therefore, since A is a solution of Lamp’s equation, the constants p, a,, 
QLj, ... are to be determined from the consideration that the equation 

n 

n (n 4- 1) k? sn* a + A = 2 (dn 2 (a + + iK') - dn 2 a) 


-I- 2 [Z (a + a r + iA') — Z (a)] 4 p + i rnri/K 


is to be an identity; that is to say 

71 

ivlc t sn i a + n + A + 2 cs a (a + a r ) 


= 2 (Z (a + a r + i7f') — Z (a)) + p + ^ n7n/A J . 


Now both sides of the proposed identity are doubly periodic functions of 
a with periods 2 K, 2iK\ and their singularities are double poles at points 
congruent to —iK\ — a l9 — a*, a*; the dominant terms near — i K' and 

— a,, are respectively 

71 2 1 

(a + iK'y * (a + a r y 

in the case of each of the expressions under consideration. 

The residues of the expression on the left are all zero and so, if we choose 
p, a lf Oj, ... a n so that the residues of the expression on the right are zero, 

* This solution was published in 1872 in Hermite’a lithographed notes of his lectures delivered 
at the Ecole poly technique. 
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it will follow from Liouville s theorem that the two expressions differ by a 
constant which can be made to vanish by proper choice of A. 

We thus obtain n+ 2 equations connecting p , a lt a,, ... a* with A, but 
these equations are not all independent. 

It is easy to prove that, near — a r , 

2 {Zivi + aLr + iK')- Z(a)} + p + ^mri/K 

r = 1 

= —~— + 2 Z (cip — Q r + iK ) + uZ (ctr) + p ■+■ £ (ji — 1) iri/K + 0 (cr + or r ), 

a + otr p =1 

where the prime denotes that the term for which p= r is omitted; and, near 
-1 K\ 

2 (Z (a -I- a r 4 - i'AT') — Z (a)] + p + \ mrijK 

r = 1 

= ~~ irzTu + “ z (“■■) + p + ® ( a + )■ 

a + lA r-1 

Hence the residues of 

2 [Z(a+ Or + iK') — Z (a)) + p + i nirijK J 
will all vanish if p , ct 2 , ... a n are chosen so that the equations 
£' Z (Op — Or + i/lT') + nZ (dr) + P + i (n — 1) tri/K = 0, 

p=i 

-i 

“ Z(o r ) + p = 0 

Vr-1 

are all satisfied. 


The last equation merely gives the value of p , namely 

- i z (*), 

r- 1 

and, when we substitute this value in the first system, we find that 
2' [Z (a, - a r + iK') + Z (a r ) - Z (a„) + iiri/K] = 0, 

7J-1 

where r = 1, 2, ... w. By § 22735, example 2, the sum of the left-hand sides 
of these equations is zero, so they are equivalent to n — 1 equations at most; 
and, when a lf cr 2 , ... a,» have any values which Batisfy them, the difference 


[- 


k 2 sn 2 a + n + A + 2 cs 2 (or + a, 


-] 


- £ |Z (a + a r + iK') - Z (a) - Z (a r ) + 4 vi/K] 

_r= 1 
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2371] 

is constant. By taking a * 0, it is Been that the constant is zero if 
n + A 4- 2 cs* a r = ^ 2 (Z (a r + i7T') — Z (a r ) + i7nVA r (J , 

f n ] 1 n 

i.e. if 1 2 cn a r ds a r > — 2 ns* a r = A. 


We now reduce the system of n equations; with the notation of § 222, if functions of 
flp , ar be denoted by the suffixes 1 and 2, it is easy to see that 

Z (a p - a r + i'A") + Z (a r ) - Z (a„) + i irijK 

= Z (a,, — a r + lA') + Z (a r ) - Z (a,, + ih ') -|- Cjfl?) ft j 
= I- 2 sn (op + / A') Bn ^ sn (a,, +1 A' - a r ) + c l rf, fs x 

_ _*2_ + r l^l 

sn (dp — n r ) »\ 

= *2 (g| -h *2C] rfi) 4- Cl d 1 («,*- »2*) 

_ *1 r ’l ^1 4" *2 ^2^2 

~ * 1 * - * 2 * 

Consequently a solution of Lame’s equation 


^-= {n (n + 1) A? sn 2 a + .4 ) A 


is A = n [—exp {- aZ (a r )]] , 

provided that a lt a?, ... a n be chosen to satisfy the n independent equations 
comprised in the system 

r sn a p cn a p dn a p + sn a r cn a T dn cr r _ ^ 
p =i an* a p — sn* a r 

[ n Han 

2 cn Or ds a r — 2 ns* a r = A ; 

r=\ J r=1 

and if this solution of Lamp’s equation is not doubly periodic, a second 
solution is 

AF^r“pi« z H- a 

The existence of a solution of the system of n + 1 equations follows from 
§ 23 7. 
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Miscellaneous Examples. 

1. Obtain the formula 

Oh (*, y, z) = 2 IP* Pn j e~ v du.B n (.X , y, z). 

(Niven, Phil. Tram. 182 a (1891), p. 245.) 


2. Shew that 
//, 


5 Y 


. _ (.-)" • ( 2n ) ! Bh (j, y , z) 


/ ? d t _ 

\c).r ’ iy ’ dzj \J{j?+ y 2 + z 2 )~ 2". n ! ^ + yi +' 

(Hobson, Proc. London Math. Soc. XXIv.) 


3. Shew that the ‘external ellipsoidal harmonic’ F n ' n (f) E n m (rj) E n m (£) is a constant 
multiple of 


H (1 1 1Vi+- 

"W’ V 2.(2» + 3)^2. 




: + 


■-)* 


1 


. 4 (2/1 + 3) (271 + 5) J J(x*+y* + z 2 ) ' 

(Niven ; and Hobson, Proc. London Math. Soc. xxiv.) 

4. Discuss the confluent form of Lamp’s equation when the invariants g. z and g 3 of the 
Weierstrassian elliptic function are made to tend to zero; express the solution in terms of 
Bessel functions. 

(Haentzschel, Zeitschrift filr Math, und Phys. xxxi.) 

5. If v denotes ** exp [(A — Z (^*)} q], where X and g. are constants, shew that 

6 (“) 

Lamp’s equation has a solution which is expressible as a linear combination of 
d*~ l v d*~*v d*~ b v 

rfa"’ da*-*' ’ da *-* 9 

where X 2 and sn 2 y. are algebraic functions of the constant A. 

6. Obtain solutions of 

1 ^=12** 811*4-4(1 + **) +5 J(1-** + **). 


(Hermite.) 


(Stenberg, Acta Math, x.) 

7. Discuss the solution of the equation 

z {z - 1) (z - a) + [(a + £ + 1) z 1 - {a + 0-fl + 1 + (y+fl) a} z + try] ^r + a 0 (z-< 7 )y = 0 


in the form of the series 


l + a£ 2 


On (q) (f l<*F 


=i n\y (y+l)...(-y + n)’ 
where O y {q)^q J G % (g) = a0g 2 +{(a + /9-fl + l) + (y + J)a} q-ay, 

0* + \ (q) =[n ((« + £ - A + n) + (y + fi + n - 1) a) + a£y] G n (q) 

-(a + 7i-l)0 + 7i-l)(y + 7i-l)na(r^_ ] (q). 

(Heun, Math . Ann. xxxill.) 
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B. Shew that the exponents at the singularities 0, 1, a, cc of Heun’s equation are 

(0, 1 - y)j (0,1-a), (0,1-.), (-,», 

where y + fl + f^a + ^+ l- 

(Heun, Math. Ann. xxxm.) 

9. Obtain the following group of variables for Heun’s equation, corresponding to the 


group 

for the hypergeomctric equation : 


11 2 z-1 

l ' ’ i’ 1 -t' f-l’ z ’ 


z, 1 -z, 

1 

1 z 

2-1 

2 ’ 

l-z’ s—r 

2 ’ 

z a- z 

a 

a z 

z — a 

a 1 a 

’ 2’ 

a—z 1 z — a 

i „ , 

z-a 2-1 

1 - a 

a- 1 z 

-a z- 1 

Y^ a ’ Y- \ 1 

' z-a 

’ 2-1 ’ ^ 

-1 z-a' 

(a-l)z 

a (z — 1) 

a (z-1) 

z — a (1 - 

i ’ a (z — 1) ’ 

z-a 

’ («-!)*’ 

(1 - a) z 1 z 


(Heun, Math. Ann. xxxm.) 

10. If the series of example 7 be called 

“i ft y >; a )i 

obtain 192 solutions of the differential equation in the form of powers of z, z - 1 and z- a 
multiplied by functions of the type F. 

[Heun gives 48 of these solutions.] 

11. if v = 2i>, shew that Lamo’s equation 


2={" (* + l)P(«) + fl}A 


may be transformed into 


by the substitution 

A 

12. If f=p(u), shew that a formal solution of the equation of example 11 is 

L= 2 

r=0 

provided that (a — 2 n) (a — n 4- J) — 0 

and that 

4 (a - r - 2n) (a — r - n +£) b r + [12^ (a — r +1) (a — »■ — 2ri + J) + 4(2 n— 1) -4 Zf]i 

- 4 (e, - e % ) (e 2 - e 3 ) (a - r + 2) (a - / - n -V jj ) h T _ 2 ^ 0. 
(Brioschi, Comp tea Rendu*, lxxxvi. (1878), pp. 313-315 and Halphen.) 

13. Shew that, if n is half of an odd positive integer, a solution of the equation of 
example 11 expressible in finite form is 

b.d-e.tf'-r, 

r=0 
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provided that 

4r(n-r + l) 6 r + [12s, (2n — r 4-1) (r- 1) - 4e*n (2n - l) + 42?] b r _ l 

+ 4 (<5i - 0 ,) (e, - «s) (2n - r + 2) (* - r+j) b r _ a = 0, 
and 27 is bo determined that + 

(Brioschi and Halphen.) 

14. Shew that, if n is half of an odd integer, a solution of the equation of example 11 
expressible in finite form is 

L' = n 2* b p ' ((-e,) n -P-*, 

P=lQ 

provided that 

4p(n+/> +[12^ (fi-_p + J)(n+ < p--J)-4« S 7i(2ji-l) + 45]fcp_ 1 ( 

+ 4 (?i -«j) («j-« 3 ) (n-p + j) (p -1) fc'p_ s -0 
snd b' ,i=0 is the equation which determines B. 

(Crawford.) 

15. With the notation of examples 13 and 14 shew that, if 

v=(- y p («i - e t) p («j - *>)■* c „_ p . 

the equations which determine c 0 , c,, ...c , are identical with those which determine 

n ”2 

6 0 ,6i, ...b and deduce that, if one of the solutions of Lamp’s equation (in which n is 
i® a 

half of an odd integer) is expressible as an algebraic function of £> (u), so also is the other. 

(Crawford.) 

lfl. Prove that the values of B determined in example 13 are real when e u e 2 and ^ 
are real. 


17. Shew that the complete solution of 

ASP-IP^ 


is A = {p'(i u )r i ^P(i«) + ^!. 

where A and B are arbitrary constants. 

(Halphen, Mbn. par divert savants, xxvni. (i), (I860), p. 105.) 


18. Shew that the complete solution of 

is A = {sni (C-a) cn J ((7-a)du | ( C- a)} - * {A + B Bn a J (C-a)}, 

where A and B are arbitrary constants and (7«* 2K+ iK\ 


(Jamet, Comptes Rendus, cxi.) 
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THE ELEMENTARY TRANSCENDENTAL FUNCTIONS 

A'l. On certain results assumed in Chapters I-IV, 

It was convenient, in the first four chapters of this work, to assume some of the 
properties of the elementary transcendental functions, namely the exponential, logarithmic 
and circular functions ; it was also convenient to make use of a number of results which 
the reader would be prepared to accept intuitively by reason of his familiarity with the 
geometrical representation of complex numbers by means of points in a plane. 

To take two instances, (i) it was assumed (§ 2'7) that liin (expz)-exp(lim z), and 
(ii) the geometrical concept of an angle in the Argand diagram made it appear plausible 
that the argument of a complex number was a many-valued function, possessing the 
property that any two of its values differed by an integer multiple of 27 t. 

The assumption of results of the first type was clearly illogical ; it was also illogical to 
base arithmetical results on geometrical reasoning. For, in order to put the foundations 
of geometry on a satisfactory basis, it is not only desirable to employ the axioms of 
arithmetic, but it is also uecessary to utilise a further set of axioms of a more definitely 
geometrical character, concerning pro]>erties of points, straight lines and planes*. And, 
further, the arithmetical theory of the logarithm of a complex number ap^iears to be 
a necessary preliminary to the development of a logical theory of angles. 

Apart from this, it seems unsatisfactory to the aesthetic taste of the mathematician to 
employ one branch of mathematics as an essential constituent in the structure of another ; 
particularly when the former has, to some extent, a material basis whereas the latter is of 
a purely abstract naturof. 

The reasons for pursuing the somewhat illogical and unacsthetic procedure, adopted in 
the earlier part of this work, were, firstly, that the properties of the elementary transcen¬ 
dental functions were required gradually in the course of Chapter ir, and it seemed 
undesirable that the course of a general development of the various infinite processes 
should be frequently interrupted in order to prove theorems (with which the ruuler was, 
in all probability, already familiar) concerning a single particular function ; and, secondly, 
that (in connexion with the assumption of results based on geometrical considerations) 
a purely arithmetical mode of development of Chapters i iv, deriving no help or illus¬ 
trations from geometrical processes, would have very greatly increased the difficulties of 
the reader unacquainted with the methods and the spirit of the analyst. 

* It is not our object to give any account of the foundations of geometry in this work. They 
are investigated by various writers, such as Whitehead, Axioms of Projective Geometry (Cambridge 1 . 
Math. Tracts, no. 4, 1906) and Mathews, Projective Geometry (London, 1914). A peril ml I of 
Chapters i, xx, xm and xxv of the latter work will convince the reader that it is even more 
laborious to develop geometry in a logical manner, from the minimum number of axioms, than 
it is to evolve the theory of the circular functions by purely analytical methods. A complete 
account of Lhe elements both of arithmetic and of geometry has been given by Whitehead and 
Russell, Frincipia Mathematica (1910-1913). 

t Cf. Merz, History of European Thought in the Nineteenth Century , n. (London, 1903), pp. >531 
(note 2) and 707 (note 1), where a letter from WeierBtrass to Schwarz is quoted. See also 
Sylvester, Phil. Mag. (5), ii. (1876), p. 307 [Math. Papers, hi. (1909), p. 50]. 
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A’ll. Summary of the Appendix . 

The general oourae of the Appendix ifi m follows : 

In SS A2-A22, the exponential function is defined by a power series. From this 
definition, combined with results contained in Chapter n, are derived the elementary 
properties (apart from the periodic properties) of this function. It is then easy to deduce 
correspotiding properties of logarithms of positive numbers (§§ A*3-A33). 

Next, the sine and cosine are defined by power series from which follows the connexion 
of these functions with the exponential function. A brief sketch of the manner in which 
the formulae of elementary trigonometry may be derived is then given (§§ A’4-A - 42). 

The results thus obtained render it possible to discuss the periodicity of the exponential 
and circular functions by purely arithmetical method s (§§ A'B, A'fil). 

In §§ A 52-A 622, we consider, substantially, the continuity of the inveree circular 
functions. When these functions have been investigated, the theory of logarithms of 
complex numbers (§ A'6) presents no further difficulty. 

Finally, in § A7, it is shewn that an angle, defined in a purely analytical manner, 
possesses properties which are consistent with the ordinary concept of an angle, based on 
our experience of the material world. 

It will be obvious to the reader that we do not profess to give a complete account of 
the elementary transcendental functions, but we have confined ourselves to a brief sketch 
of the logical foundations of the theory*. The developments have been given by writers 
of various treatises, such as Hobson, Plane Trigonometry ; Hardy, A courge of Pure 
Mathematics ; and Bromwich, Theory of Infinite Series. 

AT2. A logical order of development of the elements of Analysis. 

The reader will find it instructive to read Chapters i-iv and the Appendix a Becond 
time in the following order : 

Chapter 1 (omitting + all of § 15 except the first two jiaragraphs). 

Chapter n to the end of § 2*61 (omitting the examples in §§ 2 31-2 C1). 

Chapter in to the end of § 3 34 and §§ 3 5 3 73. 

The Appendix, §§ A’2-A6 (omitting §§ A 32, A'33). 

Chapter 11, the examples of 2‘31-261. 

Chapter in, §§ 3 341 -3 4. 

Chapter iv, inserting j$§ A'32, A'33, A 7 after § 4 13. 

Chapter n, 2 7-2 82. 

He should try thus to convince himself that (in that order) it is possible to elaborate 
a purely arithmetical development of the subject, in which the graphic and familiar 
language of geometry X is to lie regarded as merely conventional. 

* In writing the Appendix, frequent reference haB been made to the article on Algebraic 
Analysis in the Encyklopddie der Math. Wissevschnften by Fringsheim and Faber, to the Bame 
arLicle translated and revised by Molk for the Encyclopedic dcs Sciences Math., and to Tannery, 
Introduction a la TheOric drs Fcmctions d'uve Variable (Paris, 1 ( J04). 

t The properties of the argument (or phase) of a complex number are not required in the 
text before Chapter v. 

X E.g. ‘a point’ for ‘an ordered number-pair,’ ‘the circle of unit radius with centre at the 
origin’ for 'the set of ordered number-pairs (x, y) which satisfy the condition i z + y a =l,’ ‘the 
points of a straight line' for ‘the set of ordered number-pairs (x, y) whioh satisfy a relation of 
the type Ax + By + C = 0,' and so on 
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A "2. The exponential function exp z t 

The exponential function, of a complex variable z, is defined by the series* 

. Z Z i Z 3 * Z H 

exp '" 1+ n + al + r! + -“ 1+ .f 1 iTi ■ 


This series converges absolutely for all values of z (real and complex) by D’Alembert’s 
ratio test (g 2*36) since lini | {z\n) | = 0<1 ; so the definition is valid for all values of z. 

M ♦GO 


Further, the series converges uniformly throughout any bounded domain of values of z; 
for, if the domain be such that | z | ^ II when z is in the domain, then 

| (*»/» !) | ^ R*/n !, 

and the uniformity of the convergence is a consequence of the test of Weierstrass (§ 3 34), 
by reason of the convergence of the series 1 + 2 (R n /n !), in which the terms are indepen- 

n = l 

dent of z. 


Moreover, since, for any fixed value of n, z ll /n ! is a continuous function of z, it follows 
from § 3 32 that the exponential function is continuous for all values of z ; and hence 
(cf. g 3 2), if z be a variable which tends to the limit £, we have 

lim exp z — exp 


A‘21. The addition-theorem for the exponential function, and its consequences. 

From Cauchy’s theorem on multiplication of absolutely convergent series (g 2 53), it 
follows thatf 


(exp zf) ( 


(exp 2 ,) = (l+f’+sn + -) ( 


, + l! + 2! + 


...) 


z L + z 2 z l 2 + 2z 1 zo + z.f 
1 ! 2 ! 


= exp (z^zi, 

so that exp(zi+z 2 ) can be expressed in terms of exponential functions of z, and of z 2 by 
the formula 

exp (z, + z 2 ) = (exp z,) (exp z.,). 

This result is known as the addition-theorem for the exponential function. From it, 
we see by induction that 

(exp zi (exp z 2 )... (exp z n ) = exp (z x + z 2 + ... +z (1 ), 

and, in particular, 

{exp z\ {exp ( - z)}=exp 0=1. 

From the last equation, it is apparent that there is no value of z for which exp z--G ; 
for, if there were such a value of z, since exp (— z) would exist lor this value of z, we 
should have 0=1. 


It also follows that, when x is real, exp t> 0 ; for, from the series definition, cxp.i ^ 1 
when x ^ 0 ; and, when x ^0, exp .r = 1 /exp (- .?/)>0. 

* It was formerly customary to define expz as lim ( 1 + -] , cf. Cauchy, Cours d'Aiuilysc, i. 

p. 167. Cauchy (ibid, pp, 168, 309) also derived the properties of the function from the series, 
but his investigation when z is not rational is incomplete. See also SchJoinilcli, Handlmch der 
<ilg. Analysis (1889), pp. 29, 178, 240. Hardy has pointed out (Math. Gazette, hi. p. 284) that 
the limit definition has many disadvantages. 

t The reader will at once verify that the general term in the product serieH is 

(V + „ C 1* ■ n ' 1 2 : + <Vl”~ V + - + ■ = ( 2 I + ! - 
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Further, eip*r is an increasing function of the real variable x ; for, if jfr>0, 
eip (x + k) — exp x = eip x . {exp A — 1}>0, 
because eip x>0 and exp k>\. 

Also, since {exp A - 1 }jh = 1 -|- (A/2!) + (A*/3 !)+..., 

and the series on the right is seen (by the methods of § A‘2) to be continuous for all 
values of A, we have 

lim {exp A - 1}/A«=1, 

*-*-o 


and so 


d exp z 

~dz 


Um “Pj£±*>rl3L' 

h-*\ A 


= exp z. 


A'22. Far/otu properties of the exponential function. 

Returning to the formula (expq) (expz 2 )... (exp * n ) = exp (z 2 + Zo + ...+z n ), we see that, 
when it is a positive integer, 

(exp «) ,, = exp ( nz\ 

and (exp z)~ n = 1 /(exp z) n — 1/exp {nz) = exp (- nz). 

In particular, taking z~ 1 and writing e in place of exp 1 = 2 71828..., we sec that, 
when m is an integer, positive or negative, 

e m = exp ?a = l+ (m/1 !) + (m 2 /2 .')+ .... 

Also, if ^ be any rational number ( 5=7 p/q, where p and q are integers, q being positive) 
(exp ^ = exp ^ = exp p = e>\ 

so that the qth j»ower of exp p is t v ; that is to say, exp p is a value of e p ' v = e* r and it is 
obviously (>j A’21) the real positive value. 


If x l»e an irrational-real number (defined by a section in which rq and a 2 are typical 
memWrs of the A-class and the class respectively), the irrational power e* is most 
simply defined as exp x ; wc thus have, for all real values of x, rational and irrational, 


^= 1 +,- + ,,+-. 


an equation first given by Newton * 


It is, therefore, legitimate to write e 1 for expx when x is real, and it is customary to 
write e M for exp 2 when z is complex. The function e* (which, of course, must not lx*, 
regarded as being a power of t?), thus defined, is subject to the ordinary laws of indices, viz. 


e z . h ^, e z = 1 je z . 


[Note. Tannery, Lemons cTAlgebre et d 1 Analyse (1906), 1 . p. 45, practically defines e 1 , 
when .r is irrational, as the only number A” such that e at ^A'^e" a , for every and a 2 . 
From the definition we have given it is easily seen that such a unique number exists. 
For exp.r(A') satisfies the inequality, and if X' ( + A’) also did so, then 

exp a 2 - exp cq — e a ‘ ^ | X’ - X ], 


so that, since the exj>oiiential function is continuous, a 2 — tq canuot lie chosen arbitrarily 
small, and so (tq, af) does not define a section.] 


* be Annhjsi per aequat. num. term. inf. (written before 1669, but not published till 1711); 
it was also given both by Newton and by Leibniz in letters to Oldenburg in 1676 ; it was first 
published by Wallis in 1685 in his 7Y?ati«e on Algebra , p. 343. The equation when x is irrational 
wbh explicitly stated by Schlomilch, Handbuxh der alg. Analysis (1889), p. 182. 
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A'3. Logarithms of positive numbers •. 

It has been seen (§§ A2, A’21) that, when ,r is real, exp x is a positive continuous 
increasing function of .r, and obviously exp x -*- + od as + ®, while 

exp x=* I/exp (— x)-— 0 as x-*- — x. 

If, then, a be any positive number, it follows from § 3*63 that the equation in x y 

exp x =* a, 

has one real root and only one. This root (which is, of course, a function of a) will be 
written t Log* a or simply Log a ; it in called the Logarithm of the positive number a. 

Since a one-one correspondence has been established between x and a, and since a is 
an increasing function of x } x must be an increasing fuuction of a ; that is to sav, the 
Logarithm is an increasing function. 

Example. Deduce from § A*21 that Log a + Log b = Log ab. 

A'31. The continuity of the Logarithm. 

It will now be shewn that, when a is positive, Logr/ is a continuous function of a. 

Let Log a — j;, Log (a + A) = x + k, 

so that e* = a, e* ft =a+A, 1 +(h/a)**e k . 

First suppose that A>0, so that X >0, and then 

1 + (hi a) = 1 + k+ 1/ -2 + ... > 1 + 
and so 0 <k<hja y 

that is to say 0<Log (a 4-A) Log a<hfa . 

Hence, h being positive, Log (a + - Log a can be made arbitrarily small by taking h 

sufficiently small. 

Next, suppose that A<(), so that £<0, and then aj(a + /<) = e~ k . 

Hence (taking 0< -h<ia t as iH obviously permissible) we get 
u/(a 4- h) = 1 4 ( - k) 4- 5^4-... > 1 — 
and so — 4< - 1 4 «/(a +A)= — hj(a + h)< — 2 hja. 

Therefore, whether h be positive or negative, if r be an arbitrary positive number and 
if | h | be taken less than both and Jar, we have 

| Log (or4-A)-Log a | <r, 

and so the condition for continuity (§ 3 2) is satisfied. 

A'32. Differentiation of the Logarithm, 

Retaining the notation of § A*31, we Bee, from results there proved, that, if A-*-0 

(a being fixed), then also Therefore, when a> 0, 

cJLoga k 11 

, = lim ——-r-= - = - . 

da k-m-Q e* k ~ e* & 

Since Log 1=0, we have, by $ 413 example 3, 

Log a — j t~ x dt. 

* Many mathematicians define the Logarithm by the integral formula given in § A• 82. The 
reader should consult a memoir by Hurwitz (Math. Ann. lxx. (1911), pp. 33-47) on the founda¬ 
tions of the theory of the logarithm. 

t This is in agreement with the notation of most text-books, in which Log denotes the 
principal value (see g A'6) of the logarithm of a complex number. 
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A'33. The expansion of Log (1 + a) in powers of a. 

From § A-32 wc have 

Log (1 +a)« [ (1 + f ) -1 dt 

J o 

= [“{l-t+e 1 -... + (-)»- I t* _l + (-)"<«(i + o -l }rf< 


= a - ja' J + fla 3 - ... + (- )■ ~ 1 - a" + R„ , 


where 




t v 


Now, if -l<a<l, we have 

ri*i 

|*„!S t*{l-\a\)-'dt 

J i> 

H a|' n + 1 {(n+l)(l <x j)}- 1 
0 as n -*■ jo . 

Hence, when ~ 1 <« <1, Log(l + <z) can be expanded into the convergent series* 

Log (1 +a) — a - ^a 2 + Ja 3 — ... = 2 ( — ) n ~ x a n /n. 

n-1 

If a= +1, 

j/?„'=/ t n (1 + t)~ l dt < / r^ = (n + l) _1 -^0 as 

Jo Jo 

so the expansion is valid when a= +1 ; it is not valid when a-r - 1. 

Example. Shew that lim ^1 +-^ —e. 

[We have lim jilogfl+-^ = lim (l - J+ - 1 ,, - ...\ 

n+r. \ nj n ^ aD V 2 n In* J 

= 1 , 

and the result required follows from the result of § A 2 that lim c J t=e^.] 

z —b 

A'4. The definition of the sine and cosine. 

The functions t sin z and cos z are defined analytically by means of power series, thus 

Z 3 Z 6 * ( — } n Z“ n + 1 

,2 2* f _ \n ~2«i 

cos z = \ - ~ + - - ....■ -1 + ( 2, -p-p m - ; 

these series converge absolutely for all values of z (real and complex) by £ 2 36, and so the 
definitions are valid for all values of z. 

On comparing these series with the exponential series, it is apparent that the sine and 
cosine are not essentially new functions, but they cau be expressed in terms of exponential 
functions by the equations J 

2i sin z — exp (iz) — exp (— iz) t 2 cos z = exp (iz) + exp (- is). 


* This method of obtaining the Logarithmic expansion is, in effect, due to Wallin, Phil. 
Tran*, n. (1668), p. 754. 

t These series were given by Newton, De Analyst... (1711), see § A - 22 footnote. The other 
trigonometrical functions are defined in the manner with which the reader iB familiar, as 
quotients and reciprocals of sines and cosines. 

£ These eqoations were derived by Euler [they were given in a letter to Johann Bernoulli in 
1740 and published in the Hist. Acad. Berlin, v. (1749), p. 270] from the geometrical definitions 
of the Bine and cosine, upon which the theory of the circular functions was then universally 
based. 
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It iB obvious that Hinz and cosz are odd and even functions of z respectively , that iB 
to say 

sin ( — z) = - sin z, cos (— z) = cos z. 

A ’41. The fundamental properties of Bin z and cosz. 

It may be proved, just as in the case of the exponential function (§ A’2), that the series 
for sinz and cosz converge uniformly in any bounded domain of values of z , and con¬ 
sequently that sinz and coaz are continuous functions of z for all values of z. 

Further, it may be proved in a similar manner that the series 



defines a continuous function of z for all values of z, and, in particular, this function 
is continuous at z = 0, and so it follows that 

lim (z -1 sin z) — \, 
z-~ o 

A'42. The addition-theorem* for sin z and cos z. 

By using Euler’s equations ($ A 4), it is easy to prove from properties of the exponential 
function that 

sin (zj -1- z 2 ) = sin z x cos z 2 + cos Zj sin z^ 
and cos (z, -)-z a ) --- cos z x cos z 2 — sin z x sin z 2 ; 

these results are known as the addition-theorem* for sin i and cosz. 

It may also be proved, by using Euler's equations, that 

sin 15 z 4- cos 2 z = 1. 

By means of this result, sin^ + Zj) can be expressed as an algebraic function of sin z, 
and sin z i} while cos(z!+z 2 ) can similarly be expressed as an algebraic function of cosz, 
and cosz 2 ; so the addition-formulae maybe regarded as addition-theorems in the Btrict 
Beuse (cf. 20 3, 22'732 note). 

By differentiating Euler’s equations, it is obvious that 

rfsinz of cosz 

-— — cos z, —— — - sin z. 

dz dz 

Example. Shew that 

sin 2z = 2 sin z cos z, cos 2z — 2 cos 2 z — 1 ; 
these results are known as the duplication-formulae. 

A'5. The periodicity of the exponential function. 

If z, and Za are such that expzj = exp z 2 , then, multiplying both sides of the equation by 
exp ( — z 2 ), we get exp (zj -Zj) = 1 ; and writing y for z x -z^, we see that, for all values of z 
and all integral values of n, 

exp (z + 7<y) = expz. (exp y) n = expz. 

The exponential function is then said to have pei'iod y, since the effect of increasing 
z by y, or by an integral multiple thereof, does not affect the value of the function. 

It will now be shewn that such numbers y (other than zero) actually exist, and that all 
the numbers y, possessing the property just described, arc comprised in the expression 

271 rri, (n=±l, +2, ±3,...) 

where tr is a certain positive number* which happens to bo greater than 2V2 and less 
than 4. 

• The fact that x is an irrational number, whoBe value is 9‘I415 ( J... , is irrelevant to the 
present investigation. For an account of attempts at determining the value of x, concluding 
with a proof of the theorem that x satisfies no algebraic equation with rational coefficients, see 
Hobson’s monograph Squaring the Circle (1913). 
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A'51. The solution of the equation exp y= 1. 

Let y = a + i/9, where a and 0 are real ; then the problem of solving the equation 
expy=l is identical with that of solving the equation 

exp a . exp i/9=1. 

Comparing the real and imaginary parts of each side of this equation, we have 
exp a. cos 3 = 1, exp a . sin 0 = 0. 

Squaring and adding these equations, and using the identity cos 2 0 + sin-0s 1, we get 

exp 2a= 1. 

Now if a were positive, exp 2a would be greater than 1, and if n were negative, exp 2a 
would be less than 1 ; and no the only possible value for a is zero. 

It follows that cos0=l, sin0 = O. 

Now the equation sin 0-0 is a necessary consequence of the equation cob 0 = 1 , on 
account of the identity cos 2 0 + sin 2 /3s L It is therefore sufficient to consider solutions 
(if such solutions exist) of the equation cos 0=1. 

Instead, however, of considering the equation cos 0=1, it is more convenient to 
consider the equation* cos x = 0. 

It will now be shewn that the equation cos.r=0 has one, root, and only one, lying 
between 0 and 2, and that this root exceeds % ^2; to prove these statements, we make use 
of the following considerations : 


(I) The function cos x is certainly continuous in the range 0 ^jt^2. 

(II) When 0 $ x ^ % '2, we have t 


I- 


,^0, 


jr 4 

4 !- 6 :^°- 


.r 10 

lo:^ 0, 


2! 4! 6! —’ 8! 

and so, when 0 ^ x ^ v ^2, cos x > 0. 

(Ill) The value of cos 2 is 


.< 0 . 


(IV) When 0 < x $ 2, 


sin.r_/ j ,2 \ 
.r \ 6 ) 



x- 

6 


>h 


and so, when 0 ^ x ^ 2, sin x ^ }x. 

It follows from (II) and (III) combined with the results of (I) and of § 3 63 that the 
equation cos:r = 0 has at least one root in the range s . fi 2 <.r<2, and it has no root in the 
range 0 ^ r ^ v '2. 


Furtlier, then; is not more than one root in the range J2<x<2; for, suppose that 
there wore two, x x and j; 2 (^ a >x 1 ); then 0 <j- 2 -x 1 <2- n , 2<1, and 
sin (x 3 — .?,)■> sin x 2 cos — sin x l cos j. 2 =»0, 
and this is incompatible with (IV) which shews that sin (x a — Xj) ^ $ (x 3 - x t ). 

The equation cobjt*=0 therefore has one and only one root lying between 0 and 2. This 
root lies between y/2 and 2, and it ib called ^rr; and, as stated in the footnote to § A 5, its 
actual value happens to be 1 57079.... 


* If cob x — 0, it ia an immediate consequence of the duplication-formulae that cos2x = -1 
and thence that cos 4x = 1, so, if x is a solution of cos x = 0, 4x is a solution of cos /9 = 1. 

t The symbol ^ may be replaced by > except when x = ^/2 in the first place where it occurs, 
and except when x = 0 in the other places. 



A'51, A'52] THE ELEMENTARY TRANSCENDENTAL FUNCTIONS 587 


From the addition-formulae, it may be proved at onoe by induction that 
coa nrr = ( — 1)*, sin7iTr«0, 

where n is any integer. 

In particular, cos2nw = l, where n ia any integer. 

Moreover, there is no value of 0, other than those values which are of the form 2n»r, 

for which cos0=1 ; for if there were such a value, it must be real* and so wo can 

choose the integer m so that 

— ir ^ 2tWtt — 0< rr. 

We then have 

sin 1771 tt - J0 ; *■ ± sin (inn - J0) — + sin $0 = ± 2” ^ (1 - cob 0)$ *0, 
and this is inconsistentt with sin | mn - ^0 j ^ J ! mn - J0 ] unless 0= 2m»r. 

Consequently the numbers 2/i?r, (?i = 0, +1, ±2,...), and no others , hare their cosines 
equal to unity . 

It follows that a positive number n exists such that expr has period- 2ni and that 
expz has no period fundamentally distinct from 2ni. 

The formulae of elementary trigonometry concerning the ]>criodieity of the circular 
functions, with which the reader is already acquainted, can now l>e proved by analytical 
methods without any difficulty. 


Example 1. Shew that sin W is equal to 1, not tt) - 1. 

Example 2. Shew that tan x > X when ()<x<\n. 

[For cos jt> 0 and 

* X 4>« - 1 | jA | . 

sin .r - x cos x = 2 —- rr-, { - 2 - — -} , 

n-i (4« — 1) ■ l 1J 


and every term in the senes is positive.] 

yl! yA jti 

Example 3. Shew that 1 -f is positive when x 

2 24 i 2U 

vanishes when x= (6 — 2^3)^»1 ■5924...; and detluce that} 

3-125 <*r <3*185. 


25 

and that 1 



A'52. The solution o f a pair of trigonometrical equations. 

Let X, lie a pair of real numbers such that X 2 -l-^ 2 =l. 

Then, if X + - 1, the equations 

cos x*=\, sir x = g. 

have an infinity of solutions of which one and only one lies between § - n and n. 

First, let X and p be not negative ; then (§ 3 63) the equation cos x = \ has at least one 
solution J 7 j such that since cos 0*1, cos^7r=0. The equation has not two 

solutions in this range, for if Xf and wei’e distinct solutions we could prove (cf. § A‘51) 
that sin -a? 2 ) = 0, and this would contradict § A'51 (IV), since 

0 < ] Xi — x x ! $ hn < 2 . 

Further, siii^,= + v '0 -cos*^ ] )= + v /(l -A 2 j = p, so j:, is a solution of both equations. 

• The equation cob 0 = 1 implieR that exp *0 = 1, and we have seen that this equation hafl no 
complex roots. 

i The inequality is true by (IV) Bince 0 ^ j mv - $0 $v<2. 

♦ See De Morgan, A Budget of Paradoxes (London, 1872), pp. 316 et seq., for reasons for 
proving that r>3^. 

g If \= -1, ± w are solutions and there are no others in the range ( - x, r). 
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The equations have no solutions in the ranges (- rr, 0) and (^tt, tt) since, in these 
ranges, either sin a: or cob a; is negative. Thus the equations have one solution, and only 
one, in the range (— n-, ?r). 

Jf X or p (or both) is negative, we may investigate the equations in a similar manner; 
the details are left to the reader. 

It is obvious that, if x x is a solution of the equations, so also is J7| + 27i7r, where n is 
any integer, and therefore the equations have an infinity of real solutions. 

A’521. The principal solution of the trigonometrical equations. 

The unique solution of the equations cos^r**X, sinar — p (where X 2 + ji 2 =l) which lies 
between - n and n is called the principal solution * * * § , and any other solution differs from it 
by an integer multiple of 2rr. 

The principal value + of the argument of a complex number z( 4=0) can now be defined 
analytically as the principal solution of the equations 

| z | cos 0 = II (z), | z | sin (p — / (z), 

and then, if z — | z |. (cos 0 + / sin 0), 

we must have 0^0 + 2 tt 7 r, and 0 is called a value of the argument of z, and is written 
arg z (of. 1 'fi). 


A'522. The continuity of the argument of a complex variable. 

It will now be shewn that it is possible to choose such a value of the argument 0(z) } of 
a complex variable z, that it is a continuous function of z, provided that z does not pass 
through the value zero. 

Lot z {t l>e a given value of z and let 0 O be any value of its argument ; then, to prove that 
0 ( z ) is continuous at z 0 , it is sufficient to shew that a number 0 X exists such that 0 1 = argr 1 
and that j 0 X - 0„ | can be made less than an arbitrary positive number e by giving | z x - z L , | 
any value less than some positive number r;. 

Let zo = x 0 + iy„. z \ — - r i + ? ^i ■ 

Also let | - z 0 1 be chosen to be so small that the following inequalities arc satisfied;); : 

(1) | x x - | < J j.r„|, provided that Xo^O, 

(II) I Hi - y 0 1 < $ i lh I > provided that y {) + 0, 

(III) |x,-jto|<l*|*ol, lyi-.vo|<i«l J ol- 

From (I) and (II) it follows that jr 0 i*j and y (t y x are not negative, and 

Mi> Jyifi 

so that j oXj + yoj/j ^ h | z 0 1 2 - 

Now let that value of 0 X be taken which differs from 6 0 by less than n\ then, since 
x’,, and x x have not opposite signs and and y x have not opposite signs§, it follows from 
the solution of the equations of A*52 that 0 X and 0 n differ by less than far. 


Now 


tan (0j - 0„) = 


• Toy i - 

Wi +y oyi ’ 


* If X = - 1, we take + v as the principal Bolutiou ; cf. p. 0. 

f The term principal rahte waB introduced in 1845 by Bjnrling ; see the Archiv der Math, 
und Phys. ix. (1847), p. 408. 

% (1) or (II) respectively ia simply to be suppressed in the case when (i) x Q = 0, or when 
(ii) j/o - 0. 

§ The geometrical interpretation of these conditions 1 b merely that z 0 and z, are not in 
different quadrants of the plane. 
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and eo (§ A*D1 example 2), 

•^o^i+yoyi 

= l ^o(yi-yo)-yo(ji- j 0 ) 1 

*o*i+y 0 yi 

^2|zo|-»{ko|- lyi-yol + |yol-l*i -*«, II- 

But | x 0 | £ | zq | and also | y 0 1 ^ | *o! ; therefore 

I ~ 0u I < 2 | Zq | ~ 1 {| y, - y 0 | +1 jrj - x 0 |}<*. 


Further, if we take |z,-Zol less than J|jr 0 |, (ifx 0 *O) and i|y 0 |, (ify 0 + O) and H*ol> 
the inequalities (I), (II), (Ill) above are satisfied ; so that, if rj be the smallest of the 
three numbers * i | a*o I, i I yo I, | *» |, by taking (*\ - Zq | < 7 , we have j 0 , - d„ | < # ; and this 

is the condition that A (r) should be a continuous function of the complex variable t. 


A *6. Logarithm* of complex numbera. 

The number ( is said to be a logarithm of 7 if 

To solve this equation in write £ = £ + 19 , where £ and rj are real ; and then we have 

z = (cos rj + * sin tj). 

Taking the modulus of each side, we see that \z\~e^, so that (§ A 3 ), £=---Loglz|; and 
then 

2 = | z | (cos rj 4- 1 sin rj), 

so that rj must be a value of argr. 

The logarithm of a complex number is consequently a many-valued function, and it 
can be expressed in terms of more elementary functions by the equation 

log z = Log | z j 4 - i arg z. 

The continuity of log? (when z=^ 0 ) follows from § A“31 and § Af>22, since j 2 ' is a 
continuous function of z. 

The differential coefficient of any particular branch of logs (£ .V7) may lx*, determined 
as in § A‘32 ; and the expansion of § A “33 may be established for log (l + a) when | a j < 1. 

Corollary. If a * be defined to mean c r,0 ? n , a* is a continuous function of z and of a 
when u=pO. 


A'7. The analytical definition of an angle. 

Let?!, z 2 , z 3 l>c three complex numbers represented by the points /*,, I\, /' 3 in the 
Argand diagram. Then the angle between the lines (jj A 12 , footnote) 1\P 2 and P x l\ is 
defined to be any value of arg (z 3 - zf- arg (z 2 - z x ). 

It will now be shewnf that the area (defined as an integral), which is 1 founded hy two 
radii of a given circle and the arc of the circle terminated by the radii, is pro|>ortional to 
one of the values of the angle between the radii, so that an angle (in the analytical sense) 
jHisseases the property which is given at the loginning of all text-l>ooks on Trigonometry J. 

* If any of these numbers is zero, it is to be omitted. 

f The proof here given applies only to acute angles ; the reader should have no difficulty in 
extending the result to angles greater than and to the case when OX is not one of the 
bounding radii. 

X Euclid’s definition of an angle dors not, in itself, afford a venture of an angle ; it is shewn 
in treatises on Trigonometry (cf. Hobson, Plane Trigonometry (191H), Ch. j) that an angle is 
measured by twice the area of the sector which the angle cuts off from a unit oirole whose centre 
is at the vertex of the angle. 
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Let (#i, yi) be any point (both of whose coordinates are positive) of the circle 
arS+yi —a*(a>0). Let 6 be the principal value of arg ( X\ + iy,), so that 0 <^<Jtt. 
Then the area bounded by OX and the line joining (0, 0) to (#!, y Y ) and the arc of the 

circle joining (x X} y x ) to (a, 0) is J f(x)dx, where* 


/(x) — xtan0 (0 ^ x ^ a cos 0), 

f(x) = (a i (a cos 6 ^ x ^ a), 

if an area be defined as meaning a suitably chosen integral (cf. p. 61). 

It remains to be proved that / f(x)dx is proportional to 6. 

J o 

/ a fa cos 9 fa , 

f(x)dx= / xt&nBdx+l (a 2 - x 2 )* dx 
o’ J o J aeons 

=* J a 2 sin 6 cos 0 + £ ( la 2 (a 2 — x 2 ) " i x (a 2 - .t 2 )*! dx 
J a cm 0 v J 

= 4 a *f (a 2 — x 2 ) ~ ^ akr 
i acniB 

idt-J'"* (1 -F)-l rfrj 

-Ja 2 {^-(Jir-fl)} = 4a 2 fl, 

on writing x — at and using the example worked out on p. 64. 


That is to say, the area of the Bector is proportional to the angle of the Bector. To 
this extent, we have shewn that the popular conception of an angle is consistent with 
the analytical definition. 


* The reader will easily see the geometrical interpretation of the integral b} r drawing a 
figure. 
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GENERAL INDEX 


[The numbers refer to the pages. References to theorems contained in a few of 
tiie more important examples are given by numbers in italics] 

Abel's discovery of elliptic functions, 429, 512 ; inequality, 16 ; integral equation, 211, 229, 230; 
method of establishing addition theorems, 442, 496, 497, 630, 534; special form, 0 W (:), of 
the confluent hypergeometric function, 353 ; test for convergence, 17 ; theorem on continuity 
of power series, 57; theorem on multiplication of convergent series, 58, 59 
Abridged notation for products of Theta-functions, 468 , 469 ; for quotients and reciprocals of 
elliptic functions, 494, 498 

Absolute convergence, 18, 28; Cauchy’s test for, 21; D’Alembert’s ratio test for, 22; De 
Morgan’s test for, 23 

Absolute value, nee Modulus 

Absolutely convergent double series, 28; infinite products, 32; series, 18, (fundamental 
property of) 25, (multiplication of) 29 

Addition formula for Bessel functions, 35 ?, 380 ; for Gegenbauer’s function, 335 ; for Legendre 
polynomials, 326, 395 ; for Legendre, functions, 328; for the Higina function, 451 ; for 
Theta-functions, 467; for tho Jacobian Zeta function and for K (u), 518, 534 ; for the 
third kind of elliptic integral, 523 ; for the Weieratrussian Zeta-function, 446 
Addition formulae, distinguished from addition theorems, 519 

Addition theorem for circular functions, 535; for the exponential function, 531 ; for Jacobian 
elliptic functions, 494, 497, 530 ; for the Weieratrussian elliptic function, 440, 45? ; proofs 
of, by Abel’s method, 442, 496, 49?, 530, 534 

Affix, 9 

Air In a sphere, vibrations of, 399 

Amplitude, 9 

Analytic continuation, 96, (not always possible) 98; and Borel's integral, 141 ; of the hyper- 
geometric function, 288. See aho Asymptotic expansions 
Analytic functions, 82-110 (Chapter v); defined, 83 ; derivates of, 89, (inequality satisfied by) 91 ; 
distinguished from monogenic functions, 99; represented by integrals, 92; Bienmnn’s 
equations connected with, 84; values of, at points inside a contour, 88; uniformly convergent 
series of, 91 

Angle, analytical definition of, 589 ; and popular conception of an angle, 589, 590 

Angle, modular, 402 

Area represented by an integral, 61, 589 

Argand diagram, 9 

Argument, 9, 588; principal value of, 9, 588; continuity of, 588 

Associated fhnotlon of Borel, 141 ; of Biemann, 193; of Legendre [ F n n> (z) and Q n m (*)], 323-328 
Asymptotic expansions, 150-159 (Chapter vm) ; differentiation of, 153 ; integration of, 153 ; 
multiplication of, 152; of Bessel functions, 368, 369, 371, 373, 374; of confluent hyper¬ 
geometric functions, 342, 343; of Gamma-functions, 251, 276 ; of parabolic cylinder functions, 
347, 348 ; uniqueness of, 153, 154 

Asymptotic inequality for parabolic cylinder functions of large order, 354 
Asymptotic solutions of Mathieu’s equation, 425 

Auto-functions, 226 
Automorphlo functions, 455 

Axioms of arithmetic and geometry, 579 

Barnes’ oontour integr als for the hypergeometric function, 286, 289; for the confluent liypei- 
geometric function, 343-345 
Barnes’ Q-Amotion, 264 , 278 
Barnes’ Lemma, 289 
Basic numbers, 462 

Bernoullian numbers, 125; polynomials, 126, 127 
Bertrand’s test for convergence of infinite integrals, 71 

Bessel ooeffialente [J_(z)], 101, 355; addition formulae for, 357 ; Bessel’s integral for, 362; 
differential equation satisfied by, 357; expansion of, as power series, 355 ; expansion of 
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functions in Beries of (by Neumann), 374, 375, 384, (by Schlomilcb), 377 ; expansion of 
(t- 2) -1 in series of, 374, 375, 376"; expressible as a confluent form of Legendre functions, 
367 ; expressible as confluent hypergeometric functions, 358 ; inequality satisfied by, 379 ; 
Neumann’s function O n (z) connected with, nee Neumann's function; order of, 356 ; recur¬ 
rence formulae for, 359; special case of confluent hypergeometric functions, 358 . See also 
BobsoI functions 

Bessel functions, 355-365 (Chapter xvii), J n (z) defined, 358-360; addition formulae for, 380; 
asymptotic expansion of, 368, 369, 371, 373, 374 ; expansion of, as an ascending scries, 356, 
371 ; expansion of functions in series of, 374, 375, 377, 381; first kind of, 359; Hankel’g 
integral for, 365; integral connecting Legendre functions with, 364 , 401 ; integral properties 
of, 380, 381, 384, 385 ; integrals involving products of, 380, 383 , 385 ; notations for, 356, 
372, 373; order of, 356; products of, 379 , 380, 383, 385, 428; recurrence formulae for, 359, 
373 , 374 ; relations between, 360, 371, 372 ; relation between Gegenbauer’s function and, 
378; Schliifli’s form of BeBsel’s integral for, 362, 372; second kind of, Y n (z) (Hankel), 370; 
!'(") (z) (Neumann), 372; Y n ( 2 ) (Weber-Schlafli), 370; second kind of modified, K n (z), 373 ; 
solution of Laplace’s equation by, 395 ; solution of the wave-motion equation by, 397; 
tabulation of, 378 ; whose order is large, 368, 383; whose order is half an odd integer, 364 ; 
with imaginary argument, I n {z), E n (z), 372, 373, 384 ; zeros of, 361, 367 , 378,301. See 
also Bessel coefficients and Bessel’s equation 

Bessel s equation, 204, 357, 373 ; fundamental system of solutions of (when n is not an integer), 
359, 372 ; second solution when 7»,is an integer, 870, 373. Sec also Bessel functions 
Blnet’s integrals for log V ( 2 ), 246 251 
Binomial theorem, 95 

BOcher’s theorem on linear differential equations with five singularities, 203 

Bolx&no’s theorem on limit points, 12 

Bonnet’s form of the second mean value theorem. 66 

Borel’s associated function, 141 ; integral, 140; integral and analytic continuation, 141 ; method 
of 1 summing 1 series, 154 ; theorem (the modified Heine-Borel theorem), 53 

Boundary, 44 

Boundary conditions, 387 ; and Laplace’s equation, 393 
Bounds of continuous functions, 55 
Branch of a function, 106 

Branch-point, 106 

BUrmann’s theorem, 126 ; extended by Teixeiru, 131 

Cantor’s Lemma, IBS 

Cauchy’s condition for the existence of a limit, 13 ; discontinuous factor, 123 ; formula for the 
remainder in Taylor’s series, 96 ; inequality for derivatives of an analytic function, 91 ; 
integral, 119; integral representing T ( 2 ), 243 ; numbers, 372 ; tests for convergence of series 
and integrals, 21, 71 

Cauchy’s theorem, 65 ; extension to curves on a cone, 87 ; Morera’s converse of, 87, 110 

Cell, 430 

CesAxo's method of 1 summing ’ series, 155 ; generalised, 156 

Change of order of terms in a series, 25 ; in an infinite determinant, 37; in an infinite product, 33 
Change of parameter (method of solution of Mathieu’s equation), 424 

Characteristic functions, 226 ; numbers, 219 ; numbers associated with symmetric nuclei are 
real, 226 

Chartier’s test for convergence of infinite integrals, 72 
Circle, area of sector of, 589 ; limiting, 98 ; of convergence, 30 

Circular functions, 435, 584; addition theorems for, 585; continuity of, 585; differentiation 
of, 565; duplication formulae, 585 ; periodicity of, 587; relation with Gamma-functions, 
239 

Circular membrane, vibrations of, 356, 396 
Claes, left (L), 4 ; right (II), 4 

Closed, 44 
Cluster-point, 13 

Coefficients, equating. 59; in Fourier series, nature of, 167,174 ; in trigonometrical series, values 
of, 163, 165 

Coefficients of Bessel, see Bessel coefficients 

Comparison theorem for convergence of integrals, 71 ; for convergence of Beries, 20 
Complementary moduli, 479, 493 ; elliptic integrals with, 479, 501, 520 

Complete elliptic Integrals [E, K, E\ K'] (first and second kinds), 498, 499, 518; Legendre’s re¬ 
lation between, 520; properties of [qva functions of the modulus), 484, 498, 499, 501, 521; 
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BerieB for, 299 ; tableB of, 518 ; the Gaussian transformation, 533 ; values /or small valueR 
of |fc|, 521; values (as Gamma-functions) for special values of It, 524-527; with comple¬ 
mentary moduli, 479, 501, 520 

Complex Integrals, 77 ; upper limit to value of, 78 
Complex Integration, fundamental theorem of, 78 

Complex numbers, 5-10 (Chapter i), defined, 6 ; amplitude of, 9 ; argument of, 9, 588 ; dependence 
of one on another, 41 ; imaginary part of (J), 9 ; logarithm of, 589 ; modulus of, 8 ; real part 
of (A), 9; representative point of, 9 
Complex variable, continuous function of a, 44 

Computation of elliptic functions, 485; of solutions of integral equations. 211 
Conditional convergence of series, 18; of infinite determinants, 415. See also Convergence ii/id 
Absolute convergence 
Condition of lntegrablllty (Riemann’s), 63 
Conditions, Dirichlet’a, 161, 163, 164, 176 
Conduction of Heat, equation of, 387 
Confluence, 202, 337 
Confluent form, 203, 337 

Confluent hypergeometric function [ff' 4i m (*)], 337-354 (Chapter xv) ; equation for, 337 ; general 
asymptotic expansion of, 342, 345 ; integral defining, 339 ; integrals of llanies’ type for, 
343-345; Rummer's formulae for, 33H ; recurrence formulae for, .752; relations with Hesse 1 
functions, 360 ; the functions H k m (z) and Af* |j), 337-339; the relations between functions 
of these types, 346 ; various functions expressed in terms of 11’^,,, i:), 340, ,7.0;?, ,75-7, 300. See 
also Bessel functions and Parabolic cylinder functions 
Confocal coordinates, 405, 547; form n triply orthogonal system, 548; in association with 
ellipsoidal harmonics, 5-52; Laplace’s equation referred to, 551 ; unifurmising variable s 
associated with, 549 

Congruence of points in the Argand diagram, 430 
Constant, Euler’s or Maschcroni’s, [ 7 ], 235, 246, 248 

Constants e x , e 2 , r n , 443; K, E', 518, 520; of Fourier, 164; , tj 2 , 146, (relation IjoLween th 

and T 7 - 2 ) 446 ; G, 469, 472 ; K, 484, 498, 499 ; K\ 484, 501, 503 
Construction of elliptic functions, 433, 47H, 492 ; of Mathieu functions, 409, (second method) 
420 

Contiguous bypergeometrie functions, 294 

Contlnua, 43 
Continuants, 36 

Continuation, analytic, 96, (not always possible) 98; and Horel’s integral, 141; of the hyper 
geometric function, 288. See also Asymptotic expansions 
Continuity, 41 ; of power scries, 57, (Aliel’s theorem) 57; of the argument of a complex variable, 
586; of the circular functions, 585; of the exponential function, 581 ; of the logarithmic 
function, 583, 589 ; uniformity of, 54 

Con tin uous functions, 41-60 (Chapter 111 ), defined, 41; bounds of, 55; integrabilily of, 63; of a 
complex variable, 44 ; of two variables, 67 
Contour, 85; roots of an equation in the interior of a, 119, 12 .7 

Contour Integrals, 85; evaluation of definite integrals by, 112 124; Lin- Mel I in-Humes type of, 
286, 343 ; nee nisi) undi r the .special function represented by the integral 
Convergence, 11-40 (Chapter 11 ), defined, 13, 15; circle of, 30; conditional, 16; 0 / a double 
series, 27 ; of an infinite determinant, 36; of an infinite product, 32; of ail infinite integral, 
70, (tesLa fori 71, 72; of a series 15, (Abel’s test for) 17, (l)irichlel’s test for) 17 ; of Fourier 
series, 174-179; of the geometric series, 19, of the hypeigeoinctrir series, 24 ; of the series 
In-*, 19 ; of the series occurring in Mathieu functions, 422; of trigonometrical series, 161; 
principle of, 13 ; radius of, 30 ; theorem oil (Hardy’s), 156. See also Absoluts convergence. 
Non uniform convergence and Uniformity of convergence 
Coordinates, confocal, 405, 547 ; orthogonal, 401, 548 
CoBec&nt, series for, 135 
Cosine, sec Circular functions 

Cosine-integral [Ci (z)], .7 52 ; -scries (Fourier series), 105 
Cotangents, expansion of a function in series of, 139 
Cubic function, integration problem connected with, 452, 512 

Cunningham’s function [u K , Tn (z)J, 353 

Curve, simple, 43; on a cone, extension of Cauchy’s theorem to, 87 , on a spluuc. (Sciffcits 
spiral), 527 

Cut, 281 

Cylindrical functions, 355. See Bessel functions 
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D’Alembert’■ ratio tort for convergence of series, 22 

Darboux' formula, 125 

Decreasing sequence, 12 

Dedeklnd's theory of Irrational numbers, 4 

Deficiency of a plane curve, 455 

Definite Integrals, evaluation of, 111-124 (Chapter vi) 

Degree of Legendre functions, 902, 307, 324 

De la Vallde Poussin's test for uniformity of convergence of an infinite integral, 72 
De Morgan’s test for convergence of series, 23 
Dependence of one complex number on another, 41 

Derangement of convergent series, 25 ; of double series, 2B ; of infinite determinants, 97 ; of 
infinite products, 93, 34 

Derlvates of an analytic function, 89 ; Cauchy’B inequality for, 91; integrals for, 89 
Derlvates of elliptic functions, 430 
Determinant, Hadamard’s, 212 

Determinants, infinite, 30; convergence of, 36, (conditional) 415; discussed by Hill, 36, 415; 

evaluated by Hill in a particular case, 415 ; rearrangement of, 37 
Difference equation satisfied by the Gamma-function, 237 

Differential equations satisfied by elliptic functions and quotients of Theta-functionB, 436, 477, 
492 ; (partial) satisfied by Theta-functions, 470 ; Wcicrstrass’ theorem on Gamma-functions 
and, 236. See also Linear differential equations and Partial differential equations 
Differentiation of an asymptotic expansion, 153 ; of a Fourier series, 168 ; of an infinite 
integral, 74 ; of an integral, 67 ; of a series, 79, 91 ; of elliptic functions, 430, 493 ; of the 
circular functions, 585; of the exponential function, 582; of the logarithmic function, 583, 
589 

Dirlchlet'a conditions, 161, 163, 164, 176; form of Fourier’s theorem, 161, 163, 176; formula 
connecting repeated integrals, 75, 76, 77 ; integral, 252 ; integral for \j/ (z), 247 ; integral for 
legend re functions, 314 ; test for convergence, 17 
Discontinuities, 42; and non-uniform convergence, 47 ; of Fourier aeries, 167, 169; ordinary, 42; 

regular distribution of, 212 ; removable, 42 
Discontinuous factor, Cauchy’s, 123 

Discriminant associated with WeierHtrassian elliptic functions, 444, 550 
Divergence of a series, 15 ; of infinite products, 33 

Domain, 44 

Double circuit integrals, 256, 293 

Double Integrals, 68, 254 

Double series, 26 ; absolute convergence of, 28 ; convergence of (Stolz* condition), 27 ; methods 
of summing, 27 ; a particular form of, 51 ; rearrangement of, 28 

Doubly periodic functions, 429-535. See aim Jacobian elliptic functions, Theta-functions and 
Welerstrasslan elliptic functions 

Duplication formula for the circular functions, 58. 5; for the Gamma-function, 240; for the 
Jacobian elliptic functions, 498 ; for the Higma-function, 459, 460 ; for the Theta-functionB^ 
488 ; for the Weierstraasian elliptic function, 441; for the Weieratraasian Zeta-function, 459 

Electromagnetic waves, equations for, 404 
Elementary functions, 62 

Elementary transcendental functions, 579-590 (Appendix). See also Circular functions. 
Exponential function and Logarithm 

Ellipsoidal harmonica, 536-578 (Chapter xim); associated with oonTocal coordinates, 552; 

derived from Lame’s equation, 538-543, 552-554 ; external, 576 ; integral equations con¬ 
nected with, 567 ; linear independence of, 560; number of, when the degree is given, 546; 
physical applications of, 547; species of, 537; typeB of, 537. See also Lamp’s equation 

and Lam4 functions 

Elliptic cylinder functions, see Mathlsu functions 

Elliptic Amotions, 429-535 (Chapters xx-xxii) ; computation of, 485; construction of, 433, 478; 
dcrivate of, 430 \ discovery of, by Abel, Gauss and Jacobi, 429, 512, 524; expressed by 
means of Theta-functions, 473 ; expressed by means of Weierstr&Bsian functions, 448-451 ; 
general addition formula, 45? \ number of zeroB (or poles) in a cell, 491, 432; order of, 
432; periodicity of, 429, 479, 500, 502, 503; period parallelogram of, 430; relation be¬ 
tween zeros and poles of, 433; residues of, 431, 504; transformations of, 508; with no 
poles (are constant), 431; with one double pole, 432, 434; with the same periods (relations 
between), 452; with two simple poles, 432, 491. See also Jacobian elliptic functions, 
Theta-functloni and Welerrtraulan elliptic functions 
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Elliptic Integrals, 429, 512; first kind of, 515; function E{u) and, 517; function Z(u) and, 
518; inversion of, 429, 452. *54, 480, 484, 512, 524 ; second kind of, 517, (addition formulae 
for) 518, 519, 534, (imaginary transformation of) 519; third kind of. 522, 523, (dynamical 
application of) 523, (parameter of) 522; three kinds of, 514. .SVr u/*o Complete elliptic 
Integrals 

Elliptic membrane, vibrations of, 404 

Equating coefficients, 59, 186 
Equation of degree m has m roots, 120 

Equations, indicial, 198; number of roots inside a eon tour, 119, 123 \ of Mathematical Physics, 
203, 386-403; with periodic coefficients, 412. Sec also Difference equation, Integral 
equations, Linear differential equations, and -under the names of special ct] tuitions 

Equivalence of curvilinear integrals, 83 
Error function [Erf (.r) and Erfe (.»■)], 341 
Essential singularity, 102 ; at infinity, 104 
Eta-function [H(u)], 479, 480 

Eulerlan Integrals, first kind of [11 [m, n)J, 253; expressed by Gamma-functions, 254; extended 
by Pochhaminer, 256 

Eulerlan Integrals, second kind of, 241 ; sec Gamma-function 

Euler's constant (>], 235, 246, 24 S; expansion (Maclaurin's), 127; method of 'summing' series, 
155; product for the Gamma-function, 237 ; product for the Zetu-function of Hiemann, 271 

Evaluation or definite integrals and of infinite integrals, 111 124 (Clinpier vi) 

Evaluation of Hill's infinite determinant, 415 

Even functions, 115, 165; of Mathieu {cr n U, c/)], 407 

Existence of derivatives of analytic function, 89 ; -theorems, 388 

Expansions of functions, 125-149 (Chapter vn); by Biirmunn, 128, 131 ; by Darboux, 125 ; by 
Euler and Maclaurin, 127; by Fourier, see Fourier series; by Fourier (the Fourier-Bessel 
e xpansion), 331 ; by Lagrange, 132, 143 ; by Laurent, 100 ; by Macluurin, 94 ; by Pincherle, 
149 ; by Plana, 145 ; by Taylor, 93 ; by Wronski, 147 ; in infinite products, 136 ; in series of 
Bessel coefficients or Bessel functions, 374, 375, 331, 334 ; in series of cotangents, 139; in 
series of inverse factorials, 142 , in series of Legendre polynomials or Legendre functions, 
310 , 32*2, 330, 331 , 335 ; in series of Neumann functions, 374, 375, 334 ; in series of parabolic 
cylinder functions, 351 ; in scries of rational functions, 134. See also Asymptotic expansions. 
Series, and mulct' the names of special functions 

Exponential function, 581 ; addition theorem for, 581 ; continuity of, 5H1 ; differentiation of, 
582 ; periodicity of, 585 

Exponential integral [Ei (-) ], 352 

Exponents at a regular point of a linear differential equation, 198 

Exterior, 14 

External harmonics, (ellipsoidal) 576, (spheroidal) 403 

Factor, Cauchy's discontinuous, 123: periodicity•, 463 
Factorials, expansion in a series of inverse, 142 
Factor-theorem of Weierstruss, 137 

Fejtr'e theorem on the summabilitv of Fourier series, 169. 178 

Ferrers' associated Legendre functions [P n m (z) and Q n in (z)] T 323 

Fiipt kind, Bessel functions oF, 359; elliptic integrals of, 515, (complete) 518, (integration of) 
515 ; Eulerian integral of, 253. (expressed by Gamma functions) 254 ; integral equation of, 
221 ; Legendre functions of, 307 

First mean-value theorem, 65, 96 

First species of ellipsoidal harmonic, 537, (construction of) 538 

Floquet’s solution of differential equations with periodic coefficients, 412 

Fluctuation, 56; total, 57 

Foundations of arithmetic and geometry, 579 

Fourler-Bessel expansion, 3Hl ; integral, 3H5 

Fourier constants, 164 

Fourier series 160-193 (Chapter ix) -, coefficients in, 167, 174; convergence of, 174-179; differ¬ 
entiation of, 168; discontinuities of, 167, 169; distinction between any trigonometrical 
series and, 160, 163 ; expansions of a function in, 163, 165, 175, 176; expansions of Jacobian 
elliptic functions in, 510, 511; expansion of Matliieu functions in, 409, 411, 414, 420 . Fej^v’s 
theorem on, 169; Hurwitz-Liapounoff theorem on, 180; FarsevaL’s theorem on, 18*2; Benes 
of sines and series of cosines, 165; suminability of, 169, 178; uniformity of convergence of, 
168, 179. See also Trigonometrical series 
Fonrler 1 ! theorem, Dirichlet'u statement of, 161, 163, 176 
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Fourier's theorem on integrals, 188, 211 

Fourth species of ellipsoidal harmonic, 537, (construction of) 542 
Fredholm'i integral equation, 213-217, 228 
Functionality, concept of, 41 

Function!, branches of, 106; identity of two, 98; limits of, 42; principal parts of, 102; without 
essential singularities, 105 ; which cannot be continued, 98. See also under the name* of 
special /unctions or special types of functions , e.g. Legendre functions, Analytic functions 
Fundamental formulae of Jacobi connecting Theta-functions, 467, 488 
Fundamental period parallelogram, 430 ; polygon (of automorphic functions), 455 
Fundamental system of solutions of a linear differential equation, 197, 200, 389, 559. Sec also 
under the names oj special ei/uations 

Gamma-function [r(z)], 235-264 (Chapter xii) ; asymptotic expansion of, 251, 276; circular 
functions and, 239; complete elliptic integrals and. 524-527, 535\ contour integral (Hankel’s) 
for, 244 ; difference equation satisfied by, 237 ; differential equations and, 236 : duplication 
formula, 240; Euler’s inLegral of the first kind and, 254; Euler’s integral of the second 
kind, 241, (modified by Cauchy and Soalschiitz) 243, (modified by Hankel) 244; Euler's 
product, 237 ; incomplete form of, 341 ; integrals for. (Binet’s) 248-251, (Euler’s) 241 ; 
minimum value of, 253; multiplication formula, 240 ; series, (Kummer’s) 250, (Stirling's) 
251; tabulation of, 253; trigonometrical integrals and, 256; Weierstrassian product, 235, 
230. See also Eulerlan integral! and Logarithmic derlvate of the Gamma-function 
Gauss' discovery of elliptic functions, 429, 512, 524; integral for r'(z)/r(z), 246; lemniscate 
functions, see Lemniscate functions ; transformation of elliptic integrals, 533 
Gegenbauer’s function [C n y (c)|, 329; addition formula, 335 ; differential equation for, 329 ; 
recurrence formulae, 330 ; relation with Legendre functions, 329 ; relation involving Bessel 
functions and, 385 ; Rodrigue!' formula (analogue), 329; Schlafli’s integral (analogue), 329 
Genus of a plane curve, 455 
Geometric series , 19 

Glalsher 1 ! notation for quotients and reciprocals of elliptic functions, 494, 498 

Greatest of the limits, 13 
Green’s functions, 395 

Hadamard's lemma, 212 

Half-periods of Weierstrassian elliptic functions, 444 

Hankel’B Bessel function of the second kind, Y n (z), 370 ; contour integral for T (z), 244 ; integral 
for ./ n (z), 365 

Hardy's convergence theorem, 156; test for uniform convergence, 50 

Harmonics, solid and surface, 392; spheroidal, 403; tesseral, 392, 536; zonal, 302, 392, 536; 

Sylvester’s theorem concerning integrals of, 400. See also Ellipsoidal harmonics 
Heat, equation of conduction of, 387 

Helne-Borel theorem (modified), 53 

Heine's expansion of (f - z)~ l in series of Legendre polynomials, 321 

Hermlte's equation, 204, 209, 342, 347. See also Parabolic cylinder functions 
Hermlte’s formula for the generalised Zeta-function f (s, a), 269 
Hermlte's solution of Jamie’s equation, 573-575 

Heun's equation, 570, 577 

Hill's equation, 406, 413 417 ; Hill’s method of solution. 413 
Hill's infinite determinant, 36, 40, 415 ; evaluation of, 415 
Hobson's associated Legendre functions, 325 

Holomorpblc, 83 

Homogeneity of Weierstrassian elliptic functions, 439 

Homogeneous harmonics (associated with ellipsoid), 543, 576 \ ellipsoidal harmonics derived 
from (Niven's formula), 543; linear independence of, 560 

Homogeneous Integral equations, 217, 219 

Hurwlti’ definition of the generalised Zeta-function "), 265; formula for f(*, u), 268; 
theorem concerning Fourier constants, 180 

Hypergeometrlc equation, see Hypergeometrlc functions 

Hypergeometrlc functions, 281-301 (Chapter xiv) ; Barnes’ integrals, 286, 289 ; contiguous, 294 ; 
continuation of. 288; contour integrals for, 291; differential equation for, 202, 207 , 263; 
functions expressed in terms of, 261, 311; of two variables (AppelEs), 3(H ); relations between 
twenty-four expressions involving, 284, 285, 290; Hiemann's P-equation and, 208, 283; 
series for (convergence of), 24, 281; squares and product! of, 298\ value of F (a, 5; c; 1), 
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281, 293 ; values of special forms of hypergeomctric functions, 298, 301. See aUo Bessel 

functions, Confluent hypergeometric functions and Legendre funotiona 
Hypergeometric Berlea, see Hypergeometrlc functions 

Hypothesis of Rlem&nn on zeros of $-(*), 272, 280 

Identically vanishing' power series, 58 
Identity of two functions, 98 

Imaginary argument. Bessel functions with [/„(c) and A u (.:)], 372, 379, 384 
Imaginary part (/) of a complex number, 9 

Imaginary transformation (Jacohl's) of elliptic functions, 505, 500, 53, r >; of Theta-functions. 7 24, 
474 ; of E (u) anil Z (uj, 519 

Improper Integrals, 75 
Incomplete Gamma-functions [>(», x)], 341 
Increasing sequence, 12 
Indicia! equation, 198 

Inequality (Abel’s), 16; (Hadamard’s), 212; satisfied by Bessel coefficients, 379 ; satisfied by 
Legendre polynomials, 303 ; satisfied bv parabolic cylinder functions, 354; satisfied by 
f (.*,«), 274, 275 

Infinite determinants, see Determinants 

Infinite integrals, 69; convergence of, 70, 71, 72; differentiation of, 74 ; evahmlion of, 111 124 ; 
functions represented by, see under the mimes o/ sjiecial funetions ; representing aiullytie 
funetions, 92; theorems concerning, 73; uniform convergence of, 70, 72, 73. See also 

Integrals n/ui Integration 

Infinite products, 32; absolute convergence of, 32; convergence of, 32; divergence to zero, 33 ; 
expansions of functions as. 136, 137 Urr also under the. mimes of special functions) ; expressed 
by means of Theta-functions, 473 , 488; uniform convergence of, 49 

Infinite Berles, see Series 

Infinity, 11, 103; essential singularity at, 104 ; point at, 103 ; pole at, 104; zero at, 104 
Integers, positive, 3; signless, 3 

Integr&billly of continuous functions, 63 ; Hiemann’s condition of, 63 
Integral, Borel's, 140 ; and analytic continuation, 141 

Integral, Cauchy's, 119 
Integral, Dlrlchlet'a, 258 

Integral equations, 211-231 (Chapter xi) ; Abel’s, 211, 229, 230 ; Fredholm’s, 213 217, 228; 
homogeneous, 217, 219; kernel of, 213; Liouville Neumann method of solution of, 221; 
nucleus of, 213; numbers (characteristic) associated with, 219; numerical solutions of, 211 ; 
of the first and second kinds, 213, 221 ; satisfied by Lame functions, 564-567 ; satisfied by 
Mathirm functions, 407; satisfied by parabolic cylinder functions, 331 ; Schbnnileh’s, 229; 
solutions in series, 228; Volterra’s, 221 ; with variable upper limit, 213, 221 
Integral formulae for ellipsoidal harmonies, 567 ; for the Jacobian elliptic, functions, 492, 494 ; 

for the Weierslrassian elliptic function, 437 
Integral functions, 106; and Lame’s (filiation, 571 ; and Mathieu’s equation, 418 
Integral properties of Bessel functions, 380, 381, 385; of Legendre function*, 225, 305, 324; of 
Muthieu functions, 411 ; of Neumann's function, 385 ; of parabolic cylinder functions, 350 
Integrals, 61-81 (Chapter iv) ; along curves (equivalence ofj, 87; complex, 77, 78; differentiation 
of, 67; double, 68 , 255; double-circuit, 256, 293; evaluation of, 1J1-124; lor derjvales of an 
analytic function, 89 ; functions represented by, sir under the mimes of the special funetions ; 
improper, 75; lower, 61; of harmonics (Sylvester’s theorem), 400; of irralional functions, 
452, 512; of periodic functions, 112; principal values of, 75, 1J7; regular, 201 ; repeated. 
68 , 75; representing analytic functions, 92; representing areas, 61, 589; round u contour, 
85 ; upper, 61. See also Elliptic integrals, Infinite integrals, ami Integration 
Integral theorem, Fourier's, 168, 211 ; of Fourier-Bessel, 385 

Integration, 61; complex, 77 ; contour-, 77; general theorem on, 63 , general theorem on 
complex, 78; of asymptotic expansions, 153; of integrals, 68 , 74, 75; of series, 78; pro¬ 
blem connected with cubits or qunities and elliptic functions, 452, 5J2. Set ah*" Infinite 
integrals and Integrals 
Interior, 44 

Internal Bpheroidal harmonics, 403 

Invariants of YVeierstiassian elliptic functions, 437 

Inverse factorials, expansions in series of, 142 

Inversion of elliptic integrals, 429, 452, 454, 480, 484, 512, .524 

Irrational functions, integration of, 452, 512 

Irrational-real numbers, 5 
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Irreducible set of zeros or poles, 430 

Irregular points (singularities) of differential equations, 107, 202 

Iterated functions, 222 

Jacobian elliptic functions [sn u, cn u , dn u], 432, 47B, 491-535 (Chapter xxii); addition theorems 
for, 494, 497, 530, 535 ; connexion with Weierstrassian functions, 505; definitions of am it, 
A0, Bn it (sin am it), cn it, dn u, 478, 492, 404; differential equations satisfied by, 477, 492; 
differentiation of, 493; duplication formulae for, 498 ; Fourier series for, 510, 511, 535 ; 
geometrical illustration of, 524, 527 ; general description of, 504 ; Olaisher’s notation for 
quotients and reciprocals of, 494 ; infinite products for, 508, 532 ; integral formulae for, 492, 
404; Jacobi's imaginary transformation of, 505, 506; Lame functions expressed in terms of, 
564, 573 ; Landen’s transformation of, 507 ; modular angle of, 492 ; modulus of, 479, 492, 
(complementary) 479, 493; parametric representation of points on eurvcB by, 524, 527, 527, 
533 ; periodicity of, 479, 500, 502, 503; l>oles of, 432, 503, 504; quarter periods, A', iK\ of, 
479, 498, 499, 501 ; relations between, 492 ; residues of, 504; Seiffcrt’s spherical spiral and, 
527 ; triplication formulae, 530, 534, 535 ; values of, when a is ^ A', kiK' or \ (A'+ iA"), 5(H), 
506 , 507; values of, when the modulus is small, 532. See abo Elliptic functions, Elliptic 
Integrals, Lemnlsc&te functions, The ta-funct ions, and WelerstrasBian elliptic functions 
Jacobi’s discovery of elliptic functions, 429, 512 ; earlier notation for Theta-functions, 479; 
fundamental Theta-function formulae, 467, 488 ; imaginary transformations, 124 , 474, 505, 
506, 519, 535 \ Zeta-function, nee under Zeta function of Jacobi 
Jordan’s lemma, 115 

Kernel, 21B 

Kleln’e theorem on linear differential equations with five singularities, 203 

Kummer'l formulae for confluent hypergeometric functions, 338; series for logT (z), 250 

Lacunary function, 98 

Lagrange's expansion, 132, 140 ; form for the remainder in Taylor’s scries, 90 
Lam6 functions, defined, 556; expressed as algebraic functions, 556, 577 ; expressed by Jacobian 
elliptic functions, 573-575; expressed by Weierstrassian elliptic functions, 570- 572; integral 
equations satisfied by, 564-567 ; linear independence of, 559 ; reality and distinctness of 
zeros of, 557, 558, 578 ; second kind of, 562; values of, 558; zeros of (Stieltjes’ theorem), 
560. See abo Lorn As aquation and Ellipsoidal harmonics 
Lam6’s equation, 204, 536-578 (Chapter xxiit) ; derived from theory of ellipsoidal harmonics, 
538-543, 552-554; different forms of. 554, 573 ; generalised, 204, 570, 513, 576, 577 ; 
series solutions of, 556, 577, 578 ; solutions expressed in finite form, 450, 556, 576, 577, 578 ; 
solutions of n generalised equation iu finite form, 570, 573. See almt Lam6 functions and 
Ellipsoidal harmonics 

Landen’s transformation of Jacobian elliptic functions, 476, 507, 533 

Laplace’s equation, 386 ; its general solution, 388 ; normal solutions of, 553 ; solutions involving 
functions of Legendre and Bessel, 391, 395; solution with given boundary conditions, 303; 
symmetrical solution of, 399 ; transformations of, 401, 407, 551, 553 
Laplace’s Integrals for Legendre polynomials and functions, 312, 313, 314, 319. 326, 337 

Laurent’s expansion, 100 
Least ol limits, 13 
Lebeegue’s lemma, 172 
Left (/.-) class, 4 

Legendre’s equation, 204, 304 ; for associated functions, 824 ; second solution of. 316. See abo 

Legendre functions and Legendre polynomials 

Legendre functions, 302-336 (Chapter xv); P n (z), <^( 2 ), P n m (z), (^/"(z) defined, 306, 316, 323, 
325; addition formulae for, 328, 395; Bessel functions and, 364, 367, 401 ; degree of, 307, 
324 ; differential equation for, 204, 306, 324; distinguished from Legendre polynomials, 
306; expansions in ascending series, 311, 326; expansions in descending series, 302, 317, 
326, 334 ; expansion of a function as a series of, 334 ; expressed by Murphy as hypergeometric 
functions, 311, 312 ; expression of (^(z) in terms of Legendre polynomials, 319, 320, 333 ; 
Ferrers’ functions associated with, 323, 324 ; first kind of, 307; Gegenbauer’s function, 
C M * ( 2 ), associated with, nee Oegenbsuer’s function ; Heine’s expansion of (t - z)~ l as a series 
of, 321 ; Hobson’s functions associated with, 325 ; integral connecting Bessel functions with, 
364 ; integral properties of, 324; Laplace’s integrals for, 312, 313, 319, 326, 334 ; Mehler- 
Dirichlet integral for, 314; order of, 326; recurrence formulae for, 307, 318; Schlafli’s 
integral for, 304, 906; second kind of, 316-320, 32,5, 326; summation of 2h u P n [z) and 
2 h n <^ m (z), 302, 321 ; zeros of, 303 , 316, 335. See abo Legendre polynomials and Legendre’s 
equation 

Legendre polynomials [P„(z)], 95, 302 ; addition formula for, 326, 387 ; degree of, 302; differ¬ 
ential equation for, 204, S04 ; expansion in ascending series, 311 ; expansion in descending 
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series, 902, 334; expansion of a function as a series of, 910, 322, 330, 331 , 332, 336 ; 
expressed by Murphy as a hypergeometric function, 311, 312 ; Heine’s expansion of (f r)" 1 
as a series of, 321; integral connecting BeBsel functions with, 364 ; integral properties of, 
225, 305; Laplace's equation and, 391 ; Laplace’s integrals for, 312. 314 ; Mehler-Dirichlet 
integral for, 314; Neumann’s expansion in series of, 322; numerical inequality satisfied by, 
303 ; recurrence formulae for, 307, 309 ; Rodrigues' formula for, 225 , 303 ; Scbiafli’s integral 
for, 303, 304 ; summation of S/i" P n ( 2 ), 302 ; zeros of, 303 , 310. See nfoo Legendre functloni 
Legendre’s relation between complete elliptic integrals, 520 
Lemnlscate functloni [sin lemn <p and cos lemn 0], 524 
LiaponnofTs theorem concerning Fourier constants, 1 
Limit, condition for existence of, 13 

Limit of a function, 42; of a sequence, 11, 12; -point (the Bolzano-Weierstruss theorem), 12 

Limiting circle, 98 

Llmlte, greatest of and least of, 13 

Limit to the value of a complex integral, 78 

Llndemann'B theory of Mathieu’s equation, 417 ; the similar theory of Lame’s equation, 570 
Linear differential equations, 194-210 (Chapter x), 386-403 (Chapter xvm); exponents of, 198; 
fundamental system of solutions of, 197, 200 ; irregular singularities of, 197, 202 ; ordinary 
point of, 194; regular integral of, 201 ; regular point of, 197 ; singular points of, 194, 197, 
(confluence of) 202; solution of, 194, 197, (uniqueness of) 196; special types of equations: 
— Bessel’s for circular cylinder functions, 204, 342, 357, 358, 373; Gauss' for hypergeo- 
metric functions, 202, 207, 283; Gegenbauer’s, 329; Hemiito's, 204. 209. 342, 347 ; Hill’:;, 
406, 413; Jacobi’s for Theta functions, 463; Lame’s, 204, 540-543, 554-558, 570 575 ; 
Laplace’s, 386, 388, 530, 551; Legendre's for zonal and surface harmonies, 204, 304, 324; 
Mathieu’s for elliptic cylinder functions, 204, 406; Neumann's, 335 ; ltieniann’s for 
jp-f nnetioTis, 206, 2H3, 291. 294; Stokes', 204; We Ur's for parabolic cylinder functions, 
204, 209, 342, 347; Whittaker’s for confluent hypergeometric functions. 337 ; equation for 
conduction of Heat, 387; equation of Telegraphy. 387 ; equation of wave motions, 386, 397, 
402', equations with five singularities (the Klein-Hocher theorem), 203; equations with three 
singularities, 206; equations with two singularities, 208; equations with r singularities, 
209; equation of the third order with regular integrals, 210 
LlouvULe s method of solving integral equations, 221 
LiouvUle’i theorem. 105, 431 

Logarithm, 583; continuity of, 583, 589; differentiation of, 586, 589; expansion of. 584, 589; 
of complex numbers, 589 

Logarithmic derlvate of the Gamma-function [0(~)], 240. 241 ; Binet’s integrals for, 248 251 ; 

circular functions and, 240; Dirichlet’s integral for, 247 ; Gauss' integral for, 246 
Logarithmic derlvate of the Riemann Zota-function, 279 

Logarithmic-Integral function [Li z], 341 
Lower integral, 61 

Lunar perigee and node, motions of, 406 

Maclaurln’B (and Euler’s) expansion, 127; lest for convergence of infinite integral*, 71 ; series, 
94, (failure of) 104 , 110 
Many-valued functions, 106 
Maecheronl’e constant [y], 235, 246, 24H 

Ma thema tica l Physic*, equations of, 203, 386-403 (Chapter xvin). See nhw wirier Linear dif¬ 
ferential equation* and the, name* of Mpee.ial equation* 

Mathleu functions [rc rt ( 2 , q), rr n (z, qh ia H (z, q)j, 404 428 (Chapter mx); construction of, 409, 
420; convergence of seriefl in, 422; even and odd, 407; expansion* as Courier series, 409, 
411, 420; integral equations satisfied hy, 407, 409; integral formulae, 411; order of, 410; 
second kind of, 427 

Mathleu’* equation, 204, 404-428 (Chapter xixl; general form, solutions hy Moquet, 412, by 
Lindemann and Stieltjes, 417, by the method of change or parameter, 424; second solution 
of, 413, 420, 427 \ solutions in asymptotic series, 425; solutions which are periodic, tee 
Mathleu function* ; the integral function associated with, 41H. See alto Hill’* equation 
Mean-value theorem*. 65, 66 , 96 
Mehler* Integral for Legendre functions, 314 
Mailin’* (and Barnes’) type of contour integral, 286, 343 
Membrane*, vibrations of, 356, 396, 404, 405 
Meah, 430 

Method* of ‘ summing ’ serle*, 154-156 
Minding’* formula, 119 
Minimum value of V (j) , 253 
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Modified Heine -Borel theorem, 53 

Modular angle, 492 ; function, 481, (equation connected with) 482 ; -surface, 41 
Modulus, 430 ; of a complex number, 8; of Jacobian elliptic functions, 479, 492, (complementary) 
479, 493; periods of elliptic functions regarded as functions of the, 484, 498, 499, 501, 521 
Monogenic, 83 ; distinguished from analytic, 99 

Monotonic, 57 

Morera's theorem (converse of Cauchy’s theorem), 87, 110 
Motions of lunar perigee and node, 406 
M-test for uniformity of convergence, 49 

Multiplication formula for r (z), 240 ; for the Sigma-function, 460 

Multiplication of absolutely convergent series, 29; of asymptotic expansions, 152; of convergent 
series (Abel’s theorem), 58, 59 
Multipliers of Theta-functions, 463 

Murphy’s formulae for Legendre functions and polynomials, 311, 312 

Neumann’s definition of Bessel functions of the second kind, 372; expansions in series of 
Legendre and JJesHel functions, 322, 374; (F. E. Neumann's) integral for the Legendre 
function of the second kind, 320 ; method of solving integral equations, 221 
Neumann’s function (O n (z)], 374 ; differential equation satisfied by, 365; expansion of, 374; 
expansion of functions in series of, 376, 384 ; integral for, 375; integral properties of, 
385 ; recurrence formulae for, 375 
Non uniform convergence, 44; and discontinuity, 47 
Normal functions. 224 

Normal solutions of fjaplace’s equation, 553 

Notations, for Bessel functions, 356, 372, 373 ; for Legendre functions, 325, 326 ; for quotients 
and reciprocals of elliptic functions, 494, 498\ for Theta-functions, 464, 479, 497 
Nucleus of an integral equation, 213 ; symmetric, 223, 228 

Numbers, 3-10 (Chapter i); basic, 462; Bernoulli’s, 125; Cauchy’s, 379; characteristic, 219, 
(reality of) 226; complex. 6 ; irrational, 6 ; irrational-real, 5; pairs of, 6 ; rational, 3, 4; 
rational-real, 5 ; real, 5 

Odd functions, 115, 166 ; of Mathieu, [*r n (z, </)], 407 

Open, 44 

Order (U and o), 11; of Bernoullian polynomials, 126; of Bessel functions, 356; of elliptic 
functions, 432; of Legendre functions, 324; of Mathieu functions, 410; of poles of a 
function, 102; of terms in a series, 25; of the factors of a product, 33; of zeros of a 
function, 94 

Ordinary discontinuity, 42 

Ordinary point of a linear differential equation, 194 
Orthogonal coordinates, 394; functions, 224 

Oscillation, 11 

Parabolic cylinder functions [-/> n (z)], 347; contour integral for, 349; differential equation for, 
204, X09, 3 47 ; expansion in a power series, 347 ; expansion of a function as a series of, 351; 
general asymptotic expansion of, 348; inequalities satisfied by, 354 ; integral equation 
satisfied by, 231; integral properties, 350 ; integrals involving, 353 : integrals representing, 
353 ; properties when n is an integer, 350, 353, 354; recurrence formulae, 350; relations 
between different kinds of [I> n (z) and D_ n _j (+ iz)], 348; zeros of, 354. See aUo Weber’s 
equation 

Parallelogram of periods, 430 

Parameter, change of (method of solving Matbieu’s equation), 424 ; connected with Thela- 
funetions, 463, 464; of a point on a curve, 442, 496, 497, 527, 530 , 533 ; of members of 
ronfocal systems of quadrics, 547 ; of third kind of elliptic integral, 522 ; thermometric, 405 

Parseval’s theorem, 1H2 

Partial differential equations, property of, 390, 391. See (\Uo Linear differential equations 
Partition function, 462 

Farts, real and imaginary, 9 
Pearson's function [u ni m (.)], 353 

P-equatlon, Riemanni, 206, 337 ; connexion with the hypergeometric equation, 20H, 283; solu¬ 
tions of, 283, 291, (relations between) 294 ; transformations of, 207 
Periodic coefficients, equations with (Floquet’s theory of), 412 

Periodic functions, integrals involving, 112, 256. See al*o Fourier series and Doubly periodic 
functions 
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Periodicity factors, 463 

Periodicity of circular and exponential functions, 585-567; ,of elliptic functions. 429 434 479 
600, 502, 503; of Theta-functions, 463 
Periodic eolations of Mathieu’s equation, 407 
Period-parallelogram, 430; fundamental, 430 

Periods of elliptic functions, 429 ; qua functions of the modulus, 484, 496. 499, 501, 521 

Phase, 9 

Ptncherle’s functions (modified Legendre functions), 335 

Pinna's expansion, 145 

Pochhammer's extension of Eulerian integrals, 256 

Point, at infinity, 103; limit-, 12; representative, 9; singular, 194, 202 

Poles of a function, 102 ; at infinity, 104 ; irreducible set of, 430; number in a cell, 431: relations 
between zeros of elliptic functions and, 433 ; residues at, 432, 504 ; simple, 102 
Polygon, (fundamental) of automorpliic functions, 455 

Polynomials, expressed as series of Legendre polynomials, 310; of Abel. 353 \ of Bernoulli, 126, 
127 ; of Legendre, see Legendre polynomials ; of Honine, 353 
Popular conception of an angle, 569 ; of continuity, 41 

Positive Integers, 3 

Power series, 29; circle of csonvergenee of, 30; continuity of, 57, (Abel’s theorem) 57; expan¬ 
sions of functions in, nee under the names of special function* ; identically vanishing. 58; 
Maclaurin’s expansion in, 94; radius of convergence of, 30, 32; series derived from, 31; 
Taylor’s expansion in, 93; uniformity of convergence of, 57 
Principal part of a function, 102; solution of a cerlairi equation, 482; value of an integral, 75, 
117 ; value of the argument of a complex number, 9, 588 
Principle of convergence, 13 

Frlngshelm’s theorem on summation of double series, 28 

Products of Bessel functions, 379, 330, 333, 335, 433 ; of hypergeoinctric functions, 303. Sec 
also Infinite products 

Quarter periods A', iA", 479, 496, 499, 501. Sec also Elliptic Integrals 
Quartlc, canonical form of, 513 ; integration problem connected with, 452, 512 

Quasi-periodicity, 445, 447, 463 

Quotients of elliptic functions (Glaislier’s notation), 494. 511 ; of Theta-functions, 477 

Radius of convergence of power series, 30, 32 

Rational functions, 105 ; expansions in series of, 134 

Rational numbers, 3, 4 ; -real numbers, 5 

Real functions of real variables, 56 

Reality of characteristic numbers, 226 

Real numbers, rational and irrational, 5 

Real part (R ) of a complex number, 9 

Rearrangement of convergent series, 25 ; of double series, 28 ; of infinite determinants, 37 ; of 
infinite products, 33 
Reciprocal functions, Voltcrra’s, 218 

Reciprocals of elliptic functions (Glaishcr’s notation), 494. 511 

Recurrence formulae, for Bessel functions, 359, 373, 374 ; for confluent hypergeometric functions, 
352 ; for Gegenbauer's function, 330 ; for Legendre functions, 307, 309, 318 ; fur Neumann's 
function, 375; for parabolic cylinder functions, 350. See also Contiguous hypergeometric 
functions 
Region, 44 

Regular, 83 ; distribution of discontinuities, 212; integrals of linear differential equations, 201, 
(of the third order) 210 ; points (singularities) of linear differential equations, 197 
Relatione between Bessel functions, 360, 371 ; between confluent hypcrgeometiic functions 
W k m (±z) and M k ±1H {z), 346; between contiguous hypcrgeometiic functions, 294; be¬ 
tween elliptic functions, 452 ; between parabolic cylinder functions 73 n ( : r i and ( a iz ), 

348; between poles and zeros of elliptic functions, 433; between Kiemanu Zcla-functione 
f (#) and f (1 - a), 269. See also Recurrence formulae 
Remainder after n terms of a series, 15 ; in Taylor's series, 95 
Removable discontinuity, 42 
Repeated Integrals, 68, 75 
Representative point, 9 

Residues, 111-124 (Chapter vi), defined, 111 ; of elliptic functions, 425, 497 
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Blemann’s associated function, 183, 184, 185 ; condition of integrability, 63 ; equations satisfied 
by analytic functions, 84; hypothesis concerning f(i), 272, 280 ; lemmas, 172, 184, 185; 
inequation, 206, 283, 291, 294, (transformation of) 207, (and the hypergeometric equation) 
208, see also Hype i geometric functions; theory of trigonometrical serieB, 182-188, Zeta- 
function, see Zet&-function (of Blemann) 

Rises’ method of k summing’ series, 156 
Bight ( R -) dan, 4 

Rodrigues’ formula for Legendre polynomials, 303 ; modified, for Gegenbauer’s function, 329 
Boot* of an equution, number of, 120 , (inside a contour) 119, 123; of Weierstrassian elliptic 
functions (uj , e 2 , C 3 ), 443 

B■alschtitl , Integral for the Gamma-function, 243 
Bchlhfll’s Bessel function of the second kind, [Y^ (*)], 370 

BchUUU’s Integral for Bessel functions, 362 , 372 ; for Legendre polynomials and functions, 303, 
304, H06 ; modified, for Gegenbttuer’s function, 329 
Bchldmllch’s expansion in series of Bessel coefficients, 377 ; function, 352; integral equation, 229 

Bchmldt’a theorem, 223 
Schwarz 1 lemma, 186 

Second kind, Bessel function of, (Hankel’s) 370, (Neumann’s) 372, (Weber-Schlafli), 370, 
(modified) 373; elliptic integral of [E ( u ), Z (u)J, 517, (complete) 518; Eulerian integral of, 
241, (extended) 244; integral equation of, 213, 221 ; Lame functions of, 562; Legendre 
functions of, 316-320, 325, 326 

Second mean-value theorem, 66 

Beoond solution of Bessel's equation, 370, 372, (modified) 373 ; of Legendre’s equation, 316 ; of 
Mathieu’s equation, 413, 427 ; of the hypergeometric equation, 286, (confluent form) 343 ; of 
Weller’s equation, 347 

Second species of ellipsoidal harmonics, 537, (construction of) 540 

Section, 4 

Belffert's spherical spiral, 527 

Sequences, 11 ; decreasing, 12 ; increasing, 12 

Series (infinite series), 15: absolutely convergent, IB; change of order of terms in, 25; con¬ 
ditionally convergent, 18; convergence of, 15; differentiation of, 31, 79, 92; divergence of, 
15; geometric, 19; integration of, 32, 78 ; methods of summing, 154-156; multiplication 
or, 29, 58, 59 \ of analytic functions, 91 ; of cosines, 165; of cotangents, 139 ; of inverse 
factorials, 142 ; of powers, see Power series ; of rational functions, 134 ; of sines, 166 ; of 
variable terms, 44 (are also Uniformity of convergence) ; order of terms in, 25 ; remainder of, 
15; representing particular functions, see under the name of the function; solutions of 
differential and integral equations in, 194-202, 228 ; Taylor’s, 93. See also Asymptotic 
expansions, Convergence, Expulsions, Fourier series, Trigonometrical series and Uniformity 
of convergence 

Bet, ljToduclhle (of zeros or poles), 430 

Sigma-functions of Weierstrass [<r(r), 0 - 1 ( 2 ), o 2 (r), <r 3 (*)], 447, 448 ; addition formula for, 451, 
458, 460 ; analogy with circular functions, 447; duplication formulae, 459, 460 ; four 
types of, 448; expression of elliptic functions by, 450; quasi-periodic properties, 447 ; 
singly infinite product for, 448 ; three-term equation involving, 451 , 461 ; Theta-funotions 
connected with, 448 , 473, 487; triplication formula, 459 
Signless integers, 3 
Simple curve, 43 ; pole, 102; zero, 94 
Blmply-connected region, 455 

Bine, product for, 137. See also Circular functions 
Bine-integral [Si ( 2 )], 352 • -BerieB (Fourier series), 166 

Blngly-perlodlo functions, 429. See also Circular functions 

Singularities, 83, 84, 102, 194, 197, 202; at infinity, 104; confluence of, 203, 337; equations 
with five, 203; equations with three, 206 , 210; equations with two, 208; equations with r, 
209 ; essential, 102, 104 ; irregular, 197, 202 ; regular, 197 
Singular points (singularities) of linear differential equations, 194, 202 

Solid harmonies, 392 

Solution of Blemann’s P-eqnatlon by hypergeometric functions, 283, 288 

Solutions of differential equations, see Chapters x, xvm, xun, and under the names of special 
equations r 

Solutions or Integral equations, see Chapter xi 

Bonlne s polynomial [T m n ( 2 )], 352 

Species (various) of ellipsoidal harmonics, 537 
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Iplurlflil htrnumici, tee Harmonics 
Spherical spiral, Seiffert’s, 527 
Spheroidal harmonics, 403 

Squares of Bessel functions, 379 , 380 ; of hypergeometric functions, 298 ; of Jacobian elliptic 
functions (relations between), 492 ; of Tbeta-functions (relations between), 466 
Statement of Fourier’s theorem, Dirichlet’s, 161, 163, 164, 176 
Steadily tending to zero, 17 

Itteltlee’ theorem on zeros of Lam£ functions, 560, (generalised) 562 ; theory of Mathieu’B 
equation, 417 

Stirling's series for the Gamma-function, 251 

Stokes' equation, 204 

Stoll’ condition for convergence of double series, 27 
Strings, vibrations of, 160 

SuooesalTe substitutions, method of, 221 
Bum-formula of Euler and M&claurin, 127 

Bummablllty, methods of, 154-156; of Fourier series, 169 ; uniform, 156 

Surface harmonic, 392 
Surface, modular, 41 
Burfkoes, nearly spherical, 332 

Bylveeter’s theorem concerning integrals of harmonics, 400 

Symmetric nucleus, 223, 228 

Tabulation of Bessel functions, 378 ; of complete elliptic integrals, 518 ; of Gamma functions, 253 

Taylor's series, 93 ; remainder in, 95 ; failure of, 100, J04, 110 

Teixelra’s extension of Bumiann's theorem, 131 

Telegraphy, equation of, 387 

Teeseral harmonics, 392 ; factorisation of, 536 

Teste for convergence, see Infinite Integrals, Infinite products and Berios 
Thermometric parameter, 405 

Theta-functions (z), ^ 2 (*), ^4 (z) or a (z), 0 (i<)], 462-490 (Chapter xxi); abridged nota 

tion for products, 46H, 469 ; addition formulae. 467 ; connexion with Sigma-functions, 446, 
473, 487 ; duplication formulae, 486 ; expression of elliptic functions by, 473 ; four types 
of, 463; fundamental formulae (Jacobi's), 467, 486; infinite products for, 469, 473, 486; 
Jacobi’s first notation, 0(u) and H (n), 479; multipliers, 463 ; notations, 464, 479, 487; 
parameters q , t, 463 ; partial differential equation satisfied by, 470; periodicity factors, 
463; periods, 463; quotients of, 477; quotients yielding Jacobian elliptic functions, 478; 
relation = 470; squares of (relations between), 466; transformation of, (Jacobi's 

imaginary) 124, 474, (Landen’s) 476 ; triplicuLion formulae for, 490 ; with zero argument 
(^ 2 , ^ 4 , ^i'), 464 ; zeros of, 465 

Third kind of elliptic integral, II (a, a), 522 ; a dynamical application of, 523 

Third order, linear differential equations of, 210, 296, 418. 42s 

Third species of ellipsoidal harmonics, 537, (construction of) 541 

Three kinds of elliptic integrals, 514 

Three-term equation involving Sigma-functions, 451, 461 

Total fluctuation. 57 

Tranacendental functions, see undvr the name* of special function* 

Transformations of elliptic functions and Theta functions, 508; Jacobi’s imaginary, 474, 505, 
506, 519; Landen's, 476, 507; of Riemanrfs /’-equation, 207 

Trigonometrical equations, 587, 588 

Trigonometrical Integrals, 112, 263 ; and Gamma-functions, 256 

Trigonometrical series, 160-193 (Chapter rx); convergence of, 161 ; values nf coefficients in. 163; 

Riemann's theory of, 182-188; which are not Fourier series, 160, 163. Sec aim* Fourier series 
Triplication formulae for Jacobian elliptic functions arid K (»), 330, 534 ; for Sigma-functions, 
459 ; for Theta-functions, 490 ; for Zeta-fnnctions, 459 
Twenty-four solutions of the hypergeometric equation, 284 ; relations between, 285, 288, 290 
Two-dimensional continuum, 43 

Two vsjlables, continuous functions of, 67 ; hypergeometric functions (Appell s) of, 300 
Types of ellipsoidal harmonics, 537 

Unloursal, 455 
Unlfoimlsatlon, 454 
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Uniformlilng variables, 455; associated with oonfocal coordinates, 549 
Uniformity, concept of, 52 

Uniformity of continuity, 54 ; of summability, 156 

Uniformity of convergence, 41-60 (Chapter m), defined, 44; of Courier series, 172, 179, 190; of 
infinite integrals, 70, 72, 73; of infinite products, 49; of power series, 57; of series, 44, 
(condition for) 45, (Hardy’s test for) 60, (WeierHtrass' Af-teet for) 49 
Uniformly convergent infinite integrals, properties of, 73; Beries of analytic functions, 91, 
(differentiation of) 92 

Uniqueness of an asymptotic expansion, 153 ; of solutions of linear differential equations, 196 
Upper bound, 55 ; integral, 61 

Upper limit, integral equation with variable, 213, 221; to the value of a complex integral, 79, 91 

Value, absolute, sef Modulus; of the argument of a complex number, 9, 588; of the coefficients 
in Fourier series and trigonometrical series, 163, 165, 167, 174 ; of particular hypergcometric 
functions, 281, 203, 208, H01 \ of Jacobian elliptic functions of £iA", + iK'), 500, 

506 , 507 ; of K, K' for special values of k , 521, 524, 525; of ^(«) for special values of * 
267, 260 

Vanishing of power series, 58 

Variable, uniformising, 455; terms (series of), see Uniformity of convergence ; upper limit, 
inLegral equation with, 213, 221 

Vlhratlone of air in a sphere, 399 ; of circular membranes, 396 ; of elliptic membranes, 404, 405 ; 
of strings, 160 

Volterra'e integral equation, 221 ; reciprocal functions, 218 

Wave motions, equation of, 386; general solution, 397, 402; solution involving Bessel functions, 
397 

Webers Bessel function of the second kind (T M (z)], 370 

Weber's equation, 204, 200, 342, 347. See also Parabolic cylinder functions 

WeierstrasB' factor theorem, 137; M -test for uniform convergence, 49; product for the Gamma- 
function, 235 ; theorem on limit points, 12 

Welerstrasslan elliptic function [£>( 2 )], 429-461 (Chapter xx), defined and constructed, 432, 
433; addition theorem for, 440, (Abel’s method) 442; analogy with circular functions, 
438; definition of {jp(z)- 451; differential equation for, 436; discriminant of, 444; 

duplication formula, 441; expression of elliptic functions by, 448; expression of fp (z) (p (t/) 
by Sigma-functions, 451 ; half periods, 444; homogeneity properties, 420; integral formula 
for, 437 ; integration of irrational functions by, 452 ; invariants of, 437 ; inversion problem 
for, 484 ; Jacobian elliptic functions and, 505; periodicity, 434; roots r lt v 2 , c ;l , 443. See 
also Sigma-functions and Zeta-function (of Weiers trass) 

Whittaker's function \V ky m (z), see Confluent hypergeometrlc functions 
Wronskls expansion, 147 

Zero argument, Theta-functions with, 464 ; relation between, 470 
Zero of a function, 94 ; at infinity, 104 ; simple, 94 

ZeroB of a function and poles (relation between), 433; connected with zeros of its derivate, 121, 
123; irreducible set of, 430; number of, in a cell, 431 ; order of, 94 
Zeros of functions, (Bessel’s) 361, 307, 378, 381, (Lamp’s) 557, 558, 560. <57$. (Legendre’s) 303, 
316, 335, (parabolic cylinder) 354, (Iliemann’s Zeta-) 268, 269, 272, 280, (Theta ) 465 
Zeta-fUnctlon, Z(u). (of Jacobi), 518; addition formula for, 518; connexion with £(■»/), 518; 
Fourier series for, 520 ; Jacobi’s imaginary transformation of, 519. See also Jacobian 
elliptic functions 

Zeta-function, £(*), j («,«), (of Rlemann) *265-280 (Chapter xm), (generalised by Hurwitz) 265; 
Euler’s product for, 271; llcrmite's integral for, 269; Hurwitz’ integral for, 268; in¬ 
equalities satisfied by, 274, 275 ; logarithmic derivate of, 270 ; Kiemann’s hypothesis 
concerning, 272, 280 ; Uiemanu’s integrals for, 266, 273 ; Iliemann’s relation connecting i w (*) 
and i*(l - *), 209 ; values of, for special values of s, 267, 260 ; zeros of, 268, 260, 272, 280 
Zeta-function, f(z), (of Welerstrass), 445; addition formula, 446; analogy with circular 
functions, 446 ; constants y l , connected with, 446; duplication formulae for, 459 ; ex 
press ion of elliptic functions bv, 449; quasi-periodicity, 445; triplication fonnulae, 450. 
See also Welerstrasslan elliptic functions 
Zonal harmonics, 302, 392 ; factorisation of, 536 






